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Foreword

It is very hard to write a book that qualifies to be viewed as a significant
addition to the voluminous literature on neural network theory and its appli-
cations. Drs. Gupta, Jin, and Homma have succeeded in accomplishing this
feat. They have authored a treatise that is superlative in all respects and links
neural network theory to fuzzy set theory and fuzzy logic.

Although my work has not been in the mainstream of neural network theory
and its applications, I have always been a close observer, going back to the
pioneering papers of McCulloch and Pitts, and the work of Frank Rosenblatt.
I had the privilege of knowing these major figures and was fascinated by
the originality of their ideas and their sense of purpose and mission. The
coup de grace of Minsky and Papert was an unfortunate event that braked
the advancement of neural network theory for a number of years preceding
publication of the path-breaking paper by Hopfield. It is this paper and
the rediscovery of Paul Werbos’ backpropagation algorithm by Rumelhart et
al. that led to the ballistic ascent of neural-network-related research that we
observe today.

The power of neural network theory derives in large measure from the fact
that we possess the machinery for performing large volumes of computation at
high speed, with high reliability and low cost. Without this machinery, neural
network theory would be of academic interest. The stress on computational
aspects of neural network theory is one of the many great strengths of “static
and dynamic neural networks” (SDNNs). A particularly important contribu-

Xix



XX FOREWORD

tion of SDNN is its coverage of the theory of dynamic neural networks and
its applications.

Traditionally, science has been aimed at a better understanding of the world
we live in, centering on mathematics and the natural sciences. But as we move
further into the age of machine intelligence and automated reasoning, a major
aim of science is becoming that of automation of tasks performed by humans,
including speech understanding, decisionmaking, and pattern recognition and
control.

To solve some of the complex problems that arise in these realms, we
have to marshal all the resources that are at our disposal. It is this need
that motivated the genesis of soft computing — a coalition of methodologies
that are both complementary and synergistic — and that collectively provide
a foundation for computational intelligence. Neural network theory is one
of the principal members of the soft computing coalition — a coalition that
includes, in addition, fuzzy logic, evolutionary computing, probabilistic com-
puting, chaotic computing, and parts of machine learning theory. Within this
coalition, the principal contribution of neural network theory is the machinery
for learning, adaptation, and modeling of both static and dynamical systems.

One of the important contributions of SDNN is the chapter on fuzzy sets and
fuzzy neural systems (Chapter 15), in which the authors present a compact
exposition of fuzzy set theory and an insightful discussion of neurofuzzy
systems and their applications. An important point that is stressed is that
backpropagation is a gradient-based technique that applies to both neural and
fuzzy systems. The same applies to the widely used methods employing radial
basis functions.

Another important issue that is addressed is that of universal approximation.
It is well known that both neural networks and fuzzy rule-based systems can
serve as universal approximators. However, what is not widely recognized is
that a nonlinear system, .S, can be arbitrarily closely approximated by a neural
network, N, or a fuzzy system, F', only if .S is known, rather than merely
given as a black box. The fact that S must be known rules out the possibility
of asserting that NV or F' approximates to S to within a specified error, based
on a finite number of exemplars drawn from the input and output functions.

An important aspect of the complementarity of neural network and fuzzy
set theories relates to the fact that, in most applications, the point of departure
in the construction of a fuzzy system for performing a specified task is the
knowledge of how a human performs that task. This is not a necessity in the
case of a neural network. On the other hand, it is difficult to construct a neural
network with a capability to reason through the use of rules of inference, since
such rules are a part of the machinery of fuzzy logic but not of neural network
theory.
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SDNN contains much that is hard to find in the existing literature. The
quality of exposition is high and the coverage is thorough and up-to-date. The
authors and the publisher, John Wiley and Sons, have produced a treatise that
addresses, with high authority and high level of expertise, a wide variety of
issues, problems, and techniques that relate in a basic way to the conception,
design, and utilization of intelligent systems. They deserve our applause.

University of California, Berkeley Lotfi A. Zadeh
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Preface

With the evolution of our complex technological society and the introduc-
tion of new notions and innovative theoretical tools in the field of intelligent
systems, the field of neural networks is undergoing an enormous evolution.
These evolving and innovative theoretical tools are centered around the theory
of soft computing, a theory that embodies the theory from the fields of neural
networks, fuzzy logic, evolutionary computing, probabilistic computing, and
genetic algorithms. These tools of soft computing are providing some intel-
ligence and robustness in the complex and uncertain systems similar to those
seen in natural biological species.

Intelligence — the ability to learn, understand, and adapt — is the creation
of nature, and it plays a key role in human actions and in the actions of many
other biological species. Humans possess some robust attributes of learning
and adaptation, and that’s what makes them so intelligent. We humans react
through the process of learning and adaptation on the information received
through a widely distributed network of sensors and control mechanisms in
our bodies. The faculty of cognition — which is found in our carbon-based
computer, the brain — acquires information about the environment through
various natural sensory mechanisms such as vision, hearing, touch, taste, and
smell. Then the process of cognition, through its intricate neural networks
— the cognitive computing — integrates this information and provides ap-

XXiii



xxiv PREFACE

propriate actions. The cognitive process then advances further toward some
attributes such as learning, recollection, reasoning, and control.

The process of cognition takes place through a perplexing biological pro-
cess — the neural computing — and this is the process of computation that
makes a human an intelligent animal. (More or less all animals possess in-
telligence at various levels, but humans fall into the category of the most
intelligent species.)

Human actions in this advancing technological world have been inspired by
many intriguing phenomena occurring in the nature. We have been inspired
to fly by birds, and then we have created flying machines that can fly almost
in synchrony with the sun.

We are learning from the carbon-based cognitive computer — the brain —
and now trying to induce the process of cognition and intelligence into robotic
machines. One of our aims is to construct an autonomous robotic vehicle
that can think and operate in uncertain and unstructured driving conditions.
Robots in manufacturing, mining, agriculture, space and ocean exploration,
and health sciences are just a few examples of challenging applications where
humanistic attributes such as cognition and intelligence can play an important
role. Also, in the fields of decisionmaking, such as health sciences, manage-
ment, economics, politics, law, and administration, some of the mathematical
tools evolving around the notion of neural networks, fuzzy logic, and, in
general, soft computing may contribute to the strength of the decisionmaking
field. We envision robots evolving into electromechanical systems — perhaps
having some attributes of human cognition.

The human cognitive faculty — the carbon-based computer — has a vast
network of processing cells called neural networks, and this science of neural
networks has inspired many researchers in biological as well as nonbiological
fields. This inspiration has generated keen interest among engineers, com-
puter scientists, and mathematicians for developing some basic mathematical
models of neurons, and to use the collective actions of these neural models to
find the solutions to many practical problems. The concepts evolved in this
realm have generated a new field of neural networks.

The idea for this textbook on neural networks was conceived during the
classroom teachings and research discussions in the laboratory as well as at
international scientific meetings. We are pleased to see that our several years
of work is finally appearing in the form of this book. This book, of course, has
gone through several phases of writings and rewritings over the last several
years.

The contents of this book, entitled Static and Dynamic Neural Networks:
From Fundamentals to Advanced Theory, follows a logical style providing
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the readers the basic concepts and then leading them to some advanced theory
in the field of neural networks.

The mathematical models of a basic neuron, the elementary components
used in the design of a neural network, are a fascinating blend of heuristic
concepts and mathematical rigor. It has become a subject of large interdis-
ciplinary areas of teaching and research, and these mathematical concepts
have been successfully applied in finding some robust solutions for problems
evolving in the many fields of science and technology. Our own studies
have been in the fields of reurocontrol systems, neurovision systems, robotic
systems, neural chaotic systems, pattern recognition, and signal and image
processing.

In fact, since the early 1980s the field of neural networks has undergone
the phases of exponential growth, generating many new theoretical concepts.
At the same time, these theoretical tools have been applied successfully to the
solution of many applied problems.

Over the years, through their teaching and research in this exponentially
evolving field of neural networks, the authors have collected a large volume of
ideas. Some of their works have appeared in the form of research publications,
and this present volume represents only a small subset of this large set of ideas
and studies.

The material in this volume is arranged in a pedagogical style, which, we
do hope, will serve both the students and researchers in this evolving field of
neural networks.

In designing the present book we strove to present a pedagogically sound
volume that would be useful as a main text for graduate students, as well
as provide some new directions to academic and industrial researchers. We
cover some important topics in neural networks from very basic to advanced
material with appropriate examples, problems, and reference material.

In order to keep the book to a manageable size, we have been selective in
our coverage. Our first priority was to cover the central concepts of each topic
in enough detail to make the material clear and coherent. Each chapter has
been written so that it is relatively self-contained. The topics selected for this
book were based on our experience in teaching and research.

This book contains 15 chapters, which are classified into the following four
parts:

PartI:  Foundations of Neural Networks
(Chapters 1-3)

Part II:  Static Neural Networks
(Chapters 4-7)
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Part IIl: Dynamic Neural Networks
(Chapters 8-12)

PartIV: Some Advanced Topics in Neural Networks
(Chapters 13-15)

Part I provides the basic material, but from Parts II, III, and IV, instructors
may choose material to suit their class needs. Part IV deals with some
advanced topics on neural networks involving fuzzy sets and fuzzy neural
networks as well, which have become very important topics in terms of both
the theory and applications.

Also, we append this book with two appendixes:

Appendix A: Current Bibliographic Sources on Neural Networks
Appendix B: Classified List of Bibliography on Neural Networks
(ftp://ftp.wiley.com/public/sci_tech_med/
neural_networks/)

Appendix A provides various sources from which a student or researcher
can find the current work in the field. Appendix B gives an extensive list of
references (over 1500) classified into various categories on the ftp site:

ftp://ftp.wiley.com/public/sci_tech_med/neural_networks/
that will provide the readers with the information on reference material from
its inception (early 1940s) to recent works.

This book is written for graduate students and academic and industrial
researchers working in this developing field of neural networks and intelligent
systems. It provides some comprehensive views of the field, as well as its
accomplishments and future potentials and perspectives.

We do hope that this book will provide new challenges to its readers, that
it will generate curiosity for learning more in the field, and that it will arouse
a desire to seek new theoretical tools and applications. We will consider our
efforts successful if the study of neural networks through this book raises the
level of curiosity and thirst of its readers.

University of Saskatchewan Madan M. Gupta
GlobespanVirata, Inc. Liang Jin
Tohoku University Noriyasu Homma
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4 NEURAL SYSTEMS: AN INTRODUCTION

The path that leads to scientific discovery often begins when one of us
takes an adventurous step into the world of endless possibilities. Scientists
intrigued by a mere glimpse of a subtle variation may uncover a clue or link,
and from that fragment emerges an idea that has to be developed and worked
into shape.

Humans have always dreamed of creating a portrait of themselves, a ma-
chine with humanlike attributes such as locomotion, speech, vision, and cog-
nition (memory, learning, thinking, adaptation, and intelligence). Through
our learning from biological processes and very creative actions, we have
been able to realize some of our dreams. In today’s technological society we
have created machines that have some of the human attributes that emulate
several humanlike functions with tremendous capabilities. Some examples of
these humanlike functions are Auman locomotion to transportation systems,
human speech and vision to communications systems, and human low-level
cognition to computing systems. No doubt the machines that are an extension
of human muscular power (cars, tractors, aircraft, trains, robots, etc.), have
brought luxury to human life. But who provides control to these mighty
machines — human intelligence, the human cognition.

The subject of intelligent systems today is in such an exciting state of
research primarily because of the wealth of information that we researchers are
able to extract from the carbon-based computer — the neuronal morphology of
the brain, biological sensory systems such as vision, and the human cognition
and decisionmaking processes that form the elements of soft computing.

1.1 BASICS OF NEURONAL MORPHOLOGY

Humans have been learning from nature. They have imitated birds and have
created super flying machines. Now we are trying to imitate some of the
attributes of cognitions and intelligence of the brain, and are striving for the
creation of intelligent systems. Some of the recent work in the field of intelli-
gent systems has led us to a strong belief that our efforts should focus on the
understanding of neuropsychological principles and the development of new
morphologies of intelligent control systems encompassing the various disci-
plines of system science (Amari and Arbib 1982, Amit 1989, Anderson 1988,
Arbib 1987, Churchland 1988, Churchland and Sejnowski 1988, Hiramoto et
al. 2000, Kohara et al. 2001, Pedrycz 1991a, Skarda and Freeman 1987).

At this stage, we give an analogy from the field of aviation. Until the Wright
brothers invented the airplane, the basic scientific thinking had been to create
a flying machine that, in a way, would mimic a bird. Most scientists of those
days thought that the crucial component of flying was the flapping of wings.
it took the genius of the Wright brothers to understand that, although wings
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were required to increase the buoyancy in the air, they also needed power from
the propeller to make the flight possible. In the same way, although there is
significant emphasis in the current scientific community on the understanding
of the working of the human brain and developing the theory of soft computing
that can mimic the human linguistic expressions, feelings, and functioning
of the brain, there is a great danger in trying to mimic without a thorough
understanding of the functions of this carbon-based cognitive computer and
of human expression.

Figures 1.1a and 1.1b show an artificial flying machine with fixed wings
that has evolved from the biological bird with flapping wings. Likewise,
Figs. 1.1c-h show the evolution of the computing elements — the neuron, a
neural network, and a cognitive computing system — that are in the process
of evolving from their respective biological counterparts.

Thus, today’s flying machines in many ways emulate the aerodynamic be-
havior of a flying bird, but they are not replicas of the natural bird. For many
centuries we have attempted to understand the neuronal computing aspect of
biological sensory and control mechanisms. This basic understanding, com-
bined with the strength of the new computing technology (optical computing,
molecular computing, etc.) and the thinking of the systems scientists, can
create artificial sensory and intelligent control mechanisms. These concepts
may also lead us in the development of a new type of computing machine: a
cognitive computing machine.

Biological Systems Artificial Systems

(a) Biological bird with flapping (b) Flying machine fixed wings: an
wings artificial flying bird

Figure 1.1 (Continued)
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Although it is very difficult, and often unwise to make predictions about
the future, we nevertheless feel that further research in neurosensory systems
(such as neurovision systems) and neurocontrol systems will be the key to the
development of truly intelligent control systems and, in general, intelligent
systems. We also believe that we are slowly progressing in that direction,
and early in the twenty-first century, may be able to see versions of intelli-
gent systems. To continue our analogy with aviation, most scientists in the
nineteenth century did not believe that it was possible to have flying machines
that were heavier than air, and a great deal of work was devoted to develop-
ing lighter-than-air flying machines, such as balloons and zeppelins. On the
other hand, today we have heavy flying machines (airplanes) that are much
faster and more versatile than biological birds. In the same way, it appears
quite probable that, as our understanding of cognitive faculty improves, we
may be able to develop intelligent control systems that may even surpass the
human brain in some respects. In this (twenty-first) century, we can expect
the evolution of intelligent robots that will be able to perform most routine
household and industrial work (Fig. 1.2).

Now, we are moving into a new era of information systerns, the systems
for extracting some useful information from our working environment, and
making use of it in our decisionmaking processes. Humans and machines in
their decisionmaking process face two types of information: statistical and
cognitive. Statistical information arises from the physical processes, while
cognitive information originates from the human cognitive faculty.

New computing theories with a sound biological understanding are evolv-
ing. This new field of computing falls under the category of neural and soft

Cognitive faculty Cognitive faculty
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/ \

/ o Ey, 3
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Controller Sensor

Figure 1.2 From human cognitive and control functions to robotics cognitive and
control function: an intelligent robot.
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computing systems. Some new computing technology is evolving under disci-
plines such as optical computing, optoelectronics, and molecular computing.
This new technology seems to have the potential of surpassing the micro-,
nano-, and picotechnologies. Neural computing has also been proven (theo-
retically) to be able to supplement the enormous processing power of the von
Neumann digital computer. Hopefully, these new computing methods, with
the neural architecture as a basis, will be able to develop a thinking robotic
machine, alow-level cognitive machine for which scientists have been striving
for so long.

Today, we are in the process of designing neural-computing-based infor-
mation processing systems using the biological neural system as a basis. The
highly parallel processing and layered neuronal morphology with learning
abilities of the human cognitive faculty — the brain — provide us with a new
tool for designing a cognitive machine that can learn and recognize compli-
cated patterns — like human faces and Japanese characters. The theory of
fuzzy logic, the basis for soft computing, provides mathematical power for
the emulation of the higher-order cognitive functions, the thought and per-
ception processes. A marriage between these evolving disciplines, such as
neural computing, genetic algorithms, and fuzzy logic, may provide a new
class of computing systems — the neural fuzzy systems — for the emulation
of higher-order cognitive power. The chaotic behavior inherent in biological
systems, the heart and brain, for example, and the neuronal phenomena and
the genetic algorithms are some of the other important subjects that promise
to provide robustness to our neural computing systems (Honma et al. 1999,
Skarda and Freeman 1987).

1.2 THE NEURON

Nature has developed a very complex neuronal morphology in biological
species (Fig. 1.3). Biological neurons, over one hundred billion in number,
in the central nervous systems (CNS) of humans play a very important role in
the various complex sensory, control, affective, and cognitive aspects of infor-
mation processing and decision making (Amari and Arbib 1982, Amit 1989,
Anderson 1988, Gupta and Sinha 1995, Sinha et al. 1999, Zurada 1992). In
neuronal information processing, there are a variety of complex mathematical
operations and mapping functions that act in synergism in a parallel cascade
structure forming a complex pattern of neuronal layers evolving into a sort
of pyramidal pattern. The information flows from one neuronal layer to an-
other in the forward direction with continuous feedback, and it evolves into
a dynamic pyramidal structure. The structure is pyramidal in the sense of
the extraction and convergence of information at each point in the forward
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(a) Biological neural computing sys- (b) Biological neural network

tem: the cognitive faculty

Figure 1.3 Biological computing process: the brain and its neural neural networks.

direction. A study of biological neuronal morphology provides not only a clue
but also a challenge in the design of a realistic cognitive computing machine
— an intelligent processor.

From the neurobiological as well as the neuralmathematical point of view,
we identify two key neuronal elements in a biological neuron: the synapse
and the soma. These two elements are responsible for providing neuronal
attributes such as learning adaptation knowledge (storage or memory of past
experience), aggregation, and nonlinear mapping operations on neuronal in-
formation (Fig. 1.3). Neuronal morphology is described in detail in Chapter 2.

1.3 NEUROCOMPUTATIONAL SYSTEMS:
SOME PERSPECTIVES

Humans have always dreamed of creating a portrait of themselves — a ma-
chine that can walk, see, and think intelligently. The neuron, the basic in-
formation processing element in the central nervous systems (CNS), plays an
important and diverse role in human sensory processing, locomotion, control,
and cognition (thinking, learning, adaptation, perception, etc.).

The field of neurocontrol, has evolved since the early 1990s, particularly
since over late 1990s, and the intent of the researchers working in this field is
to create an intelligent machine with several levels of control, just as nature
does in the control of various biological functions (Gupta and Sinha 1995).

It should be noted that biological neurons, each with a bandwidth of the or-
der of about 400 Hz or so, possess some tremendous capacities and capabilities
that are unrealizable even by the nano- and picosilicon-based technologies.
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These capabilities for almost real-time and online processing are due to the
layered nature of the network of neurons with a high degree of parallelism.

Just imagine a machine that can learn and recognize human speech with
natural accents or handwriting with a fuzzy flow of characters and translate
it into typed text. Think also about a computerized slaverobotic system that
has leamed the living habits of its master, and does all the household tasks
(cooking, vacuuming, cleaning, gardening, etc.) according to its master’s
wishes. It would be wonderful to have a robotic gardener that can water the
flowers and vegetables, and also prune and weed the garden without damaging
the vseful plants. Questions arise as to whether algorithm-based computing
can do all the wonderful things that humans can do so easily. The human
brain follows a nonalgorithmic approach with some wonderful attributes such
as genetics and learning.

The carbon-based cognitive faculty — the brain — is a mysterious machine
with a very complex neuronal morphology. All our actions and emotions are
controlled by this mysterious organ. We perceive, think, see, and learn.
We compose and recite poems and play musical instruments. We devise
mechanisms for solving complex problems, we think about what we know,
and we investigate new things. We enjoy the beauty of snow peaks and that
of the blue sky. Some events make us happy and we laugh, others make us
unhappy and we cry. Intuition tells us that the neuronal morphology of organs
doing all these wonderful things must be very complex. Indeed, this brain is
too complex to understand. It is wrong to call it a computer because, unlike
a computer, it does things beyond simple numerical computations, such as
cognition and perception. Nature has endowed the brain with a marvelous
and a complex neuronal morphology that is beyond human comprehension.
Yet we know that it is composed of a large number of nerve (neural) cells
with a high degree of interconnectivity. There are over 10! (one hundred
billion) neural cells, and each neuron, on the average, receives information
from about 10% neighboring neurons. Thus, there are typically over 10'®
connections (synapses) in the brain. The anatomic morphology of these
neurons and their connections are what make the brain so complex, and it is
very precise in conducting the various cognitive tasks.

It is important to study a broad view of the biological neuronal morphology
that forms the basis for our neurocontrol processes. Let us look at the neural
mechanism in our own vision and control mechanisms. When we write
and read these lines, the photonic energy emitting from these characters
strikes the photoreceptors — 125 million rods and 5 million cones — in
each retina. Complex biochemical reactions in the photoreceptors change
the photonic energy into equivalent electrical impulses. The task of the
retina and the rest of the brain is not only to coordinate the function of
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our hands (in writing) and eyes (in reading) but also to think and extract
useful cognitive information from these lines. It would be wonderful if we
could explain this neuronal computing phenomenon in our retina and brain.
In spite of tremendous progress in neurophysiology, our knowledge about
biological neuronal computing is shrouded by ignorance. However, since
the early 1990s or so, scientists and engineers have embarked on creating a
computational neural machine.

Although the subject of neurophysiology is relatively old, it was only
around the early 1990s that we started thinking in terms of neural computa-
tional systems — a science for developing neural models for computational
applications. Since 1985, the field has enjoyed an exponential growth, giving
rise to a vast volume of literature in the form of books, scientific journals, and
international scientific conferences and symposia sponsored by some major
scientific societies. At the same time, the field of neural computing has gen-
erated tremendous commercial interests, which in turn have resulted in many
major computer-oriented companies becoming involved in the development
of neural hardwares and softwares. Interestingly, at the same time, they gave
birth to many new commercial outfits around the globe.

The basic concepts of learning and adaptation in the field of control systems
were introduced in the early 1960s, and several extensions and advances
have been made since then. However, advances in the understanding of the
physiology of biological control has spurred the interest of system scientists to
explore the field of neurocontrol. Biology has certainly provided motivation
to the field of neurocontrol, as it has to the field of neurovision. More
recent mathematical models and the architectures of neurocontrol systems
have generated many theoretical and industrial interests. Recent advances
in static (memoryless) and dynamic (with memory) neural networks have
created a profound impact on the field of neurocontrol. Now, researchers
are moving toward the design of intelligent control systems using biological
neurocontrol as a basis (Werbos 1974). This work deals with a diverse group
of neurocontrol problems, such as the neural architecture for adaptation and
control, introduction to the backpropagation algorithms, and identification
and control problems for a general class of dynamic systems. There is an
extensive list of recent research literature in the following fields:

(i) Learning and adaptation (Asari 2001, Bengio and Bengio 2000, Castro
et al. 2000, Darken et al. 1992, Engelbrecht 2001, Gers et al. 2000, Gort
et al. 2000, Jin et al. 1993b, Leung et al. 2001, Nadeau and Benjio 2000,
Nishiyama and Suzuki 2001, Watanabe 2001, Yan and Miller 2000,
Zeng and Yeung 2001);
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(ii) Dynamic neural systems (Atiya and Parlos 2000, Bianchini et al. 2001a,
2001b, Chen 2001, Chen and Amari 2001a, 2001b, 2001c, Gers and
Schmidhuber 2000, 2001, Homma et al. 2001, Jin and Gupta 1996a,
1999, Leistritz et al. 2001, Liang 2001a, 2001b, Liang and Wang 2000,
Parlos et al. 2001, Rao et al. 2000, Sudharsanan and Sundareshan 1991b,
Zhang and Jin 2000, Zhao and Macau 2001, Zhao et al. 2000),

(iii) Self-learning and control (Alahakoon et al. 2000, Heskes 2001, Kohonen
et al. 2000, Pal et al. 2001, Vesanto and Alhoniemi 2000);

(iv) Adaptive filters and equalizers (Chen et al. 2000, 2001a, 2001b, Cris-
tianini et al. 2000, Fu and Shortliffe 2000, Kewley et al. 2000, Konig
2000, Lee et al. 2000, Lin 2001, Lu 2000, Sebald and Bucklew 2000,
Shin et al. 2000, Tipping 2000, Zhang et al. 2000).

1.4 NEURONAL LEARNING

Biological species have adopted strategies that are based on learning, adap-
tation, and self-organization in an uncertain environment. “Learning while
functioning” is the most important attribute that makes these biological species
so robust and flexible. It is natural, therefore, that we adopt a similar strategy
in the design of intelligent systems.

Certainly, the process of neuronal learning and adaptation in biological
species is enormously complex, and the progress made in the understanding of
the neural network field through experimental observations in the fields such as
neurophysiology and psychology during the twentieth century was limited and
crude compared to the achievements in the physical sciences during the same
period. Nevertheless, neurophysiological and psychological understanding of
the biological process has provided a tremendous impetus to the emulation
of certain neurological morphologies and their learning behavior through the
fields of mathematics and system sciences. We have a long way to go before
we can speak of understanding the principles of cognition (learning, thinking,
reasoning, and perception) and, thus, of the field of cognitive computing to the
degree that we understand the principles of the electrochemical, biochemical,
and ionic behaviors of neuronal populations in biological species.

We have emphasized some of the difficulties in the understanding of neu-
rophysiology. Still, biology has inspired the work of system scientists in the
past, and at an accelerated pace more recently. There have been an expo-
nentially increasing number of attempts to develop neuronal paradigms for
application to problems such as machine vision and control systems. Indeed,
the neuronal learning paradigms developed more recently, combined with the
cognitive strength of the notion of graded membership, promise to provide
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robust solutions to problems in pattern recognition, decisionmaking, control
of complex dynamic flexible structures in space, and, in general, intelligent
robotic systems for applications to manufacturing and medical sciences.

1.5 THEORY OF NEURONAL APPROXIMATIONS

The theory of functions approximation is an important class of problems in
both static and dynamic processes. We would like to approximate a given
experimental curve by a class of polynomials, or a time evolution of a dynamic
process by a difference or differential equation. We would also like to ap-
proximate a complex periodic or almost periodic phenomenon using Fourier
analysis by a series of sinusoids. System identification, estimation of a signal
from a noisy measurement, or forecasting stockmarkets using the past history
and current economic trends are just a few examples that have baffled system
scientists and economists.

The theory of neuronal approximations has captured the attention of neural
scientists only recently. It was at the IEEE First International Conference of
Neural Networks in 1987 held at San Diego when R. Hecht-Nielsen reiterated
the theorem of Kolmogorov (1957) and made some comparisons with the
attributes of neural networks. Kolmogorov’s theorem states that one can
express a continuous multivariable function, on a compact domain, in terms
of sums and compositions of single variable functions. Furthermore, the
number of single-variable functions required is finite. It implies that there
are no nemesis functions that cannot be modeled (approximated) by neural
networks.

Indeed, the parallel and layered morphology of the neural systems is re-
sponsible for solving a wider class of problems in fields such as system
approximation (identification), control, learning, and adaptation (Gupta and
Sinha 1995, Sinha et al. 1999). In this book, we have presented a representa-
tive chapter, Chapter 7, that deals with the theory of neuronal approximation.
This chapter provides a mathematical foundation of neural approximations,
and shows how layered networks can approximate given static and/or dynamic
physical entities to a desired degree of accuracy (Jin et al. 1994a, 1995a). Such
an approximation, in fact, forms the basis in problems dealing with pattern
classification, system identification, control, robotics manipulator problems,
and also in the design of neural filters and equalizers. Some recent works
in these fields can be found in Aonishi and Kurata 2000, Azimi-Sadjadi et
al. 2000, Bargiela 2000, Cabrelli et al. 2000, Chen and Wang 2001, Datta et
al. 2000, Gabrys and Bargiela 2000, Girolami 2001, Franco and Cannas 2001,
Hoppensteadt and Izhikevich 2000, Huang et al. 2000, Lehtokangas 2000,
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Li and Lee 2001, Lim et al. 2000, Nabney 1999, Papadpopoulos et al. 2001,
Simmon 2001, Simone and Moabito 2001, Yuan et al. 2000.

1.6 FUZZY NEURAL SYSTEMS

The faculty of cognition and perception in humans is very complex, but it pos-
sesses a very efficient mechanism for information processing and expression.
“The weather is just beautiful for playing a game of golf” conveys a large
amount of information in just a brief sentence. This is the attribute of graded
membership in our natural language and thinking processes that makes our
knowledge base and information processing abilities so efficient. This notion
of graded membership due to Lotfi A. Zadeh has been adopted in the calculus
of fuzzy logic. Now, this notion promises to provide some robust algorithms
for intelligent robotic systems.

Human cognition, which embodies all our thinking and logic processes and
our actions and decisions, is full of imprecision and uncertainties. The natural
world in which we live is a world of imprecision. Imprecision arises from
physical phenomena and is inherent in our cognitive process. The human
brain has evolved around cognitive uncertainties, and through the process of
learning, it is able to extract important information and make decisions. It is
a robust and, to a large measure, a fault-tolerant system. A mystery, however,
shrouds the working and mathematics of this cognitive process. This mystery
has existed for years because of the lack of the right mathematical tools for
understanding and modeling this mysterious cognitive process. Conventional
mathematical tools and artificial logical tools are nothing but paradoxes even
in simple human logical tasks. It was in the early 1960s when Professor
Lotfi A. Zadeh pondered over these paradoxes and the mathematical models
of human logic and reasoning. He carefully considered the relevance and
validity of the precision of our decisions and binary logic (yes or no, white or
black, 0 or 1) under cognitive uncertainties.

Zadeh’s earlier works, prior to the mid-1960s, were devoted to the use
of “precise” mathematical tools in systems theory and decision processes.
No doubt, this work made a great contribution to the field of controls and
systems, but his seminal work on fuzzy logic, which appeared in a paper
in 1965, renewed a widespread interest in the fields of systems, decision
analysis, cognitive uncertainty, and modeling of human cognition (process of
learning, thinking, reasoning, and adaptation). Since the publication of that
work, a worldwide community of scholars and scientists have made many
important contributions to the field, leading to some important commercial,
industrial, and domestic applications. In growing numbers, investigators in
a wide variety of fields — ranging from psychology, sociology, philosophy,
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and economics to natural sciences, engineering, and computer sciences — are
exploring this new path (which seems to be very bright and promising) to the
understanding of human reasoning and cognition. They are also developing
novel methods for dealing with systems and processes that are too complex
to be analyzed by conventional quantitative techniques (Gupta et al. 1979;
Gupta and Yamakawa 1988a, 1988b; Gupta and Knopf 1994; Gupta and Rao
1994b; Gupta and Sinha 1995; Kauffman and Gupta 1985, 1988; Sinha et
al. 1999; Zadeh 1965, 1968, 1972a, 1972b, 1973, 1984, 1986, 1994, 1996,
1997, 1999).

In retrospect, it is evident that the trend toward the use of fuzzy logic —
a logic that is much closer in spirit to human cognition and language than
conventional logical systems — could have been anticipated during the past
century. What held back the development of fuzzy logic were the attitudes
from the mechanistic era of the nineteenth century and, more recently, the
habits of programmatic reasoning fostered by the rapidly widening use of
digital machine computation.

Fuzzy logic rests on the notion that the key elements in human cognition are
based not on precise numbers but on a class of numbers (objects) in which the
transition from membership to nonmembership is gradual rather than abrupt.

These newly developing fields of fuzzy neural network and soft computing
encompass features of the human brain: the cognitive aspects in fuzzy logic,
and the learning and adaptation strengths of neural networks. This new field,
combined with the genetic aspects of humans, promises to provide many
theoretical and applied advances. Some recent achievements in this new field
have been developed in Ding and Gupta 2000, Fujimori et al. 2001a, Gupta
2001, Mitra and Hayashi 2000, Musilek and Gupta 2000, Yang and Wang
2000, Yidliz 2001, Yidliz and Alpaydin 2000.

1.7 APPLICATIONS OF NEURAL NETWORKS:
PRESENT AND FUTURE

1.7.1 Neurovision Systems

The emulation of biological vision and other functions of the human cen-
tral nervous system (CNS) presents numerous challenges that are theoretical,
algorithmic, technological, and implementational in nature. The processing
power of biological vision lies in the large number of dynamic neurons that
are linked by an enormous amount of synapses (interconnections). Currently
available technology does not permit dense “biological-like” interconnections.
However, since the early 1990s biology has motivated the design of neurovi-
sion systems, and many new computational architectures have evolved with
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some exciting applications (Gupta and Knopf 1994, Indiveri 2000, 2001a,
2001b, Indiveri et al. 2001, Itti and Koch 2001).

Biological neurons have inspired scientists to generalize the neuronal math-
ematical notion and the neurons’ intricate connectivity within the central ner-
vous system. This has further spurred the interest of engineers to develop new
neural computing architectures and their hardware implementations.

1.7.2 Neurocontrol Systems

The subject of adaptive control systems, with various terms such as neoad-
aptive control systems, intelligent control systems, cognitive control systems,
and neurocontrol systems, therefore, falls within the domain of control of
complex industrial and robotic systems with reasoning, learning, and adap-
tive abilities.

Novel neural morphologies with learning and adaptive capabilities have
infused new control power into the control of complex dynamic systems.
Theoretical developments in the field are evolving, and many new applications
are springing up (Gupta and Rao 1994a).

Mathematically formulated neural network elements, although biologically
inspired, represent certain neural models, abstract or computational architec-
tures, for some specific control tasks. In this book our objective is not to
mimic the central nervous system, but to develop some motivations for solv-
ing specific problems facing the system scientists.

1.7.3 Neural Hardware implementations

J. J. Hopfield and D. W. Tank provide a new conceptual framework and
minimization principle for the understanding of computations in neural cir-
cuits (Hopfield and Tank 1986). The celebrated work of Hopfield and Tank
consists of nonlinear graded responses organized into networks with effec-
tively symmetric synaptic connections. This neural architecture attempts to
retain certain important biological computational features. The authors show
that certain complex optimization problems can be analyzed and understood
without the need to follow the circuit dynamics in detail. The basic concep-
tual details provided by some leading researchers may lead to various other
neuronal architectural morphologies.

Current computational models of neurons have somewhat merged in the
silicon-based environment of analog very large-scale integration (VLSI) cir-
cuits. One typical network design utilizes transconductor amplifiers as the
variable synaptic weights, both excitatory and inhibitory. The soma of this
neuron can be constructed using operational amplifiers acting as compactors.
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1.7.4 Some Future Perspectives

Progress in information-based technology has significantly broadened the ca-
pabilities and application of computers. Today’s computers, however, are
being used merely for the storage and processing of numerical data (hard
uncertainty and hard information). Should we not reexamine the functions of
these computing tools in view of the increasing interest in subjects such as
knowledge-based systems, expert systems, and intelligent robotic systems, as
well as for solving problems related to decision and control? Human menta-
tion acts on cognitive information, and cognitive information is characterized
using relative grades. Human mentation and cognition functions use fresh
information (acquired from the environment by our natural sensors) together
with the information (experience, knowledge base) stored in the biological
MEIOry.

Shannon’s definition of "information" was based on certain physical mea-
surements of random activities in physical systems, in particular, in com-
munication channels. This definition was restricted, however, to a class of
information arising from physical systems.

If we wish to emulate in a machine, some of the cognitive functions (learn-
ing, remembering, reasoning, intelligence, perceiving, etc.) of humans, we
have to generalize the definition of information and develop new mathemat-
ical tools and hardware. These new mathematical tools and hardware must
deal with the simulation and processing of cognitive information and soft
logic. Many new notions, although still in primitive stages, are emerging
around the mathematics of fuzzy neural logic and, it is hoped, we will be
able to nurture some interesting studies in the not too distant future. Indeed,
biological processes have much to offer to engineers, system scientists, and
mathematicians for solving many practical problems of the world in which
we live today (Homma and Gupta 2002a, McClelland and Rumelhart 1988,
Skarda and Freeman 1987).

After we finish some initial studies on an intelligent machine, the next
natural stage for us would be to embark on the design of a robotic machine
that could play a game of pingpong with us with the same degree of emotion,
enthusiasm, and pleasure that we receive when we are playing with our
students, friends, and family members. Such studies would also, of course,
need basic understanding of the theory of metaphysics.

1.8 AN OVERVIEW OF THE BOOK

This book on neural systems contains fifteen chapters which are divided into
the following four parts:
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Part I: Foundations of Neural Networks
(Chapters 1 to 3)
Part II:  Static Neural Networks
(Chapters 4 to 7)
Part IIl: Dynamic Neural Networks
(Chapters 8 to 12)
Part IV:  Some Advanced Topics in Neural Networks
(Chapters 13 to 15).

After this introductory chapter, in Chapter 2 of Part I, to understand some
basic functions and architectural building blocks of the human brain from en-
gineering and mathematical perspectives, we briefly introduce some topics on
biological neural systems such as the morphology of biological neurons, neu-
ral signal processing, and human memory and learning systems. In Chapter
3, our discussion focuses on some basic and simple concepts, mathematical
models, and adaptive processes of neural units, as they are the basic building
blocks for complex neural network architectures. These chapters provide us
with a foundation for further exploring architectures and adaptive learning
process of neural networks.

In Part II of the book (Chapters 4-7), we study static neural networks.
In Chapter 4, we first introduce the basic notion of two-layered static neural
networks and their extension to multilayered feedforward neural networks
(MFNNs). We then give an extensive discussion of learning and adaptation
problems, including the backpropagation (BP) algorithms. In Chapter 5, to
provide a more comprehensive viewpoint of the neural network structures
and learning algorithms for MFNNSs, some further problems associated with
MFNNs are presented. We then introduce the concepts of radial basis function
(RBF) neural networks and give some of its applications in Chapter 6. The
universal approximation capability of feedforward neural networks is studied
mainly using the Stone—Weierstrass theorem in Chapter 7, as the functional
approximation capability of a feedforward neural network architecture is one
of the most exciting properties of the neural structures and has potentials
for applications to problems such as system identification, communication
channel equalization, signal processing, control, and pattern recognition.

In Part HI (Chapters 8—12), dynamic neural networks (DNNs) are studied.
In Chapter 8, we explore various configurations of dynamic neural units
(DNUs) and study some of their dynamic properties which will be useful in
forming neural architectures. In Chapter 9, using some of these continuous-
time dynamic neural units (CT-DNUs) with feedback connections, dynamic
neural networks (DNNs) are introduced. In Chapter 10, learning algorithms
for the dynamic neural units and for the dynamic neural networks are studied
extensively. Some stability analysis approaches and stability results for a
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general class of continuous-time dynamic neural networks (CT-DNNs) are
presented in Chapter 11, and the stability analysis is extended to the discrete-
time dynamic neural networks in Chapter 12.

In Part IV (Chapters 13-15), some advanced topics are discussed. In Chap-
ter 13, by using the dynamic system language, we present models of binary
neural networks that are a class of neural networks with only two states in a
discrete-time domain. In Chapter 14, feedback binary associative memories
are studied using the binary neural networks architecture. In Chapter 15, we
provide an overview of the basic principles, mathematical descriptions, and
the state-of-the-art developments of fuzzy neural networks.

The book is appended with an extensive list of references and bibliograph-
ical material along with the bibliographical sources on neural networks and a
classified list of bibliography on neural networks.



This page intentionally left blank



2

Biological Foundations of
Neuronal Morphology

2.1 Morphology of Biological Neurons
2.2 Neural Information Processing

2.3 Human Memory Systems

2.4 Human Learning and Adaptation
2.5 Concluding Remarks

2.6 Some Biological Keywords

Problems

21



22 BIOLOGICAL FOUNDATIONS OF NEURONAL MORPHOLOGY

The most fundamental understanding of the human brain is that its nervous
system is organized using a very large number of computational units called
neurons. These neurons are located in functional constellations or assemblies
and form complex connections through which the neurons communicate with
each other. A neuron is an individual cell characterized by architectural fea-
tures that represent rapid changes in voltage across its membrane as well as
voltage changes in neighboring neurons (Churchland and Sejnowski 1992).
There are over 10'° neurons forming a massively interconnected neural struc-
ture in the human brain. Biological neurons are involved in complex sensory,
control, thinking, perceptive, and various other cognitive operations. Various
complex cognitive mappings and mathematical processing functions can be
identified in biological processes. Different mechanisms for explanation and
classification of neurons on the basis of their neuronal morphology have been
investigated. However, there is some commonly accepted knowledge of bi-
ological neurons, which forms a basis for developing various mathematical
models of neurons.

The intellectual functions of the human brain, as well as its learning and
memory capabilities, set humans apart from animals. It is learning and
memory that make humans adaptive and intelligent for handling complex,
uncertain, and time-varying real-world environments. In order to understand
some basic functions and architectural building blocks of the human brain from
engineering and mathematical perspectives, this chapter briefly introduces
such topics of biological neural systems as the morphology of biological
neurons, neural signal processing, and human memory and learning systems.
This basic biological description of neuronal morphology will provide some
inspiration for the development of new neural structures for engineering and
science applications.

2.1 MORPHOLOGY OF BIOLOGICAL NEURONS

2.1.1 Basic Neuronal Structure

The basic building element of the central nervous system (CNS), including
the brain, retina, and spinal cord, is the neuron. This biological cell receives
and processes information and then communicates with various parts of the
human body. A simplified schematic view of a biological neural process
is shown in Fig. 2.1, and an ideal biological neuron is depicted in Fig. 2.2.
The nerve cell body is called the soma and is surrounded by a thin plasma
membrane filled with cytoplasm.
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Figure 2.1 A schematic diagram of five interconnected neurons. Each neuron re-

ceives numerous parallel input signals through its dendrites and yields
a single output that is transmitted to other neurons.
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Figure 2.2 A schematic diagram of an ideal biological neuron. Each neuron

receives multiple inputs through its dendrites and generates a single
output along its axon.
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The soma is approximately 30 ym in diameter. Within the soma is a cell
nucleus. Each nerve cell receives many inputs (of the order of 1(*) through
the dendrites, and after some processing generates a single output along its
axon. The junction point of an axon with a dendrite is called the synapse. The
dendrites are 200-300 um in length. The information generated by a nerve
cell is transmitted along its axon. The range of lengths for axons is from 50
pm to several meters. An axon terminates at the synaptic junctions of another
neuron. A single axon may have 10,000 synaptic connections on average.

Neurons, as shown in Fig. 2.3, are filled with and surrounded by fluids
containing dissolved chemical ions. The main chemical ions are sodium
(Nat), calcium (Ca?*), potassium (K*) and chloride (C17). The Na*t and
K* ions are largely responsible for generating the active neural response,
which is also called the action potential or nerve impulse. An action potential
is defined by a sharp positive pulse followed by a slowly decaying electrical
potential (Scott 1977). Figure 2.3(a) shows that the K ions are concentrated
mainly inside the cell of the neuron whereas, the Nat ions are concentrated
outside the cell membrane. In the state of inactivity (rest), the interior of the
neuron, the protoplasm, is negatively charged compared to the surrounding
neural liquid. The action potential curve in Fig. 2.4 indicates that the neural
resting potential of about —70 mV is supported by the action of the cell
membrane, which is impenetrable for Na® ions, causing a deficiency of
positive ions in the protoplasm (Miiller and Reinhardt 1991).
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70 mV 7 =E R ; Neural
| impulse ; : kR
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(a) Chemical structure (b) Simplified structure of synapses
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Figure 2.3 Simplified structures of a biological neuron.
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Figure 2.4 An idealized version of two successive action potentials.

2.1.2 Neural Electrical Signals

In biological neural processes, the dendrites appear to provide receptive sur-
faces for input signals to the neurons. They transmit these signals passively
with no amplification to the soma, the main body of the neuron.

The soma carries out such mathematical operations on these synaptic sig-
nals as aggregation and nonlinear transformation, and yields a single action
potential that is passed to the axon. In the axons these action potentials ap-
pear as a train of impulses, called nerve impulses, nerve action potentials, or
simply spikes. The action potentials are propagated with no attenuation along
the axon and its branches to target cells such as other neurons, muscles, or
receptors.

The process of generating action potentials in either the neuron (where
the processing of information takes place) or the axon (through which the
transmission of information takes place) is due to the exchange of K" and
Na™ ions caused by a change in the permeability of the cell membrane. The
axon of a neuron is connected to the dendrites of other neurons through a
synaptic junction. This synaptic junction employs a chemical transmitter to
convey a signal across the boundary of the junction. The action potentials
conducted along the axon are converted by the synapses to a voltage signal in
the dendrite.

A neuron is considered active if it is generating a sequence of action
potentials. When the nerve impulse, in the form of action potentials along the
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axon, reaches the synaptic junction the transmitter substance in the synaptic
vesicles is released onto the dendrite of the neuron, eliciting an electrical
response. This electrical response can be either excitatory or inhibitory, as
shown in Figs. 2.3(b) and 2.5. The nature of the electrical response depends
on the type of transmitter released and the nature of the dendrite membrane.
The dendritic inputs originating from the excitatory synapses tend to increase
the rate of neural firing, whereas inputs from the inhibitory synapses tend to
decrease this firing rate. A neuron receives many excitatory and inhibitory
inputs from other neurons and generates, in turn, a series of electrical impulses
with a frequency that depends on the aggregated behavior of the incoming
signals.

Simply speaking, if the excitatory inputs become strong enough, the output
impulse from the neuron becomes large. In contrast, if the inhibitory inputs
are strong, the output will be small or completely suppressed. Indeed, the
magnitude of the dendritic signal is proportional to the average frequency at
which the pulses arrive at the synaptic junction. The synaptic junction usually
occurs between the axons and dendrites, and it can also appear between axon
and axon, between dendrite and dendrite, and even between axon and cell
body.

A single neuron is capable of encoding stimulus signals into sequences of
frequency-modulated electrical pulses as shown in Fig. 2.4. Two important
properties of action potentials are directly related to the frequency encoding
ability of the axon potential. The first property is the latency or effective rise
time, which is defined as the time between the application of the stimulus
and the peak of the resulting action potential. This response time decreases
exponentially as the stimulus intensity increases. The second property, called
the refractory period, represents the minimum time required for the axon to
generate two consecutive action potential responses as shown in Fig. 2.4. In
other words, the refractory period is the minimum time between the occurrence
of two successive action potentials. The threshold for the second stimulus
to fire a neuron depends on this refractory period that exists independent of

O O O Oy By o T O Uy A o
msec msec

(a) Excitatory potential (b) Inhibitory potential

Figure 2.5 Postsynaptic potentials.
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the strength of any new stimulus. There is also a deadzone period, called the
absolute refractory period. During this period it is impossible to generate
another output pulse. After the absolute refractory period has expired, the
stimulus intensity threshold for the second pulse decreases exponentially as
the refractory period increases. Therefore, from the preceding analysis it is
postulated that if a constant stimulus of suprathreshold intensity is applied to
an axon, both the latency and refractory periods will control the frequency of
the output pulses. For example, a stimulus with a high intensity will yield
a small refractory period and a faster rise time, thereby generating a higher
frequency action potential.

In the following section, we briefly describe the activities of a neuron with
respect to information processing.

2.2 NEURAL INFORMATION PROCESSING

The human brain has more than 10 billion neural cells, which have complicated
interconnections, and these neurons constitute a large-scale signal processing
and memory neural network. Indeed, the understanding of the neural mecha-
nisms of the higher functions of the brain is very complex. In the conventional
neurophysiological approach, one can obtain only some fragmentary knowl-
edge of the neural processes and formulate only some mathematical models
for various applications. The mathematical study of a single neural model
and its various extensions is the first step in the design of a complex neural
network for applications such as neural signal processing, pattern recognition,
control of complex processes, neurovision systems, and other decisionmaking
processes.

A simple neural model is presented in Fig. 2.6. In terms of information pro-
cessing, an individual neuron with dendrites as multiple-input terminals and
an axon as a single-output terminal may be considered a multiple-input/single-
output (MISO) system. The processing functions of this MISO neural pro-
cessor may be divided into the following four categories:

(i) Dendrites: They consist of a highly branching tree of fibers, and act
as input points to the main body of the neuron. On average, there are
103-10* dendrites per neuron, which form receptive surfaces for input
signals to the neurons.

(ii) Synapse: 1Itis a storage area of the past experience (knowledge base). It
provides long-term memory (LTM) to the past accumulated experience.
It receives information from sensors and other neurons and provides
outputs through the axons.
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Figure 2.6 A simple neural model as a multiinput (dendrites) and single-output
(axon) processor.

(iii) Soma: The neural cell body is called the soma. It is the large, round
central neuronal body. It receives synaptic information and performs
further processing of the information. Almost all the logical functions
of the neuron are carried out in the soma.

(iv) Axon: The neural output line is called the axon. The output appears in
the form of an action potential that is transmitted to other neurons for
further processing.

The electrochemical activities at the synaptic junctions of the neurons
exhibit a complex behavior because each neuron makes hundreds of inter-
connections with other neurons. Each neuron acts as a parallel processor
because it receives action potentials in parallel from the neighboring neu-
rons and then transmits pulses in parallel to other neighboring synapses. In
terms of information processing, the synapse also performs a crude pulse
frequency-to-voltage conversion as shown in Fig. 2.6.

2.2.1 Neural Mathematical Operations

In general, it can be argued that the role played by neurons in the brain
reasoning processes is analogous to the role played by a logical switching
element in a digital computer. However, this analogy is too simple. A neuron
contains a sensitivity threshold, adjustable signal amplification or attenuation
at each synapse, and an internal structure that allows incoming nerve signals
to be integrated over both space and time. From a mathematical point of
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view, it may be concluded that the processing of information within a neuron
involves the following two distinct mathematical operations:

(i) Synaptic operation: The strength (weight) of the synapse is a represen-
tation of the storage of knowledge and thus the memory for previous
knowledge. The synaptic operation assigns a relative weight (signifi-
cance) to each incoming signal according to the past experience (knowl-
edge) stored in the synapse.

(ii) Somatic operation: The somatic operation provides various mathemat-
ical operations such as aggregation, thresholding, nonlinear activation,
and dynamic processing to the synaptic inputs. If the weighted aggre-
gation of the neural inputs exceeds a certain threshold, the soma will
produce an output signal to its axon.

A simplified representation of the above neural operations for a typical
neuron is shown in Fig. 2.7. A biological neuron deals with some inter-
esting mathematical mapping properties because of its nonlinear operations
combined with a thresholding in the soma. If neurons were only capable of
carrying out linear operations, the complex human cognition and the robust-
ness of neural systems would disappear.

Observations from both experimental and mathematical analysis have indi-
cated that neural cells can transmit reliable information if they are sufficiently
redundant in numbers. However, in general, a biological neuron is an unpre-
dictable mechanism for processing information. Therefore, it is postulated
that the collective activity generated by large numbers of locally redundant
neurons is more significant than the activity generated by a single neuron.

Neural output

(b) Somatic operation

Neural inputs (a) Synaptic operation

Figure 2.7 Simple model of a neuron showing (a) synaptic and (b) somatic oper-
ations.
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2.2.2 Sensorimotor Feedback Structure

The nervous system consists of millions of neurons that form the basis for
information processing units. Many neurons are packed together in layers,
and the synaptic connections are very intricate in such a system. It is the
interaction of many neurons that makes activities such as learning, recognition,
decisionmaking, discrimination, and generalization possible. Most operations
of the nervous system are complex. However, some examples of their neuronal
behavior may be given. For example, the pain reflex is mediated by a neural
sensorimotor mechanism. The sensory neurons detect a painful stimulus
and transmit this message to the spinal cord. The information is passed to the
motor neurons via a single set of synapses. The motor neurons transmit signals
to muscles that move the body away from painful stimuli. The information is
transmitted to the brain. However, the reflex process is simple in nature.

Sensors interface the real world to the brain, and from this point the in-
formation is passed through multiple levels of the nervous system. To carry
out this information transformation from lower to higher levels of the brain,
different levels of cerebral functions such as abstraction, conceptualization,
and feature detection are involved. The nervous system can detect specific
features while it deals with ambiguous information. These sensations may
not be understood until they are processed by many layers in several areas of
the brain. Information sensed by the eyes, ears, or touch is passed through
many layers of nerves.

Using systems language, biological neural behavior may be considered as
a sensorimotor scheme having the three functions, shown in Fig. 2.8. The
three blocks have internal feedforward and feedback information exchange.
The sensors receive stimulus inputs from the environment and transmit the
information to the nervous system or the brain. As soon as information
processing is conducted in the nervous system, the resulting control signals
represented in the emission of the impulse signals will drive the motor, such
as muscles and glands, to give a response.

Stimulus Control signal Response to
| Sensory .. || Nervous —| Motor
from system ]
. environment
environment

Figure 2.8 Three functions involved in a sensorimotor control structure.
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2.2.3 Dynamic Characteristics

Several of the dynamic information processes that occur in biological neural
systems are integrally linked to the morphology of these neural processes.
These dynamic neural processors form the basis from which the higher-order
properties of the neural systems emerge. Some of the important features of
these dynamic neural information processes are briefly described now.

(i) Distributed and parallel processing: Neural information accessed by var-
ious biological sensors is distributed across multiple neurons. Further,
necural information processes seem to involve the activation of multi-
ple neurons that not only receive and transmit information in parallel
but also incorporate parallelism and distributed updating mechanisms
with an adaptive capability in order to learn, recognize, generalize, and
discriminate. In fact, there are two sensory distribution systems in the
brain; one is the specific sensorithalamocortical system, and the other is
a nonspecific system used for attention and motivation. These structures
verify the importance and plausibility of parallel distributed knowledge
in the brain.

(ii) Temporal encoding capability: Stimulus information received by neu-
rons is encoded as spike trains. A given axon will typically have a
constant spiking amplitude, but its frequency of response will carry the
information content. Usually the information is encoded in the form
of frequency modulation and is stored in the brain as either short-term
memory (STM) or long-term memory (LTM).

(iii) The role of lateral inhibition: Lateral inhibition introduces information
exchange from neuron to neuron and affects a neuron blocking the
action of another neuron. This inhibitive mechanism commeonly exists,
and may be prevalent throughout the nervous system. However, lateral
inhibition is a mechanism of local neural interaction, and it gives rise to
significant global properties. From an information perspective, lateral
inhibition provides information on the changes of information. Thus,
lateral inhibition may be viewed simultaneously as a biological principle
and as a mathematical description of a biological neural system.

(iv) Feedforward and feedback processing: It appears that the brain uses
circular or reverberatory loops for processing information. This looping
occurs when one part of the brain processes an input and passes the
information to another area and the new area processes and passes the
information directly back to the originating location, or through other
intermediate locations for further updating. In the end, the information
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is returned through the original brain area to reverberate again through
the structures. This process obviously involves feedforward and feed-
back loops with some dynamic processing. This dynamic processing
caused by feedback provides some robust characteristics in information
processing.

2.3 HUMAN MEMORY SYSTEMS

One feature that distinguishes of humans from other animals is the immense
amount of information that humans can learn and remember. Learning and
memory are basic to human experience and constitute the basis of the brain
function. Memory involves time-dependent processing relying on encoding
and retrieval as well as storage of information. Simply speaking, memory is
information stored in the brain as a result of sensory experience.

2.3.1 Types of Human Memory

One approach to the understanding of biological memory processes is to
examine the differences that exist among memory mechanisms that deal with
different time frames of the storage process. As illustrated in Fig. 2.9, human
memory can be classified into three different categories: sensory memory,
short-term memory, and long-term memory. However, it is not clear that
different types of information to be stored must necessarily pass through all
of these mechanisms, but much of it clearly does.

(i) Sensory memory (SM): The first stage of storage in memory is frequently
referred to as sensory memory (SM). Incoming information from sensory
elements is placed into this temporary storage for a brief period. The
apparent function of sensory memory is to retain a record of the sensory

Human memory

Y Y

Sensory memory Short-term memory Long-term memory
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Y

Figure 2.9 Three types of human memory.
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events long enough for perceptual mechanisms. One distinguishing
property of such memory is that the information spontaneously begins
decaying with time; older images appear fainter, which explains the
disappearing trail following the image. In addition to spontaneous decay
with time, several other features distinguish sensory memory from other
types of neural storage. The first is that all the information in the input
is stored in sensory memory. The second important feature of sensory
memory is that it is erasable.

(ii) Short-term memory (STM): All of the information in sensory memory
is not lost after approximately half a second or so. Obviously, if a page
full of characters is shown in a brief flash only, some of them will be
remembered for a few seconds. Hence, this more persistent form of
memory contains less information than sensory memory, but through
an attentionlike process any item of information in the sensory memory
may be transferred into it. This second state of the memory process
is commonly called short-term memory (STM). Several seconds of the
latest sensory information are sustained, presumably via reverberation
around neural feedback loops. If the sensory information is deemed to
be important, the store gate acts as a trigger and instructs the memory
stacks to permanently store the information. Several facts about short-
term memory can be established. Its capacity is relatively small. Also,
the addition of new items erases old ones in a temporal sequence, so
that adding new items causes the oldest to be dropped off the stack. As
attention shifts to new items, the content of the short-term memory is
continuously updated from the sensory memory.

(iii) Long-term memory (LTM): The third stage in the information storage
sequence is usually referred to as long-term memory (LTM). Information
items are expected to be stored permanently or for a relatively long
time. In other words, long-term memory refers to the more or less
permanent form of information storage in the brain. The capacity of
a long-term memory is relatively large. Information seems to enter
long-term memory as a result of repeated rehearsal of the contents
of short-term memory. It may take many repetitions or activations
of data in short-term memory to establish it in long-term memory;
that is, the process of learning and memorizing. A loss of long-term
memory is usually associated with the phenomenon of forgetting, which
is a true loss of information from storage. It is almost universally
assumed that long-term memory is defined in the nervous system in
terms of variations in synaptic efficiency, and that biochemical changes
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associated with learning and memory act primarily by mediating such
changes in synaptic efficiency.

2.3.2 Features of Short-Term and Long-Term Memories

A hypothetical scheme of the human memory system is shown in Fig. 2.10.
Sensory information enters a sensory memory, where it is held in detail
for a brief period. Some of this information is transferred to short-term
memory. Moreover, some of the information in short-term memory can be
transferred to long-term memory, usually by rehearsing or repeating it. Other
information from short-term memory is lost (forgotten). When a person
remembers something, it is transferred from short-term memory into long-
term memory. Short-term memory is roughly equivalent to consciousness or
awareness. It should also be noted that in some books, sensory memory is
considered as a special type of short-term memory because of its fast decaying
feature.

In summary, some features of short-term memory processes versus long-
term memory processes are compared in Table 2.1. A neural system comprised
of the phase with rapid change dynamics would be particularly suitable for
emulating short-term memory because of the rapidity of storage and access
to storage of such a system. However, the neural system’s dynamic process
would not be suitable for long-term memory because of its vulnerability to
disruptive forces and its relatively large energy demands for operation during
the period of recycling. Comparatively, a long-term memory system is energy
efficient, stable, and has a larger overall storage capacity.
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__I Short-term [ Long-term
memory | - memory

Stimulus | o
| Sensory

-
memory

Retrieved
(Remembering)
Y Y

Information

forgotten

Figure 2.10 The process of information storage in the human memory system.
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Table 2.1 Main features of short- and long-term memory

Advantages Disadvantages

Short-term memory (STM)

¢ Dynamic storage e Low robustness: vulnerable to
physical interruption, causing
loss of information

¢ Easy and speedy access ¢ Small memory capacity
High energy requirement

Long-term memory (LTM)

Equilibrium storage o Processing is more complicated

Stable and robust e Access is more difficult and
slower

e Large storage capacity e Time coupling between storage

and processing
e FErasing a stable memory is diffi-
cult

2.3.3 Content-Addressable and Associative Memory

In a conventional computer system, memory addresses are used to access the
storage location of a particular byte of information. More recently, content-
addressable or associative memory systems have appeared in which the un-
derlying principle is the provision for data retrieval by a keyword that is
associated with the desired information. The keyword is either an actual posi-
tion of the information, or simply associated with the information in storage.
It has been found that in this associative property of long-term memory, data
is obtained by assembling as many stimuli as possible that were associated
with the desired data at the time of its entry into the memory system.

As used, the term associative refers to the property of biological memories
that allows them to return items similar to the one specifically addressed.
This aspect is considered in more detail in later chapters of this book. In
the brain, long-term memory appears to store information according to its
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semantic category relationship rather than in sequential order, as in short-
term memory. Hence items that share some semantic-level properties will
have similar pointers or retrieval keys for their access. One function of this
type of memory system is the recognition of the final or intermediate goal
states that are similar to those involved in a current problem and with which
we have had some experience in the past. One may never have had to find
a path to the present goal state before, but its representation in a memory
recall operation may produce a similar past situation, which in turn has a
remembered path for its reproduction. If it is sufficiently similar to the desired
state, it may constitute a sufficient solution. If not, it may prove to be valuable
intermediate information. Associative memories are thus fundamental not
only to the operations that adapt the brain to real-world problems, but also in
the design of the artificial neural memory systems.

2.4 HUMAN LEARNING AND ADAPTATION

One of the most remarkable features of the human brain is its ability to
adaptively learn in response to knowledge, experience, and environment. The
basis of this learning appears to be a network of interconnected adaptive
elements by means of which transformation between inputs and outputs is
performed. Learning can be defined as the acquisition of new information. In
other words, learning is a process of memorizing new information. Adaptation
implies that the element can change in a systematic manner and in so doing
alter the transformation between input and output. In the brain, transmission
within the neural system involves coded nerve impulses and other physical
chemical processes that form reflections of sensory stimuli and incipient motor
behavior.

Many biological aspects are associated with such learning processes, in-
cluding (Harston 1990)

e Learning overlays hardwired connections
e Synaptic plasticity versus stability: a crucial design dilemma
o Synaptic modification, providing a basis for observable organism be-
havior
2.4.1 Types of Human Learning

Learning may also be considered as a change in behavior as a result of
experience. Neuroscientists have so far studied three kinds of simple learning:
(1) habituation, (ii) sensitization, and (iii) associative learning. These three
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types of learning are simple in the sense that they occur without the subject’s
awareness of a change in behavior. Simple learning is different from those
kinds of human learning that are voluntary and that require, for example, the
formation of concepts or the use of classifications.

(i) Habituation: Habituation takes place when a stimulus organism that
has originally responded is presented so often that the organism stops
responding to it. In sensitization, the opposite of habituation, the human
learns to respond vigorously to a previous neural stimulus. Human adults
manifest habituation all the time. Suppose that you have just moved into
a house that is close to a highway with heavy traffic. For the first few
nights, the sound of heavy traffic under your window keeps you awake
all night. However, after a few days you manage to fall asleep with all
that noise. You have habituated to the sound of the traffic.

(ii) Sensitization: ‘This is also a very adaptive aspect of behavior. A sudden
or painful stimulus increases the likelihood and strength of a variety of
responses. If you hear a loud and unexpected sound, you immediately
become alert and aroused. Your autonomic system becomes more active
and you look around for the source of the sound, which might indicate
danger. As soon as you find that the sound does not mean danger, you
stop being sensitized to it.

(iii} Associative learning: Unlike habituation and sensitization, associative
learning corresponds to a stimulus with a response to an event. Such
learning occurs most readily when it has adaptive consequences. One
form of associative learning, called classical conditioning, can be il-
lustrated by Pavlov’s experiment, in which a dog learned to associate
the sound of a bell with food after repeated trials in which the bell al-
ways rang just before the food was provided (Pavliov 1993). Another
form of associative learning, called operant conditioning or instrumen-
tal learning, is illustrated by an experiment. A hungry rat is given the
opportunity to discover that a pellet of food is provided every time it
presses a bar when a signal light is on, but no food is provided when
the light is off. The rat quickly learns to press the bar only when the
light is on. In classical conditioning the conditioned stimulus is always
followed by the unconditioned stimulus regardless of the animal’s re-
sponse. In operant conditioning, reinforcement is provided only when
the animal responds to the conditioning stimulus in the desired way.
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2.4.2 Supervised and Unsupervised Learning Mechanisms

A learning process requires adaptation. In fact, the changes in function that
distinguish complex learning from simpler forms of adaptation are the ones
that require a process of adaptation of the parameters that are sensitive to the
environment. They are also conducive to self-organization. The problem is
to produce orderly adaptation that can deal with the production of specific
outputs based on particular inputs. Then sensory perception, although still
somewhat distorted by repeated transmissions, will be orderly rather than
chaotic.

An important question is how neural adaptation might depend on contin-
gencies, both intrinsic and extrinsic, for each neuron and maintain organiza-
tion within a dynamic neural system of complex architecture. Two types of
adaptation are found in human learning:

(i) Supervised learning: One type of learning is based on a preprogrammed
response to a particular input. This type of adaptation, called supervised
learning, will occur regardless of the remaining system state or other
variables. The contingencies for its occurrence are preestablished and
fixed in supervised learning.

(ii) Unsupervised learning: The other type of learning is unsupervised
learning and admits further modification based on feedback of infor-
mation concerning the effects of prior learning. This information may
come, in part, from the adaptive element itself, providing an update of
the local system state, or it may arise extrinsically from the environ-
ment. Feedback to elements within the system permits an evolutionary
type of adaptation based on the past performance. In addition, it allows
interaction between past and present events.

2.5 CONCLUDING REMARKS

The human brain is the most complex structure in biological processes. The
highly parallel processing and layered morphology with learning and memory
facilities of the human cognitive faculty — the brain — provides us with a new
tool for designing an intelligent machine that can learn, recognize, and control
complicated tasks. Two important discoveries in the nineteenth century have
formed the foundation for the science of nervous systems (Churchland and
Sejnowski 1992): (i) macroimages displayed by nervous systems depend on
individual cells whose paradigm anatomic structures include both long axons
for sending signals and treelike dendrites for receiving signals; and (ii) these
cells are essentially electrical devices whose basic task is to transmit and
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receive signals by causing and responding to electric current. On the basis of
these discoveries, the mysteries of the human brain could be understood more
clearly.

This chapter has covered some basic knowledge of the human brain from a
biological point of view. First, the morphology of a single neuron, which is a
basic unit of the human neural structure, was reviewed to provide a preliminary
understanding of the human brain. Then, an engineering treatment of human
neural processing, such as neural electrical signal, and neural mathematical
operations, was presented. Finally, the memory and learning capabilities of
human beings were described.

2.6 SOME BIOLOGICAL KEYWORDS

For the sake of convenience, some of the biological terms used in the text are
described below.

Action potential: The pulse of the electric potential that is generated across
the membrane of a neuron (or an axon) following the application of a
stimulus greater than the threshold value.

Axon: The output fiber of a neuron that carries the information in the form
of action potentials to other neurons in the network.

Cortex: The layer of gray matter that covers most of the brain where much
of the cognitive faculty is housed.

Dendrite: The input line of the neuron that carries a temporal summation of
action potentials to the soma.

Excitatory neuron: A neuron that transmits an action potential that has an
excitatory (positive) influence on the recipient neural cells.

Inhibitory neuron: A neuron that transmits an action potential that has an
inhibitory (negative) influence on the recipient neural cells.

Lateral inhibition: The local spatial interaction where the neural activity
generated by one neuron is suppressed by the activity of the neighboring
neurons.

Long-term memory (LTM): The process of neural information retention by
adaptation to the strength of the neural synaptic connections.

Neuron: The basic neural cell for processing biological information.
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Neural population: An assembly of neurons that lie in close spatial proxim-
ity.
Neural state: A neuron is active if it is firing a sequence of action potentials.

Refractory period: The minimum time required for the soma to generate two
consecutive action potentials.

Retina: The sensory transducer of the visual system: the layers of neurons
at the back of the eye containing such basic cells as photoreceptors and
retinal ganglion cells.

Short-term memory (STM): The process of neural information retention for
a short period of time after the input stimulus is removed.

Soma: The body of a neuron that provides aggregation, thresholding, and
nonlinear activation to the dendritic inputs.

Stimulus: A signal of biological significance usually defined as being capable
of eliciting some response.

Synapse: The junction point between the axon (of a presynaptic neuron) and
the dendrite (of a postsynaptic neuron). This acts as a memory (storage)
of the past accumulated experience (knowledge).

Problems

2.1 Describe an idealized model of biological neurons.

2.2 Name the four main components of a neuron and explain the main
functions of these components in the sense of neural information
processing.

2.3 Describe an example of the human sensorimotor feedback structure.

2.4 Show a process when a short-term memory becomes the long-term
memory.

2.5 Use a block diagram to show a recall procedure of a long-term mem-
ory in the human brain.

2.6 Elaborate on the following statements;

(a) “The human mind is the source of facts, fantasies, creativity,
ideas, and feeling”;
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(b) “The phenomenal attributes of the brain such as learning,
memory speech, and thought processes are associated with
the cerebrum”.

Although, they may look identical, the twin halves of the brain per-
form totally different functions. Provide a functional view of the two
halves of the brain.

With every passing moment of our working lives, we experience
new things, and store them in our memories. Memory creates a
knowledge-base of our past experiences for our future reference. As
a result of our past knowledge, we act in certain ways. In fact,
learning influences every aspect of our lives. Describe briefly the
anatomy of learning in the biological process.

“Reinforcement or a reward in a behavioral situation is a most effec-
tive way of learning.” Explain it.

“Learning from our mistakes (supervised learning) is another aspect
of learning.” Explain it.

Memory involves the whole brain, but the most indispensable regions
invade the hippocampi and the mammillary bodies. Memory can
be classified into (i) short-term memory (STM) and (ii) long-term
memory (LTM). STM possesses very limited capacity and is useful
only for immediate recall, whereas LTM seems to have unlimited
capacity. Discuss the neural aspects of STM and LTM and give some
biological plausible models.

What is human intelligence? How to measure it? How does it
compare with biological species? Comment also on the emulation of
such intelligence for applications to robotic systems.

Discuss the neuronal morphology of biological neurons.

Give a brief description of the human central nervous systems (CNS).
Use appropriate sketches.

Identify the various sensory and control regions in the cognitive
faculty — the brain.

What aspects of the cognitive faculty can help system scientists in
the development of the neural computing field?
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Define the keywords: cognition, perception, learning, adaptation,
memory, thinking, and thought processes.

What are the main features and attributes of biological neurons that
have inspired and can inspire the field of neural computing?

In biology, a neuron is a basic information processing element (in
sensory, control, and cognitive functions). The neuron has basically
two mathematical operations: (i) Synaptic and (ii) Somatic.

(a) Discuss the action potential (which is the somatic operation)
and its biochemical reactions (in terms of K™ and Na* ions
exchange);

(b) In neural action potential clearly identify the following:
threshold, depolarization, repolarization, refractory period,
bandwidth;

(¢) How does the conductivity of the potassium and sodium
ionic channels change during the various phases of the action
potential?

The field of neural computing systems has been inspired by the
strength of cognition (reasoning, perception, learning, adaptation,
and control) that lies in the biological cognitive faculty — the brain,
in particular, and the central nervous system (CNS), in general. The
biological neuron is a basic computing element in CNS. Its response
(excitation) is purely dependent on ionic currents. Describe a model
of a biological neuron, its action potential, and how Na", K™, and
other ionic currents contribute towards its phases such as the po-
larization, depolarization, threshold, and refractory (forced inactive)
periods, etc. (Kandel and Schwartz 1985, Nicholls et al. 2001).
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Artificial neural networks, as models of specific biological computational
structures, consist of distributed information processing units, and thus pos-
sess an inherent potential for parallel computation. The basis of an artificial
neural network is that it has many interconnected processing units, called
neurons, which form the layered configurations. Discussions appeared in the
existing literature often considers the behavior of a single neuron as the basic
computing unit for describing neural information processing operations. Each
computing unit in the network is based on the concept of an idealized neu-
ron. An ideal neuron is assumed to respond optimally to the applied inputs.
Neural network is a collective set of such neural units, in which the individual
neurons are connected through complex synaptic connections characterized
by weight coefficients and every single neuron makes its contribution towards
the computational properties of the whole system.

In nature, biological neurons are involved in various complex sensory, con-
trol, and cognitive aspects of mathematical and decision making processes as
discussed in Chapter 2. Various complex mathematical mapping and process-
ing functions can possibly be identified in biological processes. Studies on
the mathematical models of neural units started at the time when the problem
of the mathematical description of the human brain attracted the attention of
researchers. The first formal model of the neuron was proposed as early as
1943 by McCulloch and Pitts. More recently, the development of adaptive
methods offers an opportunity for emulating the learning function of biolog-
ical neural processes. Some of such neural models were developed in the
1960s (Widrow 1962, Rosenblatt 1958). In general, as an information pro-
cessor, an individual neuron performs an aggregation on its weighted inputs
and yields an output through a nonlinear activation function with a threshold.

In this chapter, our discussion focuses on basic and simple concepts, math-
ematical models, and adaptive processes of neural units, as they are the basic
building blocks for complex neural network architectures. The connections
between the classic threshold logic and neural logic are analyzed first. Ba-
sic and well-known adaptive concepts, approaches, and equations are then
introduced for some basic neural units. A simple three-neuron network is
presented as a beginning for studying neural networks. The results studied
in this chapter will lay a foundation for further exploring architectures and
adaptive learning processes of neural networks.

3.1 NEURONS AND THRESHOLD LOGIC:
SOME BASIC CONCEPTS

The reanalysis of threshold logic has attracted the attention of those interested
in switching circuit and neural networks. As an important technique for the
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design of switching circuits, the threshold networks, were studied extensively
in the 1960s. The usefulness of threshold logic in large scale digital systems
and integrated circuits (IC) design is determined by the availability, cost,
and capabilities of the basic building blocks, as well as by the existence of
effective synthesis procedures. Stimulation response characteristics of the
primitive neuron proposed by McCulloch and Pitts (1943) can be modeled
with a threshold element. As aresult, similarities exist between threshold net-
works and binary neural networks. Tracing the basic concepts of the threshold
networks may help us understand the breakthrough of neural networks com-
pared with the traditional logic circuit in terms of both structure and systems.
Therefore, in this section we will use several examples for illustrating the ba-
sic concepts and similarities between basic binary logic operations and neural
networks.

3.1.1 Some Basic Binary Logical Operations

3.1.1.1 Unipolar Binary Logic
A switching algebra is a binary algebraic system consisting of the unipolar set
{0, 1}, two binary operations called OR and AND, and one uniary operation
called NOT.

For a given unipolar set (x1,z2), x1, 22 € {0,1}, the binary logic opera-
tions are defined as follows:
(i) OR (logic sum) operation:

y=x10Rx9 =z +22 =21 V22 3.1)

(ii) AND (logic multiplication) operation:

Yy=x1AND x5 =x1 -T2 =1 N\ Z9 3.2)

Table 3.1 Truth table for OR operation: y = =1 OR 2

1 | 2 || ¥y =11 OR x2
0 0 0
0 1 1
1 0 1
1 1 1
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Table 3.2 Truth table for AND operation: y = 2, AND x,

Il | X2 y=x AND 9
00 0
011 0
110 0
111 1

Table 3.3 Truth table for NOT operation: y = NOT z,

z1 || y=NOT x;
0 1
1 0

(iii) NOT (logic complementation) operation:

y=NOTz, =T =1 (3.3)

3.1.1.2 Bipolar Binary Logic
Logic operations in Eqns. (3.1)—(3.3) are given for unipolar sets {0, 1}. These
basic operations can be extended to the bipolar set {~1, 1} as well.

For a unipolar set {0, 1} and its equivalent bipolar, the conversion is defined
as follows:

Bipolar = 2(unipolar) — 1 (3.4)
(i) Bipolar binary OR, AND, and NOT logic operations:

These OR, AND, and NOT binary logic operations for the bipolar set x;
and z are defined as in Table 3.4.

Table 3.4 Binary logic operation for bipolar sets

1 | o || 1 ORzo | 1 AND x9 | NOT 1

-1 -1 -1 -1 1
-1 1 1 -1 1
1] -1 1 -1 -1

1 1 1 1 -1
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Table 3.5 Truth table for EXCLUSIVE-OR (XOR) or MODULO-2 addition

T ) 1 XOR T2
-1 -1 -1
-1 1 1

1| -1 1

1 1 -1

(ii) XOR (EXCLUSIVE-OR) operation:
Another binary operation on the set of switching elements is the EXCLUSIVE—
OR or XOR, which is denoted by the symbol @ and is defined as

r1®x2 = (v1+22)(T1+7T2)
= I1Z2+ T1T2, T1,T9 € {—1, 1} 3.5)

that is, x1 @ xo = 1, if either x; or x2 is 1, but not both. The XOR operation
is also called the modulo-2 addition operation. This operation is illustrated in
Table 3.5.

A switching function f(x;,x3,. .., Z,) of nbinary variables 21, za, . . . , Tn,
is defined by assigning either —1 or 1 to the 2* points (1, xa,...,2,)? in
the finite state space {—1,1}”. In particular, a XOR function of n binary
variables 1, za, . .., Ty, is defined as

flx1,29,...,2n) = 210T2D---Bx,
= (1Px2®- )Pz,
= 11028 -) Oz, (3.6)

This multivariable XOR function is also referred to as the odd parity function
since it assigns the value 1 if and only if the number of the variables that have
the value 1 is odd.

3.1.2 Neural Models for Threshold Logics

On the basis of the highly simplified considerations of the biological neural
systems described in Chapter 2, the first forrnal mathematical description
of a neural model for a threshold logic was provided by McCulloch and
Pitts (1943). This model forms the basis of a neural network structure in
contemporary neural computing.

In this section we will give a mathematical development of a neural model
for a threshold circuit, first for unipolar binary inputs, € {0, 1}*, and then
we will extend it to bipolar inputs, =z € {—1,1}".
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3.1.2.1 Neural Threshold Logic for Unipolar Inputs, z € {0,1}"
A McCulloch-Pitts neural model is an element with n two-valued inputs
Z1,%2,...,%y € {0,1} and a single two-valued output y € {0,1}. Its
int®rnal parameters are n two-valued weights wn, wa, ..., w, € {—1,1}, and
athreshold wy € R, where each weight w; is associated with a particular input
variable x;. A positive weight w; = 1 corresponds to an excitatory synapse,
while a negative weight w; = —1 implies that x; is an inhibitory input.

Taking a refractory period as the unit of time, the neuron is assumed to be
operating on a discrete-time scale £k = 1,2,3, ..., and the firing rule of its
output at time (k + 1) is modeled as follows:

mn

1, if Y wizi(k) > wp

i=1

ylk+1) = 3.7
n
0, if E wzn:z(k) < Wy

i=1
where the sum and product operations are the conventional arithmetic ones,
and the sum, 21 w;x;, is called the weighted sum of the binary inputs. The
firing rule given in Eqn. (3.7) indicates that the neuron fires an impulse along its
axon at time (k + 1) if the weighted sum of its inputs at time k exceeds uyp, the
threshold of the neuron. In a more compact vector form, introducing the input
vector & = [x1,2,...,Z,)" and the weight vector w = [wy, wa, ..., w,]T

we can rewrite Eqn. (3.7) in a matrix form as

>

1 i wlx(k) > w
ylk+1) = { 0, if wlek)<w (3.8)
Define a unipolar step function g(v) as depicted in Fig. 3.1.
1, if v>0
g(v) = { 0, if w<0 (3.9

49(V)

] p—

1] v

Figure 3.1 Unipolar step function, g(v), for the unipolar binary {0, 1} convention.
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Thus, Eqn. (3.8) can be rewritten as

yk+1)=g (Z WiT; — wo) =g (wz — wo) (3.10)

i=1

3.1.2.2 Neural Threshold Logic for Bipolar Inputs, x € {—1,1}"
Without loss of generality, we may redefine the n binary inputs i, z2, . .., T,
and binary output y by assigning either —1 or 1, where the bipolar binary
{~1,1} convention is strictly equivalent to the unipolar binary {0,1} con-
vention. Then, a modified version of this McCulloch—Pitts neuron may be
represented as

n
1, if > wzi(k) = wo

y(k+1) = =
-1, if E ’wil'i(k) < Uy
=1
4sgn(v)
1
sgn(v)y = L v=20
0 v g B -1, v<0
-1

L1

T2

Tn

Neural
inputs Neural inputs

(a) Block diagram representation (b) Symbolic representation

Figure 3.3 A schematic representation of a neural threshold logic element.
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ka1

(i) Block diagram of logic OR

y=x10R 2

(ii) Symbolic representation of logic OR

(a) OR logic gate, y = x10R x2 = 11 + 9.

(i) Block diagram of logic AND

y=1z1 AND z,

.’E0=1

Iy

T2

2 Jw =1 (AND)

y =1z, AND x;

(ii) Symbolic representation of logic AND

(b) AND logic gate, y = £1AND z2 = 17 - x3.

(i) Block diagram of logic NOT

y= NOT z,

w = —1 (NOT)

(ii) Symbolic representation of logic NOT

(c) NOT logic gate, y = NOT 1 = 1.

Figure 3.4 Example 3.1: OR, AND, and NOT neural threshold logic operations
for bipolar inputs, z € {—1,1}.
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or

y(k+1) = sgn (i w;z; (k) — wo) = sgn (wT (k) —wo)  (3.11)

i=1
where the signum function sgn(v), shown in Fig. 3.2, is defined as

1, if v>0
sgn{v) = { 1 i w<O (3.12)

The realization of this threshold neural logic unit can be achieved by
introducing the notion of the augmented vectors of the neural inputs and
weights, and is described in the next section.

The block diagrams and symbols representing this threshold neural logic
are given in Fig. 3.3. The element, defined algebraically by the relation
given in Egn. (3.8), can be implemented using either the traditional resistor—
transistor gates or the magnetic core schemes. Even if the threshold neural
logic has a simple structure, it can be used to realize some logical operations
such as OR, AND, and NOT, through an appropriate choice of the weights
w;, ¢ = 1,2,....n and the threshold parameter wp. Example 3.1 illustrates
this operation. Since these neural logic gates can be used to build some type of
computers, the computing potential of the neuron with some further extension
may form a complex neural computing scheme that is capable of simulating
any computing algorithm.

Example 3.1 The three main types of the logical operations, OR, AND, and
NOT, may be implemented with threshold elements shown in Fig. 3.4. ]

3.2 NEURAL THRESHOLD LOGIC SYNTHESIS

3.2.1 Realization of Switching Function

In this section we present a procedure for synthesizing a neural threshold
logic. In this procedure, the weights w; are assigned an appropriate real value,
positive, negative, or zero. Thus, the values of the weights wy, wa, ..., wy,
and that of the threshold wy may be a real, finite, positive, or negative number,
and there exists a wide range of weights and threshold combinations that can
realize a large class of switching functions. As to whether every switching
function is realizable by only one threshold element, the answer is “No”, as
will be shown in the following examples.



52 NEURAL UNITS: CONCEPTS, MODELS, AND LEARNING

3.2.1.1 Notion of Augmented Vector

In order to simplify the notion of threshold uy in the threshold neural logic
circuit, we will introduce the notion of an augmented vector of synaptic
weights w, and an augmented vector of neural inputs x, which is defined as
follows:

w, = ['U)o,wl,wz, ce ,’an]T S R+l
augmented vector of synaptic weights including the threshold
weight wy

T, = [mo,xl,xg,...,:cn]T e R o =1

augmented vector of neural inputs, where 73 = 1 accounts
for the threshold (bias)

Thus, as illustrated in Fig. 3.5, we can write the neural signals using the notion
of the augmented vectors as

v = wle, =aTw, (3.13)

< wg, &g > (inner product of two vectors w, and x,)

Zg = 1 (Threshold)
Wo

T2

'
'
/
T
n ol wn

w, € g?'n+l
(Synaptic weights)

v
S
~

v=wlz, = y=sgn(v) €R
(Neural output)

x, € R+ (Neural inputs)

we = [wo,wi,ws,...,wn]’ € R
(augmented vector of synaptic weights)

. = [wo,T1,22,...,%a] ERT 2o =1
(augmented vector of neural inputs)

Figure 3.5 A generalized threshold logic neural unit with augmented vectors w ,
and x,.
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and
y = sgn(v) =sgn (wfma) (3.14)

Example 3.2 In this example, for a given set of neural weights, we will
attempt to synthesize the binary logic. Let us consider a three-neural-input
threshold logic with the augmented neural input vector x, = [z¢, 1, Z2, zg]T €
R4, o = 1 and augmented synaptic weight vector w, = [—2,2,4, —l]T €
4. Using the symbols shown in Fig. 3.5, the output signals are given by

v= w{a:a = [-2,2,4,-1]- [1,.T1,Q32,333]T
= —2+42z;+4x0 — 3

and
y = sgn(v) = sgn (wlz,) (3.15)

This neural threshold logic is shown in Fig. 3.6, and the corresponding truth
table in Table 3.6.

Looking at the truth table (Table 3.6), it can be seen that this neuron forms
the following binary logic:

y =sgn(v) = Ty AND z92 AND T3
OR x1 AND x9 AND T3
OR 21 AND 29 AND 135
3 AND [ 21 OR Ty AND T3 |
23 AND (z1 OR T3)
z2(z) + F3) |

y=sgn(v) eR

Figure 3.6 Example 3.2: a threshold neural logic for y = z2(z1 + F3).
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Table 3.6 Truth table for Example 3.2

Neural Inputs || v = wlz, y = sgn(v)
Ty Ty I3 = —-2+2x)+4x9 — z3 = sgn(w:f:z:a)
-1 -1 -1 -7 -1
-1 -1 1 -9 -1
-1 1 -1 1 1
-1 1 1 -1 -1
1 -1 -1 -3 -1
1 -1 1 -5 -1
1 1 -1 5 1
1 1 1 3 1

Example 3.3 Consider a switching function with the following form
y = f(z1,22,73) = 22(T1 + Z3)

If it can be implemented by a neuron with weights wy, w2, and ws, and a
threshold wy, the output of this element is — 1 for both the input combinations
z122x3 and T1ToT3. Thus

wy + wy + wz < Wy
and
—w1 — we — w3 < Wy

Clearly, the requirements in the above inequalities are conflicting, and no
weights and threshold values can satisfy them. Consequently, the switching
function y = f(x1,Z2,23) = z2(T1 + T3) cannot be realized by a single
threshold element. |

A switching function that can be realized by a single threshold element
is called a threshold function. That is, given a switching function y =

f(z1,z2,...,2n), there is a threshold function if there exist weight coeffi-
cients wy, wa, ..., Wy, and a threshold wp such that
"
y= f(z1,22,...,2n) = sgn ijxj + wo (3.16)
i=1

A threshold function is also called a linearly separable function because of
the following geometric interpretation. Consider an n-dimensional Euclidean
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space in which an arbitrary point is represented by (x,z2,...,2Zy). For
continuous variables (zp, z1,%2,...,2%n), o = 1, the weighted sum of the
neural inputs
n
v= wf:ca = Zwixi =0 3.17)
i=0

represents a hyperplane. All 2 points of {—1, 1}" are divided into two sets by
this hyperplane. By the definition of the threshold function f(w, z1,z2, ...,
Zn ), all the true points of f that yield f = 1 are on one side of the hyperplane,
and the false points of f that yield f = —1 are on the other side of the
hyperplane. Thus, when f is a threshold function, there exists a hyperplane
that separates the true points of f from the false points. If there exists no such
a hyperplane, a given function is not a threshold function.

In illustrations given in Figs. 3.7 and 3.8, a threshold element with two
binary inputs z; and z2 € {—1,1} is considered and all possible binary
inputs to this element are represented using four dots in two-dimensional
pattern space.

In this space, the components of the input pattern vectors lie along the
coordinate axes. The straight line defined by setting the weighted sum of the
inputs including the threshold

L: wg+wiry +weze =0

Hmc:y=1

I

; ating line
| separating line L
Wy + wyry + wers =0

Figure 3.7 A two-dimensional example of pattern separation: separating line in
pattern space. L : wg + wiz, + waze = 0.
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Zo

T

A4
g
I
I
-

T2

N\

Y
g
N
I
|
=

Figure 3.8 A two-dimensional example of pattern separation: threshold element
wp with two inputs z1, 29, w, = [-1,—1,1]T, y = sgn(l — z; —
.’1,'2) = NOT[:L‘lAND 272] = [-.’L‘_l OR _.fz].

separates the input patterns into two categories. One side of this separating
line corresponds to a positive output, while the opposite side of the separating
line corresponds to a negative output. For the linearly separable functions
sketched in Fig. 3.7, the binary patterns are divided into classes

Upper side : (1,1 — -1
(-1,-1) — 1
Lower side : (-1,1) — 1

(1,-1) — 1

An example of functions that are not linearly separable is the two-input
XOR function:

(-1,-1) — -1
(-1,1) — 1
1,-1) — 1

(1,1) — -1

Since there is no straight line that can separate these patterns, we conclude
that the XOR function is not a linearly separable function. Indeed, with three
neural inputs (x1, 2, z3) and one threshold x, the separating boundary is a
two-dimensional plane; and with » neural inputs, the boundary is a (n — 1)-
dimensional hyperplane. On the other hand, if the threshold parameter is zero,
the separating hyperplane is homogeneous and passes through the origin in
the pattern space.

With 7 binary variables, since 2" rows in the truth table yield 22" com-
binations of output functions, there are a total number of 2" possible logic
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functions. Deriving an exact expression for the number of threshold logic
functions, which is denoted by NT L(n), is a difficult task. However, the
following expression for boundedness is wellknown (Muroga 1971):

n n
U112 « NTL(n) < 2> < 2r -1 ) <o (3.18)
i=0 ¢

This is a vanishingly small percentage of the total number of switching func-
tions for a large n. For instance, when n = 2, then NT'L(2) < 16; that is, the
number of the two-variable threshold functions is less than 16! A principal
goal in studying the threshold logic is the development of methods for the
identification and realization of threshold functions.

A straightforward approach to the identification problem of threshold func-
tions is to solve 2" linear inequalities that may be easily derived from the
truth table. From the input combinations for which f = 1, we obtain all the
weighted sums that must exceed or be equal to the threshold wuy, and from
the input combinations for which f = —1, all the weight sums must be less
than wyp. If a solution of the inequalities described above exists, it provides
the values for the weights and threshold. Otherwise, no solution exists, and it
may be concluded that f is not a suitable threshold function.

3.2.1.2 Network Synthesis
If a given switching function is a threshold function, it can be realized by a
single threshold element. If not, a threshold network which consists of more
than one threshold elements can be used to realize the function. The input
variables and output of a threshold network, denoted by x; and y, respectively,
belong to the binary set {—1,1}.

Example 3.4 As discussed in Example 3.3, the switching function

y = f(z1, T2, x3) = z2(T1 + T3)

cannot be realized by a single neural unit, but it can be realized by a neural
network with two neural elements, as shown in Fig. 3.9, where the intermediate
variable z and the output y are formulated as follows:

y— 1, if —1—-z14+29—235>0
Sl -1, if —-1—-zi4+39—-23<0

That is

z = sgn|[-1,-1,1,-1] (3.19)



58 NEURAL UNITS: CONCEPTS, MODELS, AND LEARNING

m0=1‘
L,
T

—>
T2

»
»

3

y = 22[T1 + T

Figure 3.9 Example 3.4: a neural network that realizes the logic function y =
z2(T1 + T3).

Table 3.7 Truth table for Example 3.4, y = z5[%; + T3]

Neural inputs Intermediate variable Neural output
- y = sgn(1+z7a)

1 xz2 x3 || z=8gn(—1— 1z + 32 — x3) N %3]
-1 -1 -1 1 -1
-1 -1 1 -1 -1
-1 1 -1 1 1
-1 1 1 1 1

1 -1 -1 -1 -1

1 -1 1 -1 -1

1 1 -1 1 1

1 1 1 -1 -1

1, i —l4z+2220
Y = 1 =1, if —=14+2422<0
1
= sgn|[-1,1,1] | =z (3.20)
T

More compactly, the input-output relationship of the network may be given
as follows:

y = sgn (—1 +sgn(—1 — 1 + x2 — x3) +:c2)
The truth table is given in Table 3.7. |

An effective approach to such a neural network synthesis is to develop a
procedure for the decomposition of the non-threshold function into two or
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more terms, each of which will be a threshold function. Let ¢) be the mini-
mum number of the terms which are the neural functions required to express
the given function. Then any given switching function may be realized by a
two-layered threshold network with at the most @ threshold elements. How-
ever, the number of neural elements in this network may not be minimized.
Generally speaking, a switching function that is not a threshold function may
be realized by a two-layered threshold network as shown in Fig. 3.10, where
layer 1 has m neural units while layer 2 has only a single neural unit. The
intermediate variables 21, 29, ..., 2z, which represent the outputs of the
elements in layer 1 may be computed by

that is,

Z; = (3.21)
1

where wilj is the weight to the neural input z; in the first layer. Then, the
output that realizes a specified switching function may be obtained as follows:

L1

1

Zm

I

—\
)

- :Dﬁr*:}if.
)

Tn

\ N
. e S -

Figure 3.10 A two-layered neural network that may realize an arbitrary switching
function.
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that is,
m
L, if Y w?z >0
=0
y= (3.22)
m
-1, if Y wlz <0
=0
where w? is the weight of the neural element in the second layer associated

with the intermediate variable z;. Therefore, the input—output equation of the
threshold network may be represented as

m
y = sgn(d_wiz)
=0

m n
= sgn Zw?sgn(Zw}jmj) (3.23)
=0 =0

It is a natural extension that, similar to the two-layered structure, a multilay-
ered neural network structure may also be constructed to realize a switching
function. It is worth noting that the realization of a switching function using
the neural network is not unique. To obtain a desired realization, some ad-
ditional requirements such as the minimum number of units or the minimum
number of connections may be attached.

Example 3.5 (Problem of realization of XOR using a single neural unit)
Consider a two-variable XOR function:

y= f(.’l?l,xz) =x1 DTy =x17T2 + T1T2, T1x2 € {—1, 1}

As shown previously, it is not a linearly separable function. In fact, if it can be
realized by a single neural unit with weights up, w;, and ws, then the output
of this element is 1 for the input combinations x;Z2 or Z1x9, and —1 for the
input combinations z; 2, or T1Z2. Therefore, we have

wy < wo
we < wo
and
w1 +we <0
wg < 0
Obviously, there is no such solution for up, wy, and ws that satisfies these con-

tradictory inequalities; that is, the XOR function is not an ordinary threshold
function that can be realized by a single neural unit. |
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Example 3.6 (Realization of XOR using a two—layered neural network) As
shown in Fig. 3.11, the XOR function of Example 3.5 can be realized using a
neural network with three neural units.

In this case, one has

y=f(z1,32) = 21622
= sgn(l —z; + 22)

= sgn (1 —sgn(l — x1 + x2) + sgn(—1 — 1 + x2) )

As shown in Fig. 3.12, in the x; — x5 plane, the four binary patterns are
separated using two discriminant lines which are defined by

Ly n=1—-x1+z25=0
Lo z9=—-1—2z1+a2=0

In the shaded region between the two lines Iy and Lo, y = —1, while in the
regions outside these two lines, y = 1. n

The operation implemented in this neural network may be treated also as
a static, nonlinear, and discontinuous mapping from the binary input space to
the binary output space with preprogrammed weight parameters. No adap-
tive weight updating and real dynamics are involved in the network. Neural
threshold logic is a unified theory of logic gates that is composed of the
major subjects of conventional switching theory, whereas automata theory
and formal-language theory apply respectively to computer organization and
computer programming. Since the idea of the logical operation based on

IL'0=1

!

1

v e\

x2

Figure 3.11 Example 3.6: a threshold network for XOR functiony = 21 ® 72 =
sgn(l—2z1+22), 21 = sgn(l—z1+1x3), 22 = sgn{—1—x1+x2).
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0! Za=—1l=-z1+22=0

(1, 1) m:y=1

“Ll . 2 = 1 L1+ Iq = 0

I

Figure 3.12 Example 3.6: two discriminant lines for XOR functiony = x1 P x-.

the threshold principle is simple and general, there are many other applica-
tions of threshold logic such as in the field of adaptive networks and pattern
recognition.

3.3 ADAPTATION AND LEARNING FOR NEURAL
THRESHOLD ELEMENTS

3.3.1 Concept of Parameter Adaptation

In the previous section it was pointed out that the basic neural threshold
element can be used to realize some switching functions. An important task
not yet discussed is how to design an effective algorithm for adapting the
weights and threshold of the element. Linear programming may provide
an alternative for solving a set of inequalities that can be derived from a
given switching function. Since all the possible values of the function are
represented in such a synthesis procedure at the same time, this algorithm
might be characterized as being parallel in nature. In this case, a computer
programmed to perform the procedure must have sufficient memory to store
the entire switching function, either as a table of combinations or as a Boolean
function.
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In contrast to this, there are a number of procedures that can be character-
ized as iterative or sequential. That is, at any instant of time the procedure
is presented with the value of the function for only the input combination,
and there is no memory available to store the previously presented functional
values. The necessary memory is needed to store the procedure’s current esti-
mate of the correct realization that consists of the values of the weights and the
threshold. When the functional value for some particular input combination
is presented, an error signal between this functional value and the current esti-
mate can be obtained and fed back so that the procedure can change the current
estimate of the realization, but can store no other information. The idea is
that after each input combination has been presented a sufficient number of
times, the procedure’s estimate of the realization will converge to a correct
one. This type of procedure is also called adaptation or learning because of
its somewhat tenuous relation to certain processes in biological neurons.

Given a set of n-input variables x;, 22, .. ., Zp, as shown in Fig. 3.13, an
output of a linear combiner is simply defined as

n
§= Zwiwi, zg=1 (3.24)
1=0

Defining the augmented vectors of neural inputs and neural weights, we obtain

T 1
T, = [v0,71,T2,...,2,)" €R"T
T
= [17w17$27'--a$n]
A T 1
w, = [wo,wy,wy,...,w,]T € R
Xo=1 linear combiner
l_f i
—» Wy
I w1 S
——’ /
Tn ——» W,
k )

Figure 3.13 Block diagram of a linear combiner.
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then, Eqn. (3.24) can be rewritten as
s= w:";ma 3.25)

Furthermore, given a switching function f(x1,z2,...,z,), an adaptive
process for a threshold element that may be considered as a linear combiner
cascaded with a hard-limiter is schematically described in Fig. 3.14. The
error signal between the known switching function and the output of the
neural threshold element is given as

e = d(k)—sgn(wlz,)
T

= f(xlymZa o ,.Z'n) - Sgn(wa .’Ea)

= f(z1,22,...,2Zn) — SN (Z wixz) (3.26)
i=0

where d(k) = f(z1,22,...,xy) is the desired function of the variables ;¢ =
1,...,n. The adaptive algorithm, which is a key issue in such a procedure of
minimizing the error function, is discussed later.

x0=l

0

x € {—1,1}
1

T € {-1,1} d 2
2

oy € {-1,1} v
n

Adaptive | €
algorithm

Figure 3.14 Schematic representation of an adaptive process for a neural threshold
element.
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3.3.2 The Perceptron Rule of Adaptation

Rosenblatt’s binary perceptron learning rule for a threshold element was first
presented in 1958 (Rosenblatt 1958). Given a desired response d(k), the
adaptive updating with the perceptron rule utilizes a “quantizer error” e(k),
defined to be the difference between the desired response and the output of
the threshold element
e(k) = d(k)—y(k)
= d(k) — sgn(wlz,(k)) (3.27)

where there are only three possible values for e(k):

0, i d(k)=yk)
e(k) = 2, if dk)=1 and y(k)=—1
-2, if dk)=-1 and yk)=1

As in the procedure used for a-LMS algorithm described in a later section,
let w, (k) be an estimate of the weight vector at time k. One may then rewrite
the instantaneous error e(k) as

e(k) = d(k) — sgn(w; (k)xq(k)) (3.28)

For the fixed input &(k) and the desired response d(k), the new instantaneous
error associated with the updated weight parameters at the instant (£ + 1) may
be represented as

e(k +1) = d(k) — sgn(w? (k + Dz, (k)) (3.29)
where
wa(k + 1) = wa (k) + Aw,(k) (3.30)

Our goal here is to find an updating rule to update the weight uy, (k) such that

e(k+1) — 0 (3.31)
or
sgn(wl (k + 1)@, (k)) — d(k) (3.32)
In fact, if
e(k)=2

or equivalently

dk) =1, and y(k)= sgn(wl(k)z.(k)) =—1
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one may select

Aw? (k)x, (k) >0 (3.33)
such that
sgn(w?l (k + Da, (k) =1 (3.34)
On the other hand, if
e(k) = -2

or equivalently
dk) = -1 and y(k) = sgn(wl (k)za(k)) = 1
one desires
AwT(k)zq(k) <0
which may cause
sgn(w? (k+ 1)z, (k) = —1 (3.35)

Thus, one wise choice of Aw, (k) is

Awq (k) = ae(k)zq(k) (3.36)
that is
Aw;(k) = ae(k)z;(k), i=01,...,n (3.37)
and
wa(k + 1) = wa(k) + aelk)zq(k) (3.38)

where o > 0 is a so-called learning rate.

From Eqn. (3.37), we may conclude that the change Aw;(k) is correlated
with the input signal x;(k) and the error signal e(k). If the correlation is
zero; that is, e(k)z; (k) = 0, then the change Aw;(k) is also zero. The block
diagram of the preceding updating algorithm is given in Fig. 3.15.

For a threshold element with » inputs, the augmented input vector @, =
[1,27]7 with & = [z1,22,...,2,]T € {~1,1}" is repeatedly presented to
the learning procedure described above so that all the weights are adapted
during each cycle. Note that a threshold function can be realized by many
threshold elements with different combinations of the weight values. The
a-perceptron learning rule may converge to different solutions of weights
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with different choices of the initial weight values and the learning rate o.
The perceptron rule stops adapting once the training binary patterns are cor-
rectly separated. There is no restraining force controlling the magnitude of
the weights since the direction of the weight vector, and not its magnitude,
determines the separating function. The perceptron rule has been proven to
be capable of separating any linearly separable set of binary training patterns.
However, for a set of training patterns that are not linearly separable, it does
not lead to convergence.

..................

) Binary output
ye {‘17 1}
Binary .
. 2
inputs Desired response
5 + de{-1,1}
T

2 T T T T T T

L5t Leamning rate )
a=10 Learning rate

a=05

® ®
(a)a= 10 b)a=0.5

Figure 3.16 Example 3.7: the error curves for different learning rate c.
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Example 3.7 We will again consider the neural threshold function given in
Example 3.4 as follows:

y = f(zx1,22,23) = 22(T1 + T3)

A threshold element with the weight parameters wy, wj, we, and ws is trained
using the a-perceptron rule with two different values of the learning rate o:
(@) @ = 1, and (b) o = 0.5. The instantaneous learning errors for both
learning rates, & = 1 and a = 0.5 are shown in Fig. 3.16. The initial values
of the weights are selected as zero. With these initial conditions, the weights
converge to

wy = —1.0, wy = —1.0, we = 1.0, w3 = -1.0 |

3.3.3 Mays Rule of Adaptation

The increment adaptation versions of the a-perceptron rule, as shown in
Fig. 3.17, were studied by Mays (1963). The increment adaptation in its
general form involves the use of a “dead zone” with a radius v > 0 for the
linear output

s(k) = wizi(k) (3.39)
=0

\linear output  s(k)

11— \\binary output y€{-1,1}

.

+ dk)e{-1,1}

eik)
linear error e(k)

nonlinear error

Figure 3.17 Mays rule of adaptation with linear output and linear error.
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If the linear output s(k) falls outside the dead zone +, that is
s(k)|l = (3.40)

then as in Eqn. (3.36), the adaptation follows a normalized variant of the
fixed-increment perceptron rule with o/|x,|* used in place of a. If the
linear output falls within the dead zone, |s(k)| < v, regardless of whether
the output response y(k) is correct or not, the weights are adapted by the
normalized variant of the a-perceptron rule with d/|x,|? used in place of e.
Mathematically, Mays incremental adaptation algorithm can be expressed as
a(k :
wa(k) +oe(k)gpoge i [s(h)] >
we(k+1) =
k .
wa(k) +ad(k) i, i Is(k)] <

where e(k) is the quantizer error at time & defined as

e(k) = d(k) — sgn(s(k))

and d(k) is the desired response at time k.

It is obvious that if the radius of the dead zone is zero, that is, v = 0,
Mays incremental adaptation algorithm reduces to a normalized version of
the perceptron rule. Mays other rule, called the modified relaxation algorithm,
is designed using the error between the desired response and the linear output.
This error, called the linear error (&), is

el(k) £ d(k) — s(k) (3.41)

However, the incremental adaptation rule changes the weights with increments
that are seldom proportional to the linear error (k). If the neural output y(k)
is wrong, or if the linear output s(k) falls within the dead zone, the adaptation
algorithm employs the linear error ¢ (k). If the quantizer output y(k) is
correct and the linear output s(k) falls outside the dead zone, the weights are
not adapted. The weight updating rule for this algorithm, thus, can be written
as

w,(k), if e(k) = 0 and |s(k)| > v
we(k+1) =
we (k) + ae(k)lm (Sc))|2’ otherwise
(3.42)
Mays proved that if the training patterns are linearly separable, both algorithms
will always converge and separate the patterns in a finite number of steps. It
was also shown that the use of the dead zone reduces the sensitivity to the
weighted errors.
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3.4 ADAPTIVE LINEAR ELEMENT (ADALINE)

The adaptive linear element (Adaline), used as the basic building block in
many feedforward neural networks, was first studied by Widrow and his
colleagues in the 1960s. A simple adaptive linear combiner is shown in
Fig. 3.18, where the output of the unit is a weighted sum of all the inputs.
Usually, an Adaline consists of an adaptive linear combiner cascaded with a
hard-limiting quantizer, which is used to produce a binary output y = sgn(s).
The threshold parameter, or bias weight wy, which is always connected to a
constant input zy = 1, effectively controls the threshold level of the quantizer.

To perform an adaptive process in the discrete-time domain, one assumes
that this element receives an input pattern vector x(k) = [z (k), z2(k),. ..,
x,(k)]T, and a desired response d(k), which may be a function of time k. The
components of the input vector are weighted by a set of coefficients or weights
denoted by the weight vector w = [wy, wa, . . . ,wy,]? whose components may
have either positive or negative values. Using the notation of the augmented
vectors, a linear output at time % is then obtained by an inner product of the
augmented input pattern vector and the augmented weight vector as follows:

s(k) = Zw,,:cz = wlx,(k) (3.43)
=0

Adaline

CE[]=1

s(kl
I (k)

y(k
za(k) v
Tn(k)

Figure 3.18 Adaptive linear element (Adaline).
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3.4.1 -LMS (Least Mean Square) Algorithm

The a-LMS algorithm rule provides a simple and effective updating formula-
tion for the weights of the linear combiner given in Fig. 3.18. This algorithm is
derived using the minimal disturbance principle and was proposed by Widrow
and Hoff (1960).

Let w,(k) = [wo(k), wy(k), wa(k), ..., w,(k)]T be an estimate of the
augmented weight vector wyg at time k. The present linear error between the
desired response d(k) and the linear output s{k) with the current estimates of
the weights w, (k) is defined as

ei(k) £ d(k) — w] (k)@a (k) (3.44)

The next error is defined to be the difference between the desired response d(k)
and the linear output s(k) with the next estimates of the weights w,(k + 1)
as follows:

ek +1) 2 d(k) — wl (k + Dxy(k) (3.45)

It can be seen that at time & changing the weights yields a corresponding
change in the error:

Aey(k) £ ek+1)—elk)
wl (k). (k) — wl (k + 1)z, (k)
= —a; (k)[wa(k +1) — wa(k)]
—zl(B) Aw, (k) (3.46)

The next task is to find an updating rule so that the error (k) will asymp-
totically converge to zero. To ensure the convergence of the error due to the
weights updating, one may assume

eflk+1)=(1—-a)eglk) (3.47)
that is
Ae(k) = —aey(k) (3.48)

where o is a constant that is chosen such that the error g (k) is asymptotically
stable:

lim e(k)=0 (3.49)
k—o0
Combining Eqns. (3.46) and (3.48), one obtains
—2l (k) Aw,y (k) = —ae (k) (3.50)
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Multiplying both sides of this equality by x, (k) yields

—Aw, (k) (g (k)za(k)) = —aey(k)aa (k) (3.51)
Therefore, one finally obtains
k)xq(k
Awa(k) = a—eﬁfca)(a];)% )

and therefore
we(k+1) = we(k)+ Aw,(k)

ei(k)xq(k)

W, (k) O{W (352)

where

ei(k)zq (k)

Awgy(k) = 2a ()

is an increment amount. Equation (3.52) is the Widrow—Hoff delta rule. Given
an arbitrary initial €;(0), e;(k) may be represented as

ak) = (I-aalk-1)
= (1-a) e(k-2)

= (1 - a)*e(0) (3.53)

To ensure the convergence of ¢(k), that is, the condition given by Eqn. (3.49)
is satisfied, one implies that

(1-a)l <1
that is
—-1<l-a<l (3.54)
Thus, the error is asymptotically stable if the constant « is chosen as
0<a<x?2 (3.55)
To avoid overcorrection, a practical range for « is

0Ll<a<1.0 (3.56)
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Unlike the a-perceptron rule for the adaptive neural threshold elements, the
inputs to an Adaline may be either binary or analog patterns. An Adaline
can be used for realizing threshold functions by appropriately adjusting the
weights. Even if both the a-perceptron and o-LMS learning rules are derived
from the error correction procedures and have very similar updating formu-
lations, they have in fact quite different behavior (Widrow and Lehr 1990).
The main difference between these two algorithms is that Rosenblatt’s rule
employs a quantized error e = (d — sgn(s)), while the a-LMS algorithm
rule employs a linear error, ¢ = d — s. This means that the a-petrceptron
algorithm involves a nonlinear function of the signals via the hard-limiting
nonlinearity, whereas the a-LMS algorithm is essentially a linear process.

Example 3.8 In this simple simulation example, we consider an adaptive
linear combiner with three binary inputs z;, 2, and z3 € {—1,1}. Let the
weights and threshold used for the simulation studies be

w0:—2, ,U)1=1, ’w2=—1, w3:1

As shown in Table 3.8 in this case, there are eight possible inputs and eight
corresponding outputs, which are obtained by d = up +wi 1 +waza +wszs.

Using the a-LMS learning algorithm, the input—output data pairs are repeat-

edly used for the learning algorithm until the weights and threshold converge
to the correct values. The condition for terminating the learning algorithm is

Table 3.8 The input and desired output pairs

Neural Inputs Desired neural output
7|l z1 z3 z3 |d=-24+x1 —22+ 23
1]-1 -1 -1 -3
2] -1 -1 1 -1
3| -1 1 -1 -5
4 -1 1 1 -3
5 1 -1 -1 -1
6 1 -1 1 1
7 1 1 -1 -3
8 1 1 1 -1
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Figure 3.19 Example 3.8: the error curves for the different learning rates «: (a)
a=19,b)a=1.2,(c)a=0.7,and (d) a = 0.2.

designed as

d(3) =Y zi(§)wi(5)] < 0.0001

8 3
=1 i=0

3

and the initial values of the unknown weight parameters are selected as 0.5,
For the different choices of the learning rate «, the histories of the error q(k)
during the learning phases are given in Fig. 3.19 while the estimate of every
parameter converges to the corresponding correct value with the absolute value
error < 0.0001. The simulation results indicate that the learning procedure
has a better convergence speed with the choice of the learning rate o around
0.7. |
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3.4.2 Mean Square Error Method

3.4.2.1 Non-iterative Formulation

As pointed out by Widrow and Lehr (1990), the concept of the mean square
error may be used to determine a weight vector for a given input and the
desired data patterns using either a non-iterative or an iterative algorithm.
Without loss of generality, we assume that the input (k) and the desired
output d(k) are drawn from a statistically stationary population. The square
of the error between the output of the linear combiner and the desired output
at time k may be expanded as follows:

ef(k) = (d(k) - (k)w,)?
= d*(k) — 2d(k)x (k)we + wlz,(k)zl (k)w, (3.57)

Since the linear combiner will produce an error g(k) at every time k , the
ensemble average of error square in Eqn. (3.57) yields

Ele} (k)] = Bld* (k)] —2Eld(k)z; (k)]wa+w E[za (k)2 (k)]wa (3.58)
The term on the left-hand side is called the mean square error (MSE). Let

(k)
p & Bl — & | WP

d(k)za (k)
which is the cross-correlation vector between the desired output d(k) and the

neural input vector &, (k).
Similarly, define the input correlation matrix R as

R2 Ele (k):cT(k)] _E z1(k) z(k)x (k) ... z(k)zn(k)
2n(k) za(R)or(k) ... 3n(k)T(k)

which is a real, symmetric, and positive definite matrix, or in rare cases, a
positive semi-definite matrix. Thus, the expectation of the square error given
in Eqn. (3.58) may be rewritten as

Ele} (k)] = E[d*(k)] — 2pTw, + wl Rw, (3.59)
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The gradient Vqy,, of the MSE function with respect to the weight vector w,
is obtained by differentiating Eqn. (3.59) as follows:

[ 8E[ezl ®)] T
Bwo

OFEle?(k
Vw, (Eld®) 2 | B2 | = opioRw,  (3.60)

OF [e'zz (k)]
L Own

This is a linear vector equation of the weight vector. The optimal weight
vector w*, also called the Wiener weight vector, may be solved by setting the
gradient to zero. Thus, the optimal weight is

w:=Rlp (3.61)

This solution involves a procedure for computing the inverse of the matrix R.
For very large number of inputs, this might be a very time-consuming task,
even if some advanced matrix computational algorithms, such as singular-
value decomposition (SVD), are being used to avoid a direct matrix inverse
calculation. Moreover, an iterative gradient descent approach will be intro-
duced to overcome this computing complexity.

Example 3.9 Reconsider the three-input linear combiner given in Example
3.8. From the input and desired output pairs, one may easily obtain

-2
1 N T 1
P=3 d(])ma(]): -1
i=1 ]
and
5 1 000
. ) 0100
R:%Zma(])mg(j): 0 010
= 0001
Thus, the optimal weight vector is given by
wy -2
_ wy 1
w} 1

which is exactly equal to the desired weight vector. ]
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3.4.2.2 u-LMS (Least Mean Square) Algorithm

The ;-LMS may be developed from the conventional gradient descent method,
where the searching optimal weight vector is performed in the weight space
along the direction provided by the gradient of an instantaneous square error
between the current output and the desired output. Since it is a quadratic func-
tion of the weights, this surface is convex and has a unique global minimum.
Using Eqn. (3.57), an instantaneous gradient may be obtained based on the
instantaneous linear error function as follows:

Be?(k)
Owg

A Otk e2 (k
Vw, (e,?(k)) == ﬁil;% = —3‘,;(1—) = —2¢(k)xa(k)  (3.62)

86? (k)
Own

Thus, the gradient descent learning algorithm may be given as

Oe; (k)

Bw, (k)

wq (k) + 2uer(k)zq (k)

wa(k) + Aw(k) (3.63)

we(k+1) = wq(k) —p

This is Widrow’s p-LMS algorithm, where the learning rate 1 > 0 determines
the convergence of the learning procedure. As pointed out by Widrow and
Lehr (1990), if s satisfies

1

1+ Y. Ele2(k)
i=1

K3

0<p (3.64)

< Yrace [R] B

the u-LMS algorithm converges in the mean to w*, which is the optimal
Wiener solution given by Eqn. (3.61).

A geometric representation of the u-LMS rule is given in Fig. 3.20.
According to Eqn. (3.63), w,(k + 1) equals w,(k) added to the increment
Awgy(k), and Aw, (k) is in parallel with the neural input pattern vector ;, (k).
On the other hand, the change in error due to the change in the weight vector
is equal to the negative inner product of x,(k) and Aw,(k). Since the p-
LMS algorithm selects Aw, (k) to be collinear with x,(k), the desired error
correction is achieved with a weight change of suitable magnitude. When
updating to respond properly to a new input pattern, the responses to the
previous training patterns are, therefore, on the average minimally updated.
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AT

wik + 1) Aw(k)

Figure 3.20 A geometric explanation of the o-LMS and u-LMS learning algo-
rithms.

When comparing the a-LMS and p-LMS algorithms, it is of interest to
understand that the o-LMS rule is a self-normalized version of the u-LMS
rule since the a-LMS rule may easily be rewritten as

ok
wa(k+1) = wa(k)+ cey(k) |;Ua((k))|2
_ d(k) T Ta(k) \ Ta(k)
= walk) +“( Za(h)] e (’“)|wa<k>|) [a(P)
= wa(k) + aT(R)Ea(R) (3.65)
where
ak) £ d(k) - wl(k)Eak)
e d(R)
aw £ (3.66)
__ A za(k)
Tk) = )

are, respectively, the normalized error, normalized desired response, and
normalized input patterns. Equation (3.65) is the y-LMS learning rule with
21t replaced by . Thus, the weight updating designed by the a-LMS rule is
equivalent to that of the ;-LMS algorithm presented with a different training
set, which is the normalized training set defined by Eqn. (3.66).
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A continuous-time version of the above p-LMS algorithm can easily be
obtained by minimizing the error function

ef () = (d(t) — g (t)wa(t))? (3.67)

which is an instantaneous estimate of the mean square error, and wy(¢) is an
estimate of the augmented weight vector w, at time ¢. Applying the gradient
steepest-descent method yields

dw(t) oet(t) . Oelt)
a 7 6ulj(t) = 2w
= —2ue(t)x,(t) (3.68)

A block diagram of the implementation of the continuous-time y-LMS algo-
rithm using analog multipliers and integrators is given in Fig. 3.21.

Figure 3.21 Block diagram of continuous-time p-LMS algorithm.
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330:].

ai(k)e{-1,1} a(.) Sigmoid output

s k)y=o0(s
nlb)e (11| D) 715 B =7,
2

za(k)e{-1,1}

Figure 3.22 Block diagram of Adaline with sigmoidal function.

3.5 ADALINE WITH SIGMOIDAL FUNCTIONS

The Adaline elements considered so far use only the hard-limiting quantizer
at their outputs. The input—output mapping of the hard-limiting quantizer is
y = sgn(s), as shown earlier, in Fig. 3.15. Since the early 1980s, other forms
of nonlinear activation functions, such as the sigmoidal type, have come into
use as shown in Fig. 3.22. Compared with the hard-limiting nonlinearity, these
nonlinear functions not only retain saturation for output decision making but
also provide differentiable input—output characteristics so that the adaptation
procedure may be employed. In this section we describe the structure of
Adaline by using a sigmoid in place of the signum, and then present some
suitable adaptation algorithms associated with the sigmoidal functions used.

3.5.1 Nonlinear Sigmoidal Functions

The nonlinear neural activation function o(.) in the adaptive neural structures
maps the neural state & € R to a bounded neural output space. In general, the
neural output is in the range of [0, 1] for unipolar signals, and [—1, 1] for bipolar
signals. Without loss of generality, we will assume that o(.) € [—1,1]. For
the continuous-time neural models, the nonlinear neural activation function
o(.) may be chosen as a continuous and differentiable nonlinear sigmoidal
function satisfying the following conditions:

() o(z) — £l asz — Foc;
(ii) o(z) is bounded with the upper bound 1 and the lower bound —1;

(iii) o(z) = 0 at a unique point z = 0;
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(b) o’(z) = ¢ sech?(cz)

Figure 3.23 A sigmoidal nonlinear neural activation function o(z) = tanh{cz)
and its derivative 0'(z) = ¢ sech®(cz) for various activation gain
values c.



82 NEURAL UNITS: CONCEPTS, MODELS, AND LEARNING

(iv) o/(z) > 0 and ¢’(z) — 0 as x — Foo (monotonically increasing);
(v) o’(x) has a global maximal value ¢ > 0.

Typical examples of such a function o(.) are

e _ o=
o1(z) = tanh(cx)= g
cT 1—e
0'2(.’.6) = tanh (?) = m:a—
2
os3(x) = - tan~! (%cm)

where ¢ > 0 is a constant that determines the slope of o(z), the activation
gain. The above described nonlinear activation functions are bounded, mono-
tonic, and non-decreasing as shown in Fig. 3.23, and may be implemented by
nonlinear operational amplifiers in analog hardware circuit systems.

A commonly used hard—limiting, the signum function, is defined by

1, x>0
sgn(z) =
-1, z <0

It should be noted that the signum function is a limiting case of the sigmoidal
function when the activation gain ¢ — oo:

. ) _ ()
Jm tanh(cz) = lim oy = sgn(z), = #0

3.5.2 Backpropagation for the Sigmoid Adaline

The adaptive learning algorithm discussed in the previous section may be
extended to the sigmoidal Adaline element, which incorporates a sigmoidal
nonlinearity. We shall adapt Adaline with the objective of minimizing the
mean square of the sigmoid error defined as

e(k) 2 d(k) - y(k)

d(k) — o(s(k))
d(k) — o (w] @a(k)) (3.69)
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An instantaneous gradient estimate obtained during presentation of the kth
input vector x,(k) is given by

_0er(k) Oe(k)
Vw, (62(k)) = Bun(h) = 2e(k) 50 o (3.70)

Differentiating Eqn. (3.69) with respect to the augmented weight vector wy,
yields

Oe(k)  0Oo(s(k)) 9s(k)

Guwalk) ~ ~ owa®) ) gy 3.71)
Note that, since
s(k) = 2T (k)w, (k) (3.72)
we have
k
8?5((11) = x,(k) (3.73)
Substituting this result in Eqn. (3.71) gives
Oe(k
et = =0 (s(k)za (8 a7
Inserting this into Eqn. (3.70) yields
V. ( ez(k)) — —2e(k)o’ (s(k))ea (k) (3.75)

Using this gradient estimate with the steepest—descent method provides a tool
for minimizing the mean square error (k). Thus, the updating algorithm for
the augmented weight vector is given by

walk+1) = wa(k) — 1V, ( (k)
= wa(k) + 2pe(k)o’ (s(k))za (k) (3.76)

This is the backpropagation (BP) algorithm for the sigmoid Adaline element.
The representation by a block diagram of the updating process is given in
Fig. 3.24. The term backpropagation makes more sense when the algorithm
is developed in a layered network, which will be studied in a later chapter.
Usually, the sigmoidal function is chosen to be the hyperbolic tangent function
tanh(s). In this case, the derivative ¢’(s) is given by

, d(tanh(s))
a'(s) S e
= 1-—tanh?(s) =1 — o*(s) (3.77)
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Figure 3.24 Schematic representation of the backpropagation algorithm for a sig-
moid Adaline.

Thus, Eqn. (3.76) can equivalently be rewritten as
wa(k +1) = wa(k) + 2ue(k)(1 -y (k))za(k) (3.78)

The algorithm described above can be easily converted into a continuous-
time version described by the following set of differential equations

W00 ety (1))t
= 2ud’'(s(t)) [e(t)zq(t)] (3.79)

The bracketed term [.} in Eqn. (3.79) provides a correlation between the error
e(t) and the neural input vector x, (t) for a change in the weight w,. Thus, the
change in the weight w;(k) is proportional to the strength of the correlation
between the error e(k) and the corresponding neural input z;, ¢ = 0,1,...,n.

3.6 NETWORKS WITH MULTIPLE NEURONS

As computational models of biological neurons, some adaptive units, such as
adaptive threshold elements, Adaline, and sigmoid Adaline, were discussed
previously. From the structural point of view, this type of units involves a
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linear combiner cascaded with a nonlinear activation function. As a computa-
tional element, it deals with a weighted linear summation for the input signals
and a nonlinear operation on the output of the linear combiner. The former
part of the computing conducts a synaptic operation, while the latter part
performs a somatic operation. Because of the close similarity of these units
to biologic neurons, these models of adaptive units are also called models of
computational neurons, artificial neurons, or simply neurons. Accordingly
a single unit of these structures would be a single neuron acting as a basic
building block for more complex neural structures. In fact, a neural network
structure of a great number of such single neural units may provide more pow-
erful computation capability for solving science and engineering computing
problems than could a single neuron. A simple example given earlier in this
chapter is for a threshold network with multiple threshold elements that may
be used to implement an arbitrary switching function, but a single threshold
element can realize only a small class of switching functions, which are the
threshold functions.

It is important to point out that since the hard-limiting nonlinearity used
in McCulloch-Pitts neuron model can be considered, mathematically, as a
special limiting case of a sigmoidal nonlinear function with an infinite acti-
vation gain, the neural models with a sigmoidal activation function may be
employed as a general and useful neural structure. The differentiable prop-
erty of the sigmoidal nonlinearity provides the possibility of applying some
well-known mathematical tools such as optimization method, filtering, and
recursive estimation method for the adaptation processes.

3.6.1 A Simple Network with Three Neurons

3.6.1.1 Structure and Basic Equations
As a beginning for studying the architectures and adaptive learning pro-
cesses of neural networks, one exploits a simple two-layered neural network
with only three neurons as shown in Fig. 3.25. The two neurons, termed
neuron(1,1) and neuron(1,2), are located in the first neural layer, and
another neuron, named neuron(2, 1) is arranged in the second layer. The
neurons in the first layer receive n inputs x;, s, . . ., £, € R and produce two
outputs ygl) and yél), respectively. The outputs ygl) and yél) of the first layer
are applied as the inputs to the neuron in the second layer, and, finally, the
single output ygz) of the network is generated directly from the neuron in the
second layer. Since the neuron in the second layer delivers the final output, it
is referred to as an output layer.

Let the weights associated with neuron(1, 1), neuron(1, 2), and neuron(2,
1) be, respectively, given as
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Figure 3.25 A two-layered neural network with three neurons.
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L Q) (1

Wi, Wig .-« Wiy
ol uld ]
ol uf?
where wz(; ) (i=1,2;5 =1,2,...,n) represents the connection weight from

the jth input to neuron(1,4) and wﬁ) is the weight from the neuron(1, j)

to neuron(2,1). The superscript here represents the number of the layer, the
first subscript denotes the position of the neuron in the layer, and the second
subscript represents the number of the input associated with the weight and
applied to the neuron.

Furthermore, let sg ), sgl), and ng) be the outputs of the linear combiners
corresponding to neuron(1,1), neuron(l,2), and neuron(2,1). Then, the
input—output equations of the three neurons may be obtained as follows

( n

sgl) => wg)xl, To =1
neuron(1,1): < =0 (3.80)

1 1

[ o =o(sl)

n
V- > wPz;, zo=1
neuron(1,2) : < =0 (3.81)

L i =0

Zwﬁﬁa ys =
neuron(2,1) : (3.82)

o

=o(s?)

\

where wgo) , w%) ,and w%) are the threshold corresponding to the neuron(1,1),

neuron(1,2), and neuron(2, 1), respectively, and o(.) is a bipolar sigmoidal
function as discussed in Section 3.5.

3.6.1.2 Vector Expressions
The vector of the weights are expressed as

(UA L L (InhT

[wyy, wiy - wln]
(1 [w(l) wélz) . (1)]T

o 2 w27
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Using the notion of the augmented neural input vector and weighting function,
we write for the first layer

Augmented neural input vector: &, 2 [Tg,z1,%2,...,2])7, zo=1
Augmented weight vector: w(l) [wg(l]),wgll), w&)]
Augmented weight vector: w(l) £ [w%),wéll) wgln)]T

and, for the second layer neuron(2,1)
Augmented neural input vector: y(l) (Yo (1) yil),yél)] , 81) =1

(2) 2 (2 )]T

= [wig s wit Wiy

Therefore, the formulations regarding 3(1 ), sg ) and s§ )

(3.82) may be rewritten as

Augmented weight vector: w,

givenin Eqns. (3.80)-

s = (W), (3.83)
sgl) = (wa2 )T:va (3.84)
s = (wPTy® (3.85)
O = [ a(s™), o3 (3.86)
3D = y=o(s?) (3.87)

3.6.2 Error Backpropagation Learning

3.6.2.1 Squared Error Function
The adaptive learning process for a simple neural network like the one de-
scribed in Fig. 3.25 can be summarized as follows. Given a known pattern
sequence or desired response d(k), design an adapting formulation for synap-
tic weights in the network such that the output of the network will approach
d(k) as closely as possible. As stated earlier, backpropagation derived using
the gradient or steepest—descent method can be used to solve the problem.
The details of this procedure are now given.

The instantaneous squared error between the desired response d and the

output y( ) of the network at time k is

2 = (a0 -2 ®)
= (aw )—0(31)(k))) (3.88)

After the desired response d(k) as a supervised function has been presented
to the network, and the error of the output response has been calculated, the
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next step of the backpropagation algorithm involves finding the derivatives ds
of the instantaneous squared error associated with each summing junction of
the linear combiner in the network.

3.6.2.2 Error Partial Derivatives s

Without loss of generality, the time variable & is omitted in the following
derivations. The squared error derivatives associated with the neurons in the
network are then defined as

M a 10
s 2 T30 (3.89)
M s 10
IR T (3.90)
@ o 10
5 e T (3.91)

Expanding the squared-error term ¢ on the right-hand side of Eqn. (3.89) by
Eqgn. (3.88) yields

o 12(a=n)" q0(a-ol)

P2 5 2 9P
Noting that d and 552) are independent yields

@)
@ _ (g @) 00(s1)
6 = (a-a(s?)) e

= ePo'(s{) (3.92)
where the error is defined by

e =e=(d-y”) =y =d-o(s}?)

Developing the expressions for the squared error derivatives associated with
the neurons in the first layer is not very difficult. By using the chain rule, one
has

(102 _ 10 05 _ (50"
2050 2ps@ a5 a5V

(3.93)

6 =
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and
5O — 1 Oe? _ 1 de? 8852) _ 5@ 38(12) (3.94)
2 2 Bsél) 2 53%2) Bsgl) ' Bsgl) .
Expanding the output s§2) of the linear combiner associated with the neuron(2, 1)
by Eqgns. (3.80)—(3.82) gives
2 2) (1 2) (1
5 0 (0 ol + uBf?)
389) 85(1)
8 (wf) + wo(s() + wo(s5))
= 1
33(1 )
2
= w§1)0 (Sgl))

and
s 9 (wf} +ullolsl!) +uols"))
PR s

= wl)o(s)

Substituting these results into the right-hand sides of Eqns. (3.90) and (3.91),
respectively, yields

5 = AP )
and
8 = a0
Now, let
o & o]
and

o & )

which are linear functions of the network output error eg2) created in the

output layer. They may thus be considered as output errors of the neurons in



3.6 NETWORKS WITH MULTIPLE NEURONS 91

the first layer due to the backpropagation of the network output error é2) with
respect to the desired response d.
Accordingly, we have

50 = Do)

and

8= o)

It can be seen that a squared error derivative § of the neuron is a product of
its output error and the derivative of the sigmoid function with the output of
its linear combiner as a variable.

3.6.2.3 Weight Updating Formulations
We have obtained the derivatives ¢ for each neuron in the network. The next
step is to use these & values to obtain the corresponding gradients. First, for

(2)

the augmented weight vector w;’ associated with the neuron(2, 1), one has

Vuw® (¢) = aie(zz)

e 2 33(2)
8352) Bw(z)

- 9 1 9e? 83(2)
T T\20P aw@)
| 95

= —2s® L (3.95)
2
ow®

Indeed, from the output equation of the linear combiner involved in the
neuron(2, 1), one has

s = (w)Ty®

which implies

Substituting this result into the right-hand side of Eqn. (3.95) gives

Vo (&) = 269" (3.96)
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Next, the gradient vector associated with the augmented weight vectors of the
neurons in the first layer is calculated.

de?
2) =
szl) (e) h (91.0(1)
de? st L 8¢ st
83&1) 8w£11) 83%1) Bw((zll)

(1) . (1)

Since the output s; ° is independent of the augmented weight vector w;,

one obtains )
de
2 —
Vg (¢) = owD
He? 85(1)
T 95D gu®
_ 1 0€e? 85(1)
- 2 Bs! PRO] 3w(1)
_ _25(1) asg :
- 1 ™
W,y
Indeed
(1) (wal )cha
implies
859) _
6'11)(11) e
Hence, one finally obtains
2) _ _9s(1)
Vs (e ) = 26V, (3.97)

Using the same procedure, one may derive the gradient vector associated with

the augmented weight vector wfll2) of the neuron(1,2). It is given by

Ve (e2) = -2z, (3.98)
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Figure 3.26 A two-layered neural network with parameter adaptation.
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Using the method of steepest descent with instantaneous gradient, the
formulations of the updated augmented weight vectors in the network are
represented by

wd(k+1) = wik) —uVy0 (20)

= wé?(k)+2ue“’<k>a'(s§”<k»wa(k> (399)
wdk+1) = wl)(k) - pV,,0 ()

= wiy (k) + 2#651) (&)o' (s (k) o (k) (3.100)

wQk+1) = Wﬁ)(k)—uvw(z;)(ez(k))
= w (k) + 26D @) P k)P R)  3.101)

where ;1 > 0 is a learning rate parameter. Equations (3.99), (3.100), and
(3.101) give the updating formulations for the augmented weight vectors
of neuron(1,1), neuron(1,2), and neuron(2,1), respectively. A block
diagram representation of the updating scheme is given in Fig. 3.26. The result
obtained for this simple network structure indicates that the increment of the
augmented weight vector for each neuron involved in the network is parallel
to its augmented input vector and is directly proportional to its derivative 4.
This fact is also true for a general multi-layered network structure.

3.7 CONCLUDING REMARKS

In this chapter, we introduced the basic concepts of neurons using some
examples of threshold logic and thus laid the basis of neural networks. Prop-
erties such as learning and adaptation associated with neural systems were
examined in great detail with examples. The sigmoidal function used in the
formulation of the neural output was also studied in detail. The well-known
method of backpropagation learning was also briefly presented in this chapter.

Thus, in this chapter we have introduced some basic mathematical models
and their learning and adaptation concepts. In the subsequent chapters these
basic mathematical neural concepts will allow us to introduce more complex
neural architectures for both static and dynamic neural networks. Therefore,
with a good understanding of the materials provided in this chapter, we gain
a basic theoretical foundation for this evolving field of neural networks.
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Problems

31

3.2

3.3

34

3.5

3.6

3.7

3.8

Present a static model of a biological neuron in terms of synaptic
and somatic operations. Can you identify some additional neuronal
operations not discussed in this Chapter?

Present some generalizations of synaptic and somatic operations for
a static neuron.

In Problems 3.1 and 3.2, we considered only the szatic neuronal
model. Present a survey of dynamic models highlighting the charac-
teristics of each model.

A synaptic operation is considered as a confluence operation between
the past experience (knowledge, memory, ... ), and fresh neural in-
puts. Present some models (with the logic behind each model) of the
synaptic operations (See also Problems 3.1 and 3.2).

A somatic operation is considered as an aggregation of the dendritic
inputs with a threshold and nonlinear mapping. Present some models
of the somatic operation. Give the logic behind each model. (See
also Problems 3.1, 3.2, and 3.4).

Develop the mathematics of a neuronal model combing appropriately
the synaptic and somatic operations.

In Problem 3.6, we moved the threshold operation from the somatic
to the synaptic operation. This necessitated the definitions of the
augmented vector of neural inputs x, (t) € R, and the augmented
vector of synaptic weights, w,(t) € R"*1. Present the mathematics
of this neural model

(a) Linear mapping operations for x,(t) € ®"*!, to v(t) € R;
(b) Nonlinear mapping operations from v(t) € R, to y(t) € R.
Consider a unipolar neural input vector z(¢) € " and a unipolar
output vector y(¢) € R, y(¢) € [0, 1].

(a) Presentasetof possible candidates for the nonlinear mapping
function y(t) = ¢(v(t)), where ¢(.): R* — R is the linear
mapping from x(t) € R to v(t) € R;

(b) Derive the sensitivity function for each ¢(v) presented in (a)
I(v(t))

Sensitivity function: ——* = ¢’
itivity function 5 @' (v)
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39

3.10

3.11

3.12

3.13
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As presented in Problems 3.1 and 3.2, the neuronal processing may be
considered as a nonlinear mapping operation from many neural inputs
to one neural output. Present a graphical explanation (supported
by appropriate mathematics) of the mapping operation. (In biology,
there are over 10'! neurons, and each neuron receives, on the average,
about 10* neural inputs.)

Briefly describe a model of a single artificial static neuron. Clearly
define the synaptic and somatic operations and their functions in the
context of neural systems.

Given the unipolar signal: « € [0, +7],y > 0 and the bipolar signal:
B € [—v,+7],7 > 0, show that the relationship for converting
unipolar to bipolar is

® B = 2a-v
and for bipolar to unipolar

. _ Bty
(i) a = >
Illustrate this conversion graphically.

Discuss the special mapping properties of the sigmoidal mapping
functions: y = ¢(v) = Sigmoid(g, v) with a gain g, for (i) unipolar
signals, and (ii) bipolar signals.

The response y(t) € R of the single static neuron may be modeled as

y(t) = ¢(v(t),  v(t) = wyza(t)

where x,(t) € ®**!: vector of augmented neural inputs,
we(t) € R+ vector of augmented synaptic weights,
#(v) € R: somatic nonlinearity (activation function), and
v € (—00,00).

Given a unipolar nonlinear function

ed?
y:¢(v) = m7 ye[ovl]a g>0
(a) Plot ¢(v) and s(v) = dp(v)/dv = ¢ (v), and show the
effect of the neural somatic gain g € (0, c0);

(b) Convert ¢(v) into a bipolar neuronal nonlinear function (see
Problems 3.11 and 3.12);
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3.15

3.16
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(c) Plot ¢(v) and ¢/ (v), and show the effect of the somatic gain
g € (0,00).

Make a table of the various possible unipolar and bipolar neuronal
nonlinear (activation) functions giving the following information:

(a) Function ¢(v) and the plot;
(b) ¢'(v) and the plot;
(¢) The effect of the somatic gain g.

Substantiate the following statement using the appropriate references.
“Given a process (static or dynamic), one can approximate the be-
havior of the process with a degree of desired accuracy, using a
multilayered neural network™. (See also Chapter 7).

As presented in several earlier problems, the nonlinear mapping from
v(t) € R to y(t) = ¢(v(t)) € RN is an important neural somatic
operation. Here, we present a set of possible candidates for such a
mapping function ¢(v).

(@) y(t) = ¢(v) = sgn(v)

V) y(t) = d(v) = exp(—gv?)
qgu —gv
(i) y(t) = §(v) = “m—s = tanh(g)
. 1—e %
(vii) y(t) = ¢(v) = Trew
v"
(viii) y(t) = ¢(v) = o

. _ | g for |u| <
(ix) y(t) = ¢(v) = { gupsign(v) for |v| > vy

(a) Foreach function ¢(v), derive the sensitivity function s(v) =
Op(v)/0v = ¢'(v);

(b) Using the information about ¢(v) and s(v), present some
discussions on the attributes of each function;
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3.17

3.18

3.19

3.20

3.21

3.22

3.23
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(¢) List other possible candidates for such a nonlinear function
not listed in this problem;

(d) Use “Mathematica”, “Matlab”, or other suitable software to
obtain a graphical sketch of ¢(v) and s(v).

Consider a two-dimensional neural input z(t) = [1 z2]7 € [0, 1]%.
Design the appropriate neural logic circuits for the following logic
operations:
(i) OR, (ii) AND, (iii) NOT, (iv) NOR, (v) NAND, and
(vi) EXCLUSIVE-OR (XOR)
and draw appropriate sketches for the discriminant lines or surfaces.

Repeat Problem 3.17 for bipolar neural inputs x(¢) = [z x3]7 €
[-1,1)%

Repeat Problem 3.17 for bipolar neural inputs (t) = [1; 2 x3]% €
[—1,1]3: (Three dimensional case).

In an aircraft, three sensors are used to monitor the state of the cargo
door. The waming light is on if the majority of the sensors indicate
an improper state (the door is open). Design a neural logic circuit for
such an operation, and draw appropriate sketches for the discriminant
lines or surfaces.

Show that for bipolar signals z(t) = [z z3]T € [-1,1)?, and draw
appropriate sketches for the discriminant lines or surfaces.

(@) z7®xy=—sgn(x1 X x2): EXCLUSIVE-OR
(b) 0z =sgn(z; X x3): EXCLUSIVE-NOR

Using a neural model (with only —1 or 1 weights), derive the follow-
ing n-variable logical functions

(a) ORfunction: y =21 +x3+ -+ Tp;
(b) AND function: y = z1Z2...Zy;
(¢) Majority function:

y = maj(r1,22,...,%)
_ 1, if the majority of the z; = 1
- —1, otherwise

Obtain a four-variable switching function f(x, 2, 3, x4) that can-
not be realized using a single neural threshold unit.
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Figure 3.27 Problem 3.25: threshold element with linear and nonlinear inputs.

3.24

3.25

3.26

3.27

Design a neural threshold network for realizing the non-threshold
function obtained in Problem 3.23.

Consider a two-variable neural unit with linear and nonlinear inputs
shown in Fig. 3.27:

(a) Derive the input—output equation of this neural unit and ex-
press it in a matrix form;

(b) Show that this nonlinear neural unit is capable of separating
any two-dimensional binary pattern;

(¢) Draw the separating boundary in the pattern plane.

Solve the pattern separation problem for a XOR function
y=f(x1,22) =2, D 12

using the nonlinear neural unit defined in Problem 3.25.

Given 2" binary patterns & = [21,%2,...,Z,)" € {—1,1}", prove
that the (n 4+ 1) x (n + 1)-dimensional matrix R defined by

2?’1

1 ) .

R£ on Z ma(ﬂ)wg(ﬂ)
j=1

is an identity matrix; that is
R=1

where 2, 2 [1,z27]7 is the augmented pattern vector.
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.'13021

I

Ln

3.28

3.29

3.30

3.31

3.32

neuron(2,1)

neuron(1,2)

Figure 3.28 Problem 3.29: three-unit neural network.

Design a neural network for realizing the three-input XOR function
f(xla $2,IE3) = x1DT2D T3

Consider the three-unit neural network with n inputs as shown in
Fig. 3.28:

(a) Obtain the input-output equation y = f(z1, x2,...,%n);
(b) Design an adaptive learning algorithm for the weights up-
dating using the error—correction method.

Obtain a simulation result for realizing the two-input XOR function
f(z1,22) = 21 B x2
using the algorithm developed in Problem 3.29.

Show the convergence of the backpropagation algorithm for the sig-
moid Adaline using the mean-value theorem.

Consider a continuous-time sigmoid neural network with three inputs
x1(t), z2(t) and x3(t), and the desired output given by

d(t) = tanh(7 + 3z, + 4z — 623)

Let the initial weights be chosen randomly between the interval
[—1,1]. Train the network to approximate the desired response for
the arbitrary inputs z1, z9, and z3 € R.
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3.33 Show that the hyperbolic tangent function f(x) = tanh(x) satisfies
the following properties:

(@) f(x) is a strictly increasing function; that is, for 1 < o,

Fz1) < f(z2);

(b) f(x) is a uniformly linear growing function; that is, there
exists a constant 3; > 0 such that |f(x)| < fi|z| for all
zeR.

3.34 A four-neuron network is given in Fig. 3.29, where neuron(4) has
a linear activation function; that is, the network has a linear output

element:

(a) Give the input—output equation;
(b) Derive a backpropagation learning algorithm for the adapta-
tion of the weights.

\ Neuron(2) Y,
z yl y4

> Neuron(l) Neuron(4)

_mn_/ Neuron(3) Ys

Figure 3.29 Problem 3.34: a feedforward neural network with four neurons.
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As a tool for scientific computing and engineering applications, the mor-
phology of static multilayered feedforward neural networks
(MFNNSs) consists of many interconnected signal processing elements called
neurons. These neurons form layered network configurations through only
feedforward interlayered synaptic connections in terms of the neural signal
flow. In general, an individual neuron aggregates its weighed inputs and yields
outputs through a nonlinear activation function with a threshold. The MFNN
is one of the main classes of static neural networks and it plays an important
role in many types of problems such as system identification, control, chan-
nel equalization, and pattern recognition. Since the early 1990s, significant
progress has been made on the principles, architectures, and applications of
this type of neural networks, but many unresolved issues concerning these
neural models still remain.

From the morphological point of view, a MFNN has only feedforward
information transmission from the lower neural layers to the higher layers.
On the other hand, a MFNN is a static neural model in the sense that its input—
output relationship may be described by an algebraic nonlinear mapping
function. The most widely used static neural networks are characterized by
nonlinear equations that are memoryless; that is, their outputs are a function of
only the current inputs. An obvious characteristic of a MFNN is its capability
for implementing a nonlinear mapping from many neural inputs to many neural
outputs. The backpropagation (BP) algorithm (Werbos 1974, Rumelhart and
McClelland 1986, and Hecht-Nielsen 1989) is a basic and the most effective
weight updating method of MENNSs for performing some specific computing
tasks. The BP algorithm was originally developed using the gradient descent
algorithm to train multilayered neural networks for performing desired tasks.
Among supervised learning algorithms, the backpropagation algorithm is
probably the most widely used algorithm. Since the original BP learning
algorithm was developed, several extensions have evolved. The advantages
of the BP learning algorithm include its parallel computational structure, its
ability to store many more patterns than the number of network inputs, and
its ability to acquire a complex nonlinear mapping.

In this chapter, we will first introduce the basic notion of two-layered
static neural networks and their extension to multilayered feedforward neural
networks (MFNNs). We will then give an extensive discussion of learning
and adaptation problems including the backpropagation (BP) algorithms.
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4.1 TWO-LAYERED NEURAL NETWORKS

4.1.1 Structure and Operation Equations

4.1.1.1 Mathematical Description

A generalization of the simple two-layered neural network with only three
neural units, as addressed in the Chapter 3, to a two-layered network with
multiple neurons can be achieved by adding a number of neurons to each neural
layer. A general structure of a two-layered feedforward neural network is
given in Fig. 4.1, where the first layer has p neurons denoted as neuron(1,1),
neuron(l,2), ..., neuron(1, p), and the second layer has m neurons denoted
as neuron(2,1), neuron(2,2), ..., neuron(2,m). In this text, we refer to
the first layer as an input layer, and the second layer as an output layer, hence
the name, a two-layered feedforward neural network.

Before we discuss the mathematical description of such a feedforward
neural network, scripts that will be used as superscripts or subscripts in this
section are defined as follows:

i = 1,2,...,p (input layer)
1,2,...,m (output layer)

Second layer

First layer

neuron (,1) y+

Neural Y2 Neural
inputs neuron(2,2) outputs
zeR"” yeR™

Ym

neuron(l,p)

neuron(2,mpy—

(Output layer)

(Input layer)

Figure 4.1 A two-layered feedforward neural network: p input neurons, and m
output neurons:
Neural inputs: @ = [z7 -~ z; - - ,]T € R
Neural outputs: ¥y = [y1 - ¥i - Ym]L € R™
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Tp=1 neuron(1,1) zg=1 neuron(2, j)

Yi

(a) neuron(1,1), i =1,2,...,p) (b) neuron(2,7), (3 =1,2,...,m)
in the input layer in the output layer

Figure 4.2 Neurons in the input and output layers.

= 1,2,...,n
£ = 1,2,...,m
qg = 1,2,...,p

The detailed structures of the input and output neurons are shown in Fig. 4.2.
Letneuron(1,7), ( = 1,2,...,p) in the first layer receive n input signals z;,
Z9, ..., Tpn; Or a vector-valued signal © = [x; z2 --- xn]T, and deliver
an output signal z, (i = 1,2,...,p). The outputs of all the neurons in the
input layer, represented by a p-dimensional vector z = [5 22 - zp]T,
are fed forward to the neurons in the second layer. Finally, neuron(2, j),
( = 1,2,...,m) in the second layer generates an output signal 3, (j =
1,2,...,m), and the neural network has an output vector

y = [y1y2 o oyl (4.1)

Let the weights corresponding to neuron(l, i) in the first layer be 'wl(ll ), wg ),

o

owg, (1 =1,2,...,p), and the weights corresponding to neuron(2, j)

in the second layer wﬁ), wg), e wﬁ), (7 =1,2,...,m), where wgl) is
the connection weight from the kth input to the neuron(1,¢), and wj(.z) is the
connection weight from the input neuron(1, q) to the output neuron(2, j).

The vector expressions for the above weights can be represented as
w =l ol o WP eR, i=1,2,...,p (42
and

w;z) = [wﬁ) wg) wj(;)]T eRP, j=12,....m 4.3)
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where the superscript represents the number of the layer, the firstsubscript
denotes the position of the neuron in the layer, and the secondsubscript rep-
resents the number of the input associated with the weight. The weights
associated with the input and output layers may also be represented by the
following weight matrices

o 1 1) 7
wiy wi o wfy
o) el
wo =W » .. wV|T = 4.4
(input layer)
1
o ]
and
F (2 2 2)
o ol ol
2 2 (2)
w w PIRERY w
WO _® @ L oer_ | ”
= [w;” w; wy’|" = 4.5)
(output layer)
2 2 2
Ry

where the ith row elements of W) are obviously associated with neuron(1, 1)
in the input layer, whereas the jth row of w corresponds to neuron(2, j)
in the output layer.

Furthermore, let sgl) and 35-2) be, respectively, the outputs of the linear com-
biners of neuron(l,i) and neuron(2, 7). Then, the input—output equations
of the neurons in the network can also be expressed as

( n
0= 55 g
k=0

neuron(1,1)
(input layer) 2 = a(s§”) @0
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( 2 (2
Sg' )= q{:(]w](-q)zq
neuron(2, j)
2 @.7
(output layer) y; = o 3; ))
. j=12...,m

where o(.) is a nonlinear activation function. These equations are also called
the transfer functions of the neurons.

Using the augmented expressions of the neural inputs and weights by
including the bias (threshold) as introduced in Chapter 3, we have

zp =1, wz%)

and
2 =1, wj(-g)

Then, the augmented versions of the input and weight vectors are defined as
follows. For neuron(1,1) in the input layer:

o 2zg 1 x93 - zH]T €eROTD) zg=1 “8)

w(l) = [w(l) l(ll) U wz('l:'l:,)]T € E‘R(nﬂ-l)’ t= 19 27 -5 D .
and for neuron(2, j) in the output layer:

Za2 20 21 2 - 2T €RETD =1 9)

w® 2 [® o . WO R0, 12 m ¢

Thus, the outputs of the linear combiners associated with neuron(1,¢) and
neuron(2, j) are given as

s = (wTe, (4.10)
and
s = W)z, @.11)

4.1.1.2 Nonlinear Neural Mapping

For an input vector signal & € R, the neural network produces a response
signal y € RN through complex nonlinear operations. In fact, the neural
network generates a nonlinear mapping process from the n-dimensional input
signal space to the mn-dimensional output signal space, where the output signal
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domain is usually designed as a desired task space for some specified applica-
tions. To obtain an analytical expression of the nonlinear mapping equation
implemented by the neural network, we denote the augmented weights matri-
ces as

1 1
R
3 1 1 1) 7
wgo) wgl) wglz) e wgn)
1 1 1 1
wgo) w§1) ng) e wén)
= e ®px(n+t1)  (4.12)
1 1 1 1
| wzf:o) “’z(ﬂ) wz(ﬂ) “’z(m) i
and
2
WO = w® wd o W)
- (2 2 2 2) T
w%o) wgl) w§2) T wg.p)
2 2 2 2
wéo) wél) wgz) T wgp)
= e R+ (4.13)
| wl wl) wll o w ]
Furthermore, let
3(11) ng)
(1) (2)
s | %2 5@ = | %2
o o2

Thus, the input—output equations of a two-layered network may be rewritten
in the following vector forms

1) — (1)
s = Wa'a (4.14)

Input 1 :
nput layer { v = o-a(s(l))
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Nonlinear mapping

v

:L‘ri C :']1‘[”-—“( Slll ﬂ/[] Za Py 3““: /I ] y e .RIH

W[ll > rWl J 5

~ m(n+1) :
T, € R yeR™

> (2 (1) A
v J(WE; ,'lg“(“;u mu)} &

Figure 4.3 Two-layered neural network: nonlinear mapping for input (x, €
R(+1)) to output (y € R™).

where the augmented vector-valued sigmoid function a,(.) : R* —
[—1,1)*Y is defined as

7ul) = [ o | €2

and
3(2) = (Z)ZG,
Output layer: { y = o (;(2)) (4.15)
Or simply
y=o (Wo,(Wha,)) e %" (4.16)

Thus, the neural output vector y € ™ is a vector-valued nonlinear function of
the input signal vector € R". In other words, the neural network deals with
the operation on the input signals through a nonlinear mapping processing as
shown in Fig. 4.3.

4.1.2 Generalized Delta Rule

A feedforward neural network is capable of processing continuous-time or
discrete-time information through a nonlinear mapping function. However,
in the following discussions of this chapter, we will consider the discrete-
time version of the neural networks where both the inputs and outputs of the
network are considered in a discrete-time domain.
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Given a desired output response vector d(k) = [di(k) da(k)

dm(k)]T, the adaptive weight learning rule characterized by the generalized
delta rule was proposed by Rumelhart and McClelland (1986). This rule
performs an optimization process such that each output error, defined as the
error between the desired output d(k) and the output of the neural network
y(k), is minimized.

To address this problem mathematically, an instantaneous error function
for the network is given as a sum of the squares of the output errors for all the
output units

E = }Y [dj(k) —y(k)]

=1

ie (k) @.17)

|
DOl

o,
[uy

where the output error e; describes the error between the jth desired response
and the jth network output at the output neuron(2, j), and is defined as

ej = (dj — y;)

The factor % in Eqn. (4.17) is introduced for convenience in calculating the
derivatives. The instantaneous sum of the output error squares £ is a function
of all the synaptic weights and thresholds involved in the network.

For a given desired response {k,d(k)}, F represents the cost function
as the measure of the learning performance of the network. In a manner
similar to the gradient descent technique used in Chapter 3 for minimizing the
error function, the correction in the weight vectors are made in the direction
of decreasing error function and are, therefore, proportional to the negative
gradients of the error function with respect to the weight vectors; that is

OF ,
Aw) = —V i (B) = —n—=,  i=1,2,...,p (4.18)
at 8wai
and
OFE

Awg‘) = “"vw@) (E)=-n 71=L12,...,m (4.19)

(2)°
aj
where 7 > 0 is a learning rate constant whose choice will affect the conver-
gence speed of the updating process, and the gradient of E determines both
the magnitude and the directions in which to change the weight vectors.
Like the derivative procedure used in Chapter 3 for the weight learning,
the definition of the partial derivatives s plays an important role in the final
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learning formulations. For such a two-layered structure, these intermediate
variables are defined as

T 4.20)
0s;
OF
s 2 92 i_192....m 4.21)
J 88(2)

J
where 51(1) is the partial derivative for the neuron(1,), and 6J(-2) is the partial
derivative for the neuron(2, j).

4.1.2.1 Adaptation for the Output Neurons

To obtain the detailed expressions of these delta variables, one starts the
derivation from the output layer, that is, with Eqn. (4.21). Expanding the
error function on the right-hand side of Eqn. (4.21) by Eqns. (4.7) and (4.17)
yields

0> (de — ye)?
s@ - &= 7
J 2 33;—2)
93 (de — o(s™))
_ 1=
-2 85(-2)
1 — —ofs 2
= _52 (g)f ) 4.22)
=1 9s;

Since dy, s( ), and 3(2 (£ # 7) are independent, we obtain

80(3(-2))
67 = G-l
0s;
= eja'(s§2)) (E €§2)UI(S§2))) (4.23)

Thus, a § corresponding to the neuron in the output layer, 6§2) is the product
of the output error e; and the differential signal of the nonlinear activation

function o’ (s( ))
In order to obtain the weight updating formulation, we will now evaluate

the gradient of the error index E with respect to the weight vector wg‘;) using
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the notations of the derivatives ds. First, we have
o0FE
Vwp®) = = o
We;

oE 05
= Z; 27 ou (2) (4.24)
Since se 2 (£ # 7) is independent of w( ) , we have
(2)
O0F 0s;
V@ (E)
w' 2 2
p Os ( Sw C(ZJ)
Hence
2
o = ()T,
yields
(2)
o _,
2 a
Bw((lj)
Thus
ng) (E) = —5§2)za
= —eja'(sgz))za (4.25)
Finally, the weight updating formulations for the output layer are as follows:
2
wk+1) = w0k -1V (E®)
aj

= <2><k>+n«s<2><k> o (k)
= w2 (k) +ne;(k)o’ (s (k))za(k)  (4.26)

4.1.2.2 Adapitation for the Input Neurons

To obtain the weight adapting formulations for the input neurons, the ds
associated with the neurons in the input layer are calculated first by using the
chain rule

PO _i OE 0s

—1 68@2) (981(-1)

m
0
St
=1 8 7
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From the input—output equations, Eqns. (4.6) and (4.7), one obtains

9% (w?z)

RO astV)

P A(wio(sy))

-3

g=0 8521)
= wPe'(sMM) (4.27)
Thus
s = 26(2 wiDo' (M) (4.28)

(1)

Now, we introduce the definition for the propagation error ¢ as

m
e 23 6P (4.29)
=1

This propagation error represents the error in the input layer due to all the
output errors. Substituting Eqn. (4.29) into Eqn. (4.28) gives
s = Mo (s (4.30)

It can thus be seen that each output error produced in the output layer makes its
own contribution to the derivatives ds associated with the neurons in the input
layer. This error backpropagation process is similar to the one that transmits
the forward input signals where each input signal is transmitted forward to
every neuron in the input layer, and each output of the input neurons is further
transmitted to the output neurons.

On the other hand, the gradient with respect to the input neural weight
vector may be conducted using the chain rule as follows:

OF
Vo (E) = —F
wy; D

m OF 83(2) 83&1)

- Z Z Js (2) 83 awfj}

j=1lg¢=1
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x e R

Figure 4.4 Backpropagation learning (generalized delta rule) for a two-layered
feedforward neural network: neural inputs, & € R™; neural outputs,
y € N™ and the desired outputs d € R™.

Figure 4.5 Matrix representation of backpropagation learning (generalized delta
rule) for a two-layered feedforward neural network.
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OFE Bs,(ll)
~ 9s (1) dw (1)

_ —25(1 63

az

From the network equation, Eqn. (4.6), sq (q # 1) is independent of 'w( ).

dsiY :{ 0, g#i

N

Thus

(E) = 6(1)0'/(8(-1))17a 4.31)

Therefore, the weight updating formulations for the hidden layer are as fol-
lows:

wPk+1) = vk -1V, (E®)
wl) (k) + na(”(k)wa(k)
= W (k) + el (K)o’ (s (k))ma(k)  4.32)

Finally, in this generalized delta rule, note that both Eqn. (4.32) for the

weight vector w( ) and Eqn. (4.26) for the weight vector wgl) have a similar
form where the Vanables ds play a dominant role. Formulations given in
Eqns. (4.26) and (4.32) are called the generalized delta rule since a compu-
tation of the derivatives Js is involved in the algorithm. It is also called the
backpropagation (BP) algorithm from the error signal transmission point of
view. This backpropagation algorithm is illustrated in Figs. 4.4 and 4.5.

4.1.3 Network with Linear Output Units

As discussed in the previous sections, the outputs of the feedforward neural
network are constrained by the nonlinear function. In this case it is the
sigmoidal function that yields the outputs 3 € [—-1,1], j = 1,2,...,p. To
modify this type of feedforward neural network so that the neural outputs
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may be any real value, the sigmoidal activation function used for the output
neurons is replaced with a simple linear function; that is, o(z) = z. The
output neurons then become linear combiners whose functions are only the
sum of the weighted inputs. In this case, for a linear function in the output
layer the input—output relationship of the network is described by

y = Zw(z)
= Zw a(s(l)
- Z @y (Zn:wg;)xk> (4.33)
k=0

§i=12...,p
or simply in a vectorform
y=WooeWVz,) (4.34)

Block diagram representations of the preceding vector operation equation are
given in Figs. 4.64.8.

The weight updating formulation derived in the previous section may thus
be changed for the output layer. The derivatives Js associated with the output
neurons given by Eqn. (4.23) become

5P = (4.35)

Nonlinear mapping

24 € RO — yer™

Figure 4.6 Nonlinear mapping implemented by the two-layered network with
linear output neurons.
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Figure 4.7 Backpropagation learning for a two-layered feedforward neural net-
work with linear output neurons.

Figure 4.8 The matrix representation of backpropagation learning for a two-
layered feedforward neural network with linear output neurons.
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The updating equation for the output weight vector is simplified as follows:
2 — a2 ‘ 4.36
w; " (k+1) = w;” (k) + ne;(k)z(k) (4.36)

This result also shows that the output neurons may be considered as m linear
combiners of the weighted input vector z. Thus, Eqn. (4.36) may also be
implied directly by applying the learning algorithm for the individual linear
combiner discussed in Chapter 3.

4.2 EXAMPLE 4.1: XOR NEURAL NETWORK

4.2.1 Network Model

It was shown in Chapter 3 that a two-variable exclusive or (XOR) function
f(z1,22) = x; ® 24 can be implemented by using a neural network with
three neurons and preselected connecting weights. This is of great historical
significance because it is one of the simplest logic functions that cannot be
realized by a single neuron; that is, it requires at least two layers of neurons.
This problem is now discussed using a network with three neurons as shown
in Fig. 4.9 incorporating the BP weight learning processing.

In this case, the augmented weight vectors associated with neuron(1, 1),
neuron(1,2), and neuron(2, 1) may be denoted as

1 1 1 1
'wle) = [wgo) wgl) ’LU§2)]T
1 1 1 1
wt(J,Q) = [wgo) 'wg1) wgz)]T
2 2 2 2
wgl) = [w§0) wgl) wgz)]T

and the input vectors for layers 1 and 2 are respectively

o = [z0 =1 .’172]T, 0 =1

Za = [20 Z1 Zz]T, 2 =

where zp = 1 and 2z = 1 are the bias terms. Then, the input—output equations
of the neurons may be given as

D = @),
neuron(l,1) :
2 = a(sgl))
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First layer Output layer

—_——— = = P —

22

=

n(1,2)

-_— e — - -_—— = A

(a) Topological structure representation

neuron(1,1)

Te=1
.o zZo=1
Wiy
: o
) Sy Z1
/ Pu [RE J/ neuron(2,1)
)
/ W3 w?
Ty 10
(2)
3 $ y
w§1) T —
K o)
\ Wao wg)
)
[0 S2
Wyy Z _/ Z2
1
wh)
neuron(l,2)
(b) Block diagram

Figure 4.9 Example 4.1: a two-layered neural network with three neurons for the
implementation of XOR neural network.
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sgl) = (w (1))T
neuron(1,2) :

29 = a(sgl))

=
neuron(2,1) :

y = o)

For the nonlinearity o(.), using the sigmoidal function
o(s) = tanh(s)
and its derivative

o'(s) = sech?(s) = 1 — tanh?(s)
— [ o)

the incremental equations for the weight vectors may be derived. Thus, for
neuron(2, 1) in the output layer, the change in the weight vector is

A® = sz,
= (1 - 0*(sP))ez,

where the output error e £ d — 5. Similarly, changes in the weight vectors
for the neurons in the first layer are given by

Awgl) = 776(1)
= (1 - (s{"))e{V,
= (1 - oD (PP oV,
and
Awld) = pla,
= (= o%(5"))es )z
= (1 - o?(s5)wi sV,

4.2.2 Simulation Results

To implement the XOR function using the network shown in Fig. 4.9, the four
learning patterns corresponding to the four combinations of the two bipolar
inputs (z1,22) = {(-1,-1),(—1,1),(1,~-1),(1,1)} givenin Table 4.1 were
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Table 4.1 Truth table of XOR function f(z1,22) = 11 ® 5

Pattern || Input z; | Input o | Output d
A -1 -1 -1
B -1 1 1
C 1 -1 1
D 1 1 -1
Tg= 1
>l 211
sgl) z =1
2L |
*
2.25 ng) y=1 ® 2
Lt»{ 2.50 -/
m N s 23]
M2 753>
23

Figure 4.10 Example 4.1: a XOR neural network obtained by the BP algorithm
with the learning rate » = 0.8 and the following initial weight condi-

tions:
w{P(0) = [-1.3280 0.3345 1.5873)T

wi(0) = [2.0472 —2.1382 —2.3985]7
w{®(0) = [-3.1753 —1.2566 1.2546]7

used repeatedly in the learning process until a set of converged values of the
weight vectors are obtained. For this purpose, the learning rate chosen was
7 = 0.8, and the randomly chosen initial weight values were as follows:

= [-1.3280 0.3345 1.5873]F

[2.0472 —2.1382 —2.3985]"

[-3.1753 —1.2566 1.2546]F

wi?(0)
w(0) =
wP(0) =
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2.5 T T T T T T T T —T
Error: €= (d—1y)

‘ Learning rate: 177=0.8

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Iterative time (k)

Figure 4.11 Example 4.1: the learning error e = d — y for a XOR neural network
with the learning rate n = 0.8.

T T T T T
10000 Initial weight vectors 7
w{(0) = [-1.3280 0.3280 1.5823]"
8000 - ¥ w{"O)= 20472 —2.1382 —2.3985]T 1
3 wiP(0)= [-3.1753 —1.2566 1.2546]T
2 6000 -
-]
2
£ 4000 -
2000 -
0 1 1 L |

Learning rate 77

Figure 4.72 Exampie 4.1: the relationship between the learning rate and iteration
cycle for the XOR.
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®) E(w), wiy)

W
TN
L

1) (1) 1 (D
(©) E(wyy , way ) (d) E(wsy, wyy )
E
2.5 RN AN
OO
2 SR
1.5 A :\\\\

© E(w(y), wi?) ® E(w,wly)

Figure 4.13 Error surfaces of the XOR neural network.
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The learning process stopped when any one of the absolute values of the
output errors e overall the four patterns was less than the tolerance parameter
e = 0.0001, that is

le(i)] < 0.0001, for =1,2,3,4

where ¢ = 1,2, 3, 4 corresponds to the patterns A, B, C, and D, respectively.

After 1173 learning cycles, or equivalently 1173 x 4 = 4692 iterations
through the four learning patterns, the resulting weight vectors were obtained
(Fig. 4.10)

w) = [2.1081 2.2440 2.2533]
wl = [3.4963 —2.7463 3.5200]"
w? = [-2.5983 2.7354 2.7255]T

The learning error is shown in Fig. 4.11.

Simulation studies for different learning rates fromn = 0.1ton = 1.1 were
also conducted. When the learning rate overtook this range the convergence
of the learning phase could not be ensured. The learning cycle required for
the learning processing with the same initial weights choice given in Fig. 4.10
is shown in Fig. 4.12 for different values of the learning rate. The results
indicate that the best choice of the learning rate 7 should be around n = 0.9.
However, this relationship between the learning cycle required for a successful
learning process and the learning rate could change for another choice of the
initial weight values. The convergence speed of a learning process depends
not only on the choice of the learning rate but also on the choice of the initial
weight values. It should be noted that for a suitable choice of the learning rate
7, a considerable improvement in the convergence speed can be achieved. In
other words, the BP algorithm can take varying amounts of time to solve this
problem depending on the values of the initial weights and the learning rate
7. The error surfaces of the error function with respect to two of the varying
weights of the neural network are illustrated in Fig. 4.13.

4.2.3 Geometric Explanation

Since the XOR neural network solves a pattern classification problem, the
nonlinear mapping from an input binary pattern space to an output binary
pattern space implemented by the neural network may be analyzed using a
geometric explanation as shown in Fig. 4.14. It can be seen from Fig. 4.14a
that neuron(1, 1) and neuron(1, 2) in layer 1 yield two discriminant lines in
the input pattern plane x; — z9

Ly : 2.1081 + 2.244x; + 2.2533x2 =0
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m:y= 1
e:y=-1
Iy
21:—1 L
1 Lyo: 3.4963 — 2.7463z; — 3.5200z5 = 0
T® AN . T
-1 -1 8% o -
Ln

Lyp: 2.1081 + 2.244z + 2.2533z5 = 0
(a) Neural layer 1: discriminant lines Ly, and Lj2 in 1 — o9 plane

22
y=1
ad m:y=1
e:y=-1
[-1 111"{;l 2 paff
0 %

-1 -1 Loy : —2.5083 + 27354z, +2.725529 = 0

(b) Neural layer 2: mapping of points A, B, C, and D in z — 23 plane and
the discriminant line Lo

Figure 4.14 Example 4.1: a geometric explanation for the XOR neural network.
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L12 : 3.4963 — 2.746$1 — 3.52332 =0

which classify the patterns A, B, C, and D into two parts. This fact can be
found in Fig. 4.14a. The patterns A(z; = —1, 23 = —1) and D(z; = 1,
z9 = 1) are located outside the two lines in the plane and correspond to the
output z; of neuron(1,1) and the output z of neuron(1,2) given below

. z1 = 1
pan:{ 22 !
and
. A -1
s 2
Patterns B(zy = —1, 22 = 1) and C(z; = 1, 3 = —1) are positioned
between the two lines L;; and Li5 and produce
. zZ1 = 1
B(-1,1) and C(1,-1): { =1

Furthermore, neuron(2,1) in layer 2 provides, as shown in Fig. 4.14b, a
discriminant line

Loy 1 —2.5983 4+ 2.7354z; +2.72552; =0

on a new pattern plane 2; — 23 such that the network output ¥ = 1 occurs
in the upper part of this line, and y = —1 corresponds to the points in the
lower part of this line. The patterns A, B, C, and D in the input pattern plane
1 — T2 are mapped into the plane z; — z» whose coordinates are the outputs
of the neurons in layer 1. The patterns A and D with y = —1 are located in
the lower part of the line, whereas the patterns B and C, which correspond
to ¥ = 1, are mapped to the upper part of the line. It should be noted that
there are many possible solutions to this problem, and that in this simulation
example the network has correctly learned one of these. |

4.3 BACKPROPAGATION (BP) ALGORITHMS FOR MFNN

We now discuss the topic of backpropagation (BP) algorithms in more detail.
This arises from the realization that several hidden layers in a neural network
may be used to create a general neural computing structure.

A two-layered feedforward neural network is a simple structure of the
general multilayered feedforward network where multiple hidden layers are
employed. Since it has the potential of approximating a general class of
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nonlinear functions with a desirable degree of accuracy, it has been widely
employed in many applications such as system identification, control, and
pattern recognition problems. As a natural extension of this simple type of
feedforward neural network, a few results regarding a general model and
the BP learning algorithm of the multilayered feedforward neural network
(MFNN) with multiple hidden neural layers are now presented. The ideas and
methods used in the previous section provoke and inspire the development in
the following descriptions.

4.3.1 General Neural Structure for MFNNs

In a MFNN the neurons are organized into layers with no feedback or cross
connections. The lowest layer of the MFNN is the input layer in which
the processing elements have received all the weighted neural inputs, and
provide their outputs to the processing elements of the first hidden layer.
The highest layer of the MFNN is the output layer. The outputs from a
given layer are transmitted only to the higher layers. A basic structure of the
M -muitilayered feedforward neural networks (MFNNs) with feedforward
connections is shown in Fig. 4.15.

Let the neural layers be numbered from the first layer and M be the total
number of layers of the MFNN including the input, hidden, and output layers.

Hidden layers

Neural Input
inputs layer

U

Y2

¥
e

B, "‘r

Ym
yeR™

Layer 1 Layer 2 Layer 3 LayerM-1 LayerM

Figure 4.15 A multilayered feedforward neural network with input layer, output
layer and (M - 2) hidden layers.
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Let the ith neuron in the sth layer be denoted by neuron(s, ), and ng be the
total number of neurons in the sth layer. The input to the first layer (input
layer) is @ € R™. The outputs of the first layer is a nonlinear function of
the sum of the weighted inputs, and these outputs are transmitted to all the
neural units of the second layer. This process is repeated for the following
neural layers. The basic notations with the corresponding meaning used in
the MFNN are listed in Table 4.2.

The signal processing involved in each single neuron is summarized in
Fig. 4.16.

Table 4.2 Basic notations used in MFNN

Notation Meaning
neuron(i, j) | jth neuron in layer ¢
S;;) Output of linear combiner in neuron(i, 5)
mg-z) Output of neuron(i, 7)
w](-:,) Weight between neuron(s, j) and neuron(i — 1, £)
Z; jth external input to the network
Yi ith output of the network
n; Number of neurons in layer ¢
M Number of layers in the network
S0 1 neuron(t, j)
(1)
(i—1) (%) .
€T w4 (%)
g > 8
|

Figure 4.16 Block diagram representation for neuron(z, §) in the ith layer.



132 MFNNs AND BACKPROPAGATION LEARNING ALGORITHMS

(4)

o() LD

(i—1) (#) 551 A
y Tl Sie, : j /| %
B DA
(3)
Sini-y
(a) synaptic operation (b) somatic operation

Figure 4.17 Synaptic and somatic operations in the neuron(s, j).

A biological interpretation of the operation is demonstrated in Fig. 4.17,
which defines that the neuronal operation in a single neuron consists of
both synaptic and somatic operations. Mathematically, the operations of
neuron(i, j) are defined as

(%) (i-1)

(a)  Synaptic operation : S = wﬁ?xe ,

£=0,1,...,n1, 0V =1 (@437

. Ng—1 .

50 = L osi
(b)  Somatic operation : =0 (4.38)
(i))

acgi) = O'(Sj

1=1,2,.... M;7=1,2,...,1

As a biological equivalence, the first equation represents a synaptic operation
in which the signal through the synapse is multiplied by the synaptic weight
(the past experience, memory), and the second and third equations implement
a somatic operation that consists of the summation of all the synaptic outputs
and the threshold. The nonlinear operation on this summation is shown in
Fig. 4.17b. Equations (4.37) and (4.38) may be rewritten as

. Ni—1 . . .
) = 3w, zh Y =1
=0 (4.39)

:cg-i) = o(sé-i))
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where sg-i) is the output of the linear combiner corresponding to neuron
(4,7), wgze) is the connection weight between the output of neuron(i — 1, ¢)

and neuron(i, j), x(gi‘l) is the output of neuron(i — 1,¢), and o(.) is

. . R . . 0
the nonlinear activation function. Indeed, for convenience, let a% ) & Ty,

(¢ = 1,2,...,n9 = n) be the fth input of the network and ng), (¢ =
1,2,...,na = m) the fth output of the network. A multidimensional output
vector from layer (¢ — 1) is then used directly as an input vector to layer é.

The augmented forms of the neural inputs and neural weights, as introduced
in Chapter 3, may be written as

i— i—1 i—1 i—-1 j— 1 i—1
5'3((1 D [mg ) .’I,’g ) a:g U :vgz 11)} , a:((] )_———1
i i i i i 1
w(j) = [wj(.o) wgl) w](; . wj(- )z_ 1]

The introduction of the augmented output vectors and the weight matrices
is due to the existence of the thresholds in the nonlinear neural activation
function. With these notations, the operation equation or transfer function of
the network can be written, therefore, as

(i))ngi—l)

= (w%

(1)
S ajf

| (4.40)
a:;.l) = a(sy))

i=1,2,..., M;j=12...mn

The total number of the weights np in such a MFNN is, thus, given by

M M
nT:§ ns—lns+§ Ns , Nog="n
s=1 s=1

where the first term is the number of all the synaptic connection weights and
the second term represents the number of all the thresholds.

An explicit representation of the input—output relationship of the network
with n-dimensional input vector & € " and m-dimensional output vector
y € [—1,1]™ may be given as follows

y = o(s™)
= (WMo, (D)
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= O'(W(M)a'a(W(M Vog(--

>

where
s® =[s§i) sg)
and
wi = [l wl)
Cwly  wi)
oy ol
L wff,-)o w7(:1)1

FWO) wM-1)

aa(ng)ma))))
w z) e g™ 4.41)
s(z ]T
wi) ]
w) e, ]
wgy o wh
wSI)Q e w%l'b}nz 1 4

A diagram representation of this nonlinear mapping is given in Fig. 4.18.
Since the nonlinear activation function o (.) is continuous and differentiable,
the mapping function f(.) in Eqn. (4.41) is a continuous and differentiable

nonlinear function from the input space to the output space.

Therefore,

the nonlinear mapping function f(.) in Eqn. (4.41), which contains many
synaptic weights, may be considered as a nonlinear neural mapping function
from the input pattern space to the output pattern space, where this mapping

o]

x, € R" — _
ﬁl f: ‘1!'”' - l.‘."'. M-1)

Figure 4.18 Nonlinear mapping implemented by an M -layered feedforward neu-

ral network.
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function is formulated through the process of learning as opposed to being
preprogramming as done in the conventional methods. In other words, in
the MFNN architecture, the input information is fed forward recursively
to the higher hidden layers, and finally to the output layer. It is for this
reason that the networks are also called propagation networks (Hecht-Nielsen
1989). Since the input—output relationship of a MFNN is described by static
algebraic manipulations, the neural outputs are computed in a straightforward
fashion. Note that the MFNNs are static neural networks and do not have any
dynamics. However, an extension of MFNN to dynamic neural networks will
be introduced in Part III of this book.

4.3.2 Extension of the Generalized Delta Rule to
General MFNN Structures

As seen in the previous section, the ds-based backpropagation paradigm pro-
vides a weight learning procedure for a static MFNN and is one of the most
important approaches to the training of such neural networks. The interest
in this backpropagation paradigm and its algorithm structure is due to the
function of the progress that makes it possible to propagate the output error of
the network from the output layer to the hidden layers and, thereby, to adapt
the synaptic weights.

4.3.2.1 Formulation of the BP Algorithm

Assuming that the discrete-time desired output vector d(k) is given, it can be
concluded that, as will be seen in a later discussion, based on the BP algorithm
developed for a two-layered feedforward neural network by Rumelhart et al.
(1986), an extension version of the BP algorithm to the M -layered MFNN,
which minimizes the error function E defined in Eqn. (4.17) as the summation
of squares of the differences between the desired output d(k) and actual neural
network outputs y(k), may be given as

R

aj

= ne; 0/(3(.i)):1:(i—1) (4.42)
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where
. LYo : .
(51(.1) £ — ) zey)a/(sgz)) (4.43)
ds;
(5 _ sy (i4+1)  (i+1)
e = > & (4.44)
=1

The starting condition for the recursive calculation is given from the output
layer as follows

5™ = eMg! (M) (4.45)

with

eM e =dj—y, (4.46)
For an individual neuron the above weight learning algorithm is schematically
shown in Fig. 4.19, and the feedforward and backward signal processing in
Fig. 4.20. Here, the feedforward path is used to propagate the input function
signal while the backward channels are designed for transmitting the output
error signals.

V=1 neuron(i, j)
e 2
S
(i-1
i T S O
) > > —
| 1
| !
zg:i),l Jni—1
é i_z |<——-‘ n |e <
_ y,

Figure 4.19 Backpropagation (BP) algorithm for the adaptation of the weights
wy of the neuron(i, 7).



4.3 BACKPROPAGATION (BP) ALGORITHMS FOR MFNN 137

(Neural layer i) (Neural layer (i +1))

2 =1 newron(i +1,1)

:Lu-lr

neuron(i, 1)

201
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Figure 4.20 Schematic representation of the forward propagation process of the
function signal (—) and backpropagation of the error signat (- - - -)
between the layer 7 and the layer (i + 1).
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4.3.2.2 Recursive Computation of és

The updating formulations given in Eqns. (4.42)—(4.46) involve a recursive
calculation of the §s gradually from the output layer to the lower hidden layers.
A derivation of the preceding equations now follows. As key variables in the
algorithm, the error partial derivatives Js are first determined as follows:

6(i) A OF
T dst
J
n ng ng m +2 +1)
-LE-BRadEE
- - m m—1 h +1
=10y 1=1  fipa=18; 1= 1833 )3( ) 652+1) 33@2
i+l M -1
€i+l:1 fpm=14p_1=1
n’iz OE 3s(m) 88(“—2) 832111)
m—1 1) 7
o2y 05 Bsy ) Bs ffjl GO%
where
(i+1) & 23
by T a (z—+—1)
'L+l
DD R S A
= (m m-— i+1
Ly=1€p_1=1 lijo= 18 )Bsgm_l) 681(3:1)
Thus
O _ S aydsy,
1) __ it i+1
5j - Z 5Zi+1 P) ()
£ip1=1 S¢;

For convenience, the subscript ¢_; is replaced with ¢. The relationship

between sgiﬂ)

(#)

and s;

i

sgiH) = Z w

p=1

(i+1)

i i+1
ép 0(81(7)) +0/g+ )

implied by the following network equation
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yields
i TR
— =w,. o(s:’)
68;2) 4 J
Therefore
. Titl .
652) _ Za(i-}-l we;+1)0"(8§2))
= eWg'(s) (4.47)
] J :
with
Ni4+1
25(z+1) (H—l (448)

The gradient of E with respect to the weight vectors is

OE 1 9E 9s)
8w((1? 83(1) Bw(z)

where the second term on the right-hand side depends only on the neuron
characteristics, and is not related to the error measure index E. Moreover,
since

dsy) {mff), if 0=

aw[(jj) 1 o otherwise
one obtains
0E _ OE 05
B'w((jj) 8s§-i) 6w((jj)

=~z (4.49)

Hence, this shows the derivation of the backpropagation algorithm described
by Eqns. (4.42)—(4.46). During such a BP learning phase, each pattern pre-
sentation in the output components differs, in general, from the corresponding
desired (target) components. After a batch of presentations, corrections are
made to the parameters of the neural network described by the weights and
thresholds that minimize the mean squared error E.
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So far the term backpropagation has been used to represent an entire su-
pervised learning algorithm, complete with a particular choice of the neural
transfer function and the weight updating rule. On the other hand, it is often
convenient to use it in a more restrictive sense to represent the single compo-
nent of this algorithm that determines the relevant partial derivatives by means
of the backward pass. In this sense, it is simply a computational implemen-
tation of the chain rule. Thus, the backpropagation learning algorithm is a
supervised learning algorithm that uses backpropagation to compute partial
derivatives.

4.4 DERIVING BP ALGORITHM USING VARIATIONAL
PRINCIPLE

The BP learning algorithm has recently emerged as one of the most efficient
learning procedures for MFNNs. One reason for the success of this algorithm
is its simplicity. In fact, the BP algorithm is little more than an extremely
judicious application of the chain rule and the gradient descent method (LeCun
1988).

There are a number of approaches for deriving the BP algorithm. The
simplest derivation is the one presented in the previous section. Alternatively,
the variational principle may be used to obtain the BP algorithm formulations
as proposed by Fogelman-Soulie et al. (1987) and LeCun (1988). This
approach is inspired directly from the optimal control theory, which uses
Lagrange multipliers to find the optimal values of a set of control variables.
Variational calculus may help us find a function that minimizes an objective
function subject to constraints. A procedure for obtaining the BP algorithm
in terms of the variational principle is now reviewed.

4.4.1 Optimality Conditions

For a MFNN with M neural layers, the network or transfer equations of the
neurons in the different layers are

®

5. = (w((;) )ngf—l)

xg-l) = cr(sg.z) )
i=12,....M; j=12,...,m

The parameter optimization problem for a specific desired task may be de-

scribed as follows
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mln E = % mln Z (m)

To solve the problem described above, introduce the Lagrangian

M n; ] , ]
L=3Y =22+ 33 A (af —ols)

i)

where >‘§'

141

(4.50)

4.51)

€ R are Lagrange multipliers. As stated above, the Lagrangian

L consists of two terms. The first term is the squared output error while the
second term is due to the network equations that provide constraints on the

MEFENN parameters. The first variation yields

M n
L35 [ Zaand 2Ly (a_L_
il WOV 921" ow(!

It is easy to show that (Bryson and Ho 1969)

0L =0

(4.52)

(4.53)

is a necessary condition that defines a local minimum of the error function £
with respect to the network constraint equations. This single condition, which
totally describes the behavior of the network, implies the following optimality

conditions
_‘9% _0
BAj
‘9_{4_) —0
Barjl
oL —0
a (1)

aj

i=1,2,....M; j=12,...,m

(4.54)

(4.55)

(4.56)

Each of these equations represents one of the three elements of the back-
propagation network. The first equation defines the feedforward pass of the
network represented by the network equations and the second, the backward
propagation pass in terms of the gradient. The third equation does not imply
a direct way to update the weight vectors, but it does give the optimality

condition that must be fulfilled.
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It is easy to show that Eqn. (4.54) implies the network equations. From
Eqn. (4.55) we have

(+1)
@) (i+1) 50( )
AV = ; Ay —a o

= Z)\(’H wii Vo' (se(i + 1)) 4.57)

i=1,2,.... M—1; 7=1,2,...,m
and

MM = (g -2, j=12,...,ny (4.58)

The third optimality equation; that is, Eqn. (4.56) implies
oL A\@ 6a(s§-’))

_ = A L =0 (4.59)
Bw((fj) ’ 6w((1’}
that is
(&) re (N, .(i-1) _
2o ()l =0 (4.60)

This condition states that the weight vectors w ( ) correspond to a stationary
point of L, that is, a local minimum or a saddle point.

4.4.2 Weight Updating

Finding a minimum of the error function with respect to the weight vectors is
equivalent to finding a minimum of L while satisfying the network equations
and Eqn. (4.53). The network equations, Eqn. (4.57), and Eqn. (4.60) form
a complete system for the problem represented by a two-point boundary-
value problem (TPBVP). There is even no magical solution. Fortunately, the
gradient descent method provides the following weight iterative algorithm

oL

(z) (1)
i(k+1)=w,;(k) ~ 6 t(;])(k)

4.61)
1i=1,2,...,.M; j=12,....n
Substituting the results described by Eqns. (4.59) and (4.60) into the above
equation yields
W (k+1) = wl (k) + 1A (k)0 () (k)2 D (k) (4.62)
1=12,...,.M; 7=12,...,m
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which is equivalent to the BP updating formulations given in the previous
section with the following relations '

() @)
A j €;

@ ey — 50
Aja'(s;7) = 6

Itis clear that this derivation procedure is simpler than the derivation procedure
used in the last section with the gradient descent method and the chain rule.
The physical meaning of the equations are not difficult to show.

4.4.3 Transforming the Parameter Space

The gradient descent method based BP learning algorithm is often considered
as an iterative search for a minimum of the error function in weight space. In
some cases, however, it is interesting to consider the weights not as indepen-
dent variables or elementary variables, but as functions of some elementary
parameters in a parameter space. The functions of utilizing these elementary
parameters may be considered from two perspectives: (1) this allows the
designer to insert a priori knowledge about the task into the network (e.g.,
some equality constraints between some weights can be enforced to make
the network response invariant under certain types of input signals) and (2)
when the weight space is ill-conditioned or too complicated to search, appro-
priate transformations can be applied to improve its geometric properties and
accelerate the learning.

For this purpose, one may assume that the weights are functions of a
np-dimensional parameter vector p € J"'»:

'w,(n) = wff} (p)

Then, the optimality condition given in Eqn. (4.53) becomes

oL _ o (4.63)

or equivalently

"5 T pul b

Thus, an iterative algorithm for the parameter vector may be obtained as
follows

p(k +1) =p(k) — n%fk) (4.65)
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that is

(1)
p(k+1) = p(k) +nZZA<’)<k (s (k) duws) 2l (k) (4.66)
i=1 j=1 p(k)

It may also be assurned that several weights share a single parameter p. This
then provides a method of implementing equality constraints between the
weights with very little overhead.

45 MOMENTUM BP ALGORITHM

One of the most common variants of the standard BP algorithm is the mo-
mentum algorithm. In order to avoid oscillations due to a large 7 for rapid
learning and the acceleration of the learning speed, a modified version of
the backpropagation learning algorithm may be derived using the concept of
momentum term suggested by Rumelhart et al. (1986).

4.5.1 Modified Increment Formulation

Let a new output error index at the current time k£ be based on the overall
measure of the error among all the past and current patterns as

k
Em(k) =) E(p) 4.67)

where
PR 20
EZ J

is the quadratic error function and m is the number of neural outputs. Then,
the gradient of the error function F,, with respect to the weight vectors is as
follows:
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k
= Y Pz
p=1
) ' k=1 .
= 89Kk =Y 6P )2t V(p) (468
p=1

Hence, using the gradient descent method, the incremental change for the
weight updating may be expressed as

i OFE,.(k
Awi(k) = ———((i))
6waj

k—1
= P ®i k) +nY 8 p)al ™V (p)
p=1
Note that the previous incremental term at time & — 1 is defined as
Ak 1) = ~2EmlE-1)
“ ow'?
aj

k—1
= 7Y 68 V)iV (p)
p=1

Thus, the weight vector updating process given in the standard generalized
delta rule may be modified as
w)(k+1) = wl) (k) + Awl (k)

with

Awl) (k) = 06 (k)2 (k) + Aw (k- 1) (4.69)

Let us introduce a parameter a, 0 < a < 1, called the momentum constant,
in the second term on the right side of Eqn. (4.69).

Awl)(k) = 1) ()2E D (k) + aldwl)(k~1)  @70)

i=1,2,....,M; j=12,...n

In practice o is usually set between 0.8 and 0.9. The second term on the right-
hand side of Egn. (4.70) is a momentum term that determines the influence of
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the past weight changes on the current direction of movement in the weight
space. In this algorithm, an inertia function is built in, and the momentum
in the rate of change is conserved to some degree. In fact, evaluation of the
system output error over a large number of steps in the updating process to a
solution will generally show that a finite o tends to dampen the oscillations
but can also serve to slow the speed of the learning convergence. It will be
shown analytically below that adding the momentum term is beneficial when
the values 1 and « are well chosen.

4.5.2 Effect of Momentum Term

To further explore the function of the momentum term in the modified formu-
lation given in Eqn. (4.70) for the weight updating process, consider a scalar
form of the incremental formulation for each individual weight given by

AwS) (k) = 08 (B)zy D (k) + aduwl (k —1) @71

i=1,2,...,M; j=1,2...,n5 £=0,1,2,...,m_1

For convenience, omit the superscripts and subscripts in this equation and
define

g(k) = 6 ()l ™V (k)

where g(k) is the error gradient. Then, the momentum equation, Eqn. (4.71),
can be reexpressed as

Aw(k +1) = aAw(k) + ng(k) (4.72)
Note that a first-order linear difference equation of a general form
z(k + 1) = a(k)z(k) + b(k)
has as its solution

k k
z(k +1) = [ [ a(é)a( Z H (0)b(5)

14=j+1

The momentum equation, Eqn. (4.72), can then be rewritten as

Aw(k +1) = o*Aw(l) + T]Zak I9(4) 4.73)
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since a(k) = a and b(k) = ng(k).
On the other hand, since

{ Aw(k+1) =w(k + 1) — w(k)
Aw(1) = w(l) — w(0) = ng(0)

Equation (4.73) becomes
k .
w(k+1) =w(k) +7Y_ oF7g(j)
=0

This, in turn, is a first-order difference equation in w, which can be solved in
the same way

alk) = 1

k .
bk) = 03 o g(j)
j=0
Thus
E k-

4
wik+1) =w0) +nY oY g(j)
=0

J=0

Now assume that the error gradient g(k) is approximately constant in a certain
region of the weight space:

glk) = glk—1) =g

Hence,
k

w(k+1) =w(0) +ng Y _(k— €+ 1)af
=0

Expressing the finite sum as a difference of infinite sums, and simplifying
gives

w(k + 1) = w(0) + ng

(k+1) iae — (1 —oFth ifo/}

Using the binomial series expansion, this can be rewritten as

k _ k1
w(k +1) = w(0) + ng [%1} {1—(1ki‘1 )1f‘a] (4.74)

for || < 1.
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Learning rate: 7= 0.1
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Iterative time (k)
(a) The standard BP algorithm with the learning rate n = 0.1
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Learning rate: 71=0.1, a=10.9 ‘

Error: € = (d —y)
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(b) The momentum version of BP algorithm with the learning rates = 0.1
and o = 0.9

Figure 4.21 Example 4.2: simulation results for a XOR network comparing the
speed of convergence without and with the momentum term.
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This equation indicates clearly the effect of the acceleration term « on the
weight update formula. If the gradient is relatively small, as in a plateau, the
weight increment is small, and the number of iterations to cross the plateau
can be quite large. As k becomes larger, (1—of*1)/(k+1) becomes smaller,
and the effective acceleration factor approaches 1/(1 — «). The effect of the
momentum term for the narrow steep regions of the weight learning space is to
focus the movement in a downhill direction by averaging out the components
of the gradient which alternate in sign.

Example 4.2 In this example, we will reconsider the solution for the XOR
problem given in Example 4.1 in Section 4.2. For the initial weight values
given in Example 4.1, and as illustrated in Figs. 4.12 and 4.21a, the standard
BP algorithm with a learning rate = 0.1 takes as many as 10,070 learning
cycles, or equivalently 10,070 x4 =40,280 iterations, to train the threec-neuron
network for implementing a two-variable XOR function. But the momentum
version of the BP algorithm with the learning parameters » = 0.1 and o = 0.9
performs the learning task, as illustrated in Fig. 4.21b, in only 877 cycles, or
equivalently 877 x 4 = 3, 508 iterations. Obviously, the convergence speed
of the learning process may be improved through a suitable selection of the
parameters 77 and a. |

4.6 A SUMMARY OF BP LEARNING ALGORITHM

4.6.1 Updating Procedure

The key distinguishing characteristic of a MENN with the backpropagation
learning algorithm is that it forms a nonlinear mapping from a set of input
stimuli to a set of outputs using features extracted from the input patterns.
The neural network can be designed and trained to accomplish a wide variety
of nonlinear mappings, some of which are very complex. This is because the
neural units in the neural network learn to respond to features found in the
input. By applying the set of formulations of the BP algorithm obtained in
the previous subsection, a calculation procedure of such a learning process is
summarized in Table 4.3.

In the procedure listed in Table 4.3, several learning factors such as the
initial weights, the learning rate, and the number of the hidden neural layers
and the number of neurons in each layer, may be reselected if the iterative
learning process does not converge quickly to the desired point. This issue is
dealt with in Section 4.7.
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Table 4.3 The summary of the BP learning algorithm for MFNN

Given a finite length input patterns x; (k), mz(k) zn(k) eR, (1 <
k < K) and the desired patterns dy (k), dy(k), .. (k) eR,
Step 1:  Select the total number of layers M, the number m; (i = 1,2,
..y M — 1) of the neurons in each hidden layer, and an error
tolerance parameter ¢ > 0.
Step 2: Randomly select the initial values of the weight vectors wl(l?
fort=1,2,...,Mandj=1,2
Step 3: Initialization:
'w(? — 'w(z)(O), E—0, ke—1
Step 4: Calculate the neural outputs
j i i-1
sgz) — (ng))ng. )
a:§~i) = a(s(l))
fori=1,2,...,Mand j=1,2,...,m
Step 5: Calculate the output error ¢; = d; — $§-M) forj=1,2,...,m.
Step 6: Calculate the output delta’s 5§M ) eja’(sg-M)).
Step 7: Recursively calculate the propagation errors of the hidden
neurons
. Ni+1 . .
+1), (i+1
o) = 3 o
=1
from the layer M — 1, M — 2, .., to layer 1.
Step 8: Recursively calculate the hidden neuronal delta values:
@ _ @ _r ()
6, =e;0'(s;”)
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Step 9. Update weight vectors
@ _ .0 (@) ,,(i-1)
W, =W, +n6j T,
Step 10: Calculate the error function

1
— 2 : 2
E=F + E ej

Step 11: If £ = K then go to Step 12; otherwise, k — k£ + 1
and go to Step 4.
Step 12: If £ < ¢ then go to Step 13; otherwise go to Step 3.

Step 13: Learning is completed. Output the weights.

4.6.2 Signal Propagation in MFNN Architecture

In a MFNN, with the backpropagation learning algorithm presented in the
previous sections, the information propagation is performed in two directions
on the synaptic connections. The input signals are propagated forward from
the lower neural layers to the higher layers, and meanwhile the output error
signals are propagated backward from the neurons in the output layer as shown
in Fig. 4.22.

______ signals in forward
direction

——————— output error signals
in backward direction

Figure 4.22 An example of a backpropagation network.
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In addition to the feedforward information processing path mentioned pre-
viously, each unit of each layer receives an error feedback connection from
each of the units above it. In fact, after the network output y(k) is emitted
through a feedforward path at time k, each of the output units is supplied with

Table 4.4 Neural processing in feedforward and feedback paths

Forward Path

Synaptic Processing

Neural inputs used: Y (where :c((f_l) =1)
Weight value used: 52

Local memory value used: None

Output: (’) (=1)

Weight and local memory

value update: None

Somatic Processing (Input and Hidden Layers)
(1<i<M-1)
Input used: w(l)zéz D, ;il)argi—l), T
Local memory value used: None
: i i—1
)= (2, e )
(z) _ 5 @D

J PJP

@ -1

Output:
Local memory value stored:

Somatic Processing (Output Layer)

Input used: wgéw)ng b w“l‘”)ng b,

(M ) (M-1)
J’nM 1M1
Local memory value used: None

Sigmoid output: yj = o wggf (M- 1))
Linear output: =y, w(M) (M 1)

Tp
(M) 5 g -1

Local memory value stored:  s; pWip Tp

Jni—1 -1
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Backward Path

Synaptic Processing

Input used: 6(i+1)

Weight value used: (Hl)

Local memory value used: (>

Output: J(’H)(Sj(zﬂ)

Weight and local memory (’H)(k +1) = (’H) (k)

value update: +7]5(z+1) (k)a:(l)( k)

Somatic Processing (Input and Hidden Layers)

(1<i<M-—1)
Input used: (l+1) (5(%-4-1) (i+1) 5(i+1),
= ) 5(1—}—1)
N Wy 15041
Local memory value used: sgl)
Output: 5](_2') =o' 3;1)) 5, wZ-H) 5§z+1)

Local memory value stored: None

Somatic Processing (Output Layer)

Input used: d;

Local memory value used: s(-M), Yj

Sigmoid output: J(M ) — a'( §.M ))(dj —y5)
Linear output: JJ(M) =dj — yj

Local memory value stored: None

its component of the desired output vector d(k), starting the second backward
sweep through the network (the backward path as shown in Fig. 4.23). For the
neurons in the output layer, the somatic operations give 6§.M_1) and transmit
these to their synaptic operations. The synaptic operations then update their

weights and transmit the values wﬁ;f 5§M_1) to the neurons in the lower layer.
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This process continues until the neurons of layer 1 have been updated. The
cycle can then be repeated. In short, each cycle consists of the inputs to
the network “bubbling forward” from the input node to the output node of
the network and then the errors “percolating back” from the output node to
the input node of the network. Furthermore, these information processing
procedures in the forward and backward paths are summarized respectively
in Table 4.4.

Local
memory
wt ) 6w e ) AuE) (k)
88 (k)
‘_
Local
memory
sV (k)
y
! ; .
a'(.) wﬁ-ﬁ)(k) 6§Z+1)(k)
59 (k) v

W k) § G (k)

nH—lj

(b) The somatic operation

Figure 4.23 The backward information processing of neuron(s, ).
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4.7 SOME ISSUES IN BP LEARNING ALGORITHM

Although, the BP learning algorithm provides a method for training MFNNs
to accomplish a specified task in terms of the internal nonlinear mapping
representations, it is not free from problems. Many factors affect the learning
performance and must be dealt with in order to have a successful learning
process. Mainly, these factors include the initial parameters, learning rate,
network size, and learning database. A good choice of these items may greatly
speed up the learning process to reach the target, and we will discuss some of
these issues in the following sections, although there is no universal answer
for these issues.

4.7.1 Initial Values of Weights and Learning Rate

4.7.1.1 Random Selection for Initial Weights

The values of the weights selected initially in the weight space for the BP
learning algorithm are one of the most important aspects that affect the learning
procedure. The learning convergence, however, is theoretically independent
of this initial point. It is difficult to choose the initial value of the weights
so that it is as close as possible to one of the global minima in the weight
space. Since a priori knowledge about the global minima is limited, the initial
weights must be estimated. It is common practice to initialize randomly the
weights with small values, for example, between -0.5 and 0.5. A simple
methodology for selecting a better starting point is one that first chooses a
few sets of the weights, and calculates the error function for these different
sets. Finally, a set of the weights that correspond to the minimum value of the
error function among these selections is made. It is obvious that the learning
procedure does not function well if the initial values of the weights are set at
the same value. The convergence of the learning procedure will not be ensued
if the initial point is too far from any minimum point. In such cases, the
network learning should be restarted with a new choice of the random initial
weights.

4.7.1.2 Learning Rate Adaptation

The learning rate 7, which determines the scale of the increments of the weight
at every updating step, definitely affects the learning performance. Roughly
speaking, an excessively large learning rate value may cause chattering or
unstable oscillations while a very small learning rate n may slow down the
learning procedure. In the conventional BP algorithm, described in the pre-
vious sections, the learning rate is assumed to be fixed and to be uniform for
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all the weights. Further, the learning rate is usually kept small to prevent
oscillations and thus to ensure convergence.

Analytically, at the beginning of the learning, a larger learning rate %
is required to move the weights rapidly toward the minimum point since a
larger distance usually exists between the current point of the weights and
the minimum point in the weight space during the initial stages of learning.
A smaller learning rate is suitable for the final stage of the learning to avoid
overshooting the solution. On the other hand, with a different surface of the
error function in the weight space, which is associated with both the network
structure and the task especially when the error surface has a broad minima
with small gradient values, a larger value of the learning rate will result a
more rapid descent. However, for cases with steep and narrow minima, a
small value 7 should be chosen to guarantee the learning stability. This leads
to the conclusion that the learning rate 7 should be properly chosen so that it
reduces the learning time and thus obtains a faster convergence.

To select adaptively the learning rate 7, many attempts have been recently
carried out by researchers. Some of the results will be presented in the
following discussions. The search-then-converge strategy was proposed by
Darken and Moody (1991) and is a task-independent approach. This approach
provides an adaptive formulation for » that is only a function of the learning
time. In the first phase of learning, which is also called the search phase, the
learning rate is set to a large value and then it is decreased exponentially. In
the second phase, or the “convergent phase,” the learning rate is set to a small
value and then is decreased gradually to zero. The two possible formulations
for n proposed by Darken and Moody (1991, 1992) are

n(k) = h : E (4.75)
and
14 £k
n(k) =10 mko (4.76)
1+ ﬁ%kﬁo + ko (k]%)

where the parameters o > 0, ¢ > 0, and k > 1 are appropriately chosen.
Since n(k) is not very sensitive to the choice of the constant &, the range over
which it may be chosen is large. It has been indicated that the adoption of
these algorithms with the proper choice of parameters may have the potential
for improving the convergence of the speed.

It is evident that the disadvantage of the preceding algorithm is linked
with that of the characteristics of the network. In fact, the value of adaptive
learning rate value should be kept as large as possible at each iterative step
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while retaining a stable learning process. To implement this goal, one of the
simplest heuristic strategies for adapting 7 is to increase it if the total error
function E is decreased and to decrease it rapidly if the new error exceeds the
old error by more than a prespecified ratio. Mathematically, this process is
described as (Vogl et al. 1988)

anlk —1), Ek)<Ek-1)
nk) =4 bn(k—1), E(k)=aEk-1) 4.77)
n(k —1), otherwise

where typical values of the parameters are ¢ = 1.05, b = 0.7, and q = 1.04.
Except for the preceding adaptive algorithms for the learning rate that has
a uniform parameter for all the weights, some local algorithms that consider

the adaptation process for each learning rate parameter 7?? corresponding

o . (4)
to the individual weight parameter (O

weight parameter wj(.? involved in the network is updated by the BP algorithm

equation

are useful. In other words, each

@ _ @ OF
ij; = - jjza ()
oy

= 77](.? ey) o (sgi))xy_l) (4.78)

where nﬁ? is a learning rate parameter.

To solve this problem, the following heuristics were introduced by Jacobs
(1988):

(i) When the gradient component 0F/ 8w§? has the same sign for several

iterations, the corresponding learning rate 77§2) is increased;

(i) When the gradient component changes sign for several consecutive time

steps, the corresponding learning rate 17J(.? is reduced exponentially to

allow rapid decay.

On the basis of these heuristics, a delta—bar—delta algorithm for adapting

the learning rate n(.? at each iteration time was developed by Jacobs (1988) as

7
o 0y +a, i 85 (k—1)8% (k) >0

M= b, i 8 (k-1)5) (k) <0
0, otherwise
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with
OE(k)

8w§?

57 (k)

5Pk —1) = (1-6)8%(k)855 (k- 1)

where a is a parameter for an additive increase and b is a parameter for an

exponential decrease in the learning rate 717(.?, and 8 is a momentum parameter.
The typical ranges proposed for these parameters are

1074 <a<0.1
0.5<b<09
0.1<0<07

On the other hand, if the momentum version of the BP algorithm is applied
to train the MFNN, an adaptive process for both the learning rate 7 and the
momentum parameter « may speed up the learming procedure. One of the
simplest and most efficient algorithms with the locally adaptive algorithm for
the problem was proposed by Silva and Almeida (1990). This algorithm is
given by the following batch formulations

i i | OBk
Awl (k) = —p | 228
0)

; ; + BAY (k - 1)

where the learning rate is computed at each instant by

@) .o OE(K) OE(k—1)
an; if =+ :
e 0w owl)

>0

@& _
Mg = .
bnj(.? , otherwise
The recommended values of the parameters were obtained as

1.1<a<13, 075<b<09 axb!
7y =107, f=0.1

4.7.2 Number of Hidden Layers and Neurons

It is known that the BP learning algorithm may be used to train a layered
neural network because of its efficiency. In addition to the issues of selecting
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the initial weights and the learning rate, the optimal numbers of the input
and hidden neurons as well as the hidden layers are not known in advance.
Usually, they have to be determined by trial and error. A structural capability
of a MENN for implementing a nonlinear mapping is the basic requirement
for ensuring a successful learning for a desired task. Naturally, this capability
may be guaranteed by the neural network structure being assigned a sufficient
number of hidden neural layers and hidden neurons. From the computational
point of view, one always demands as few as possible hidden layers and input
and hidden neurons. Thus, the term optimal structure is defined here as the
network that has the fewest hidden layers, and input and hidden neurons, and
that is capable of performing the given task.

A simple example is given in Fig. 4.24 to explain this fact. To implement
a two-variable XOR logic function, the optimal structure is a two-layered
network with three neurons given in Fig. 4.24b. In fact, if the input neurons
are reduced from two to one as shown in Fig. 4.24a, the network is incapable
of realizing the function. On the other hand, as shown in Fig. 4.24c, even if
the network with three input neurons is employed to implement the problem,

Iy
Y
Z, T2
(a) The network with only single (b) The network of two input neu-
input neuron fails to implement rons is an optimal structure
the XOR logic function

(c) The network with three input neurons increases the complexity

Figure 4.24 Two-layered network implementing the XOR logic function
y=f(z1,22) = 1 D x2.
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the unnecessary complexities of the network structure and computations are
increased.

Although the number of the output neurons may easily be decided for
a specific task, there is no universal criterion to determine an appropriate
number of inputs and hidden units. However, a strict mathematical proof, as
will be seen in a later chapter, has verified that networks with only an input
layer; that is, without hidden layers, are always capable of approximating
the arbitrary nonlinear mapping function. It seems sometimes that a network
with two hidden layers solves the problem easier than does a network with a
single hidden layer. In this case, the word easier indicates that the learning
procedure converges faster. It has been suggested that networks with more
hidden layers and fewer units in each layer may generate a better performance
than “shallow” networks with many units in a single layer. However, narrow
networks with many hidden layers are harder to train than the broad networks
with one or two hidden layers.

Selecting the appropriate number of the neural units involved in the input
and hidden layers is rarely as straightforward as determining the number of
the input and output neurons. To solve this problem, two approaches of
dynamically changing the number of input and hidden units may be used to
optimize the structure during the learning process. The first approach (Hirose
etal. 1991) initially uses a reasonable small number of input and hidden units
for the learning. When a learning procedure is trapped in a local minimum,
new input and hidden units are added. The learning process then proceeds
because the shape of the weight space is changed. A simple example is given
in Fig. 4.25, where a two-variable XOR function problem is considered. In
the second approach proposed by Sietsma and Dow (1991) a network, having
a larger number of the hidden units than actually required, is constructed.
Redundant units are then gradually removed during the learning process. An
example given in Fig. 4.26 is used to explain the procedure described above.

Initial structure Optimal structure

Add

(a) Initial network (b) Adding a new unit  (c) Optimal network structure

Figure 4.25 Optimizing network size by dynamical adding hidden units.
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Intial structure

@) l);:'..- e
rJL?]-\‘il‘
(a) Initial network structure  (b) Deleting a unit  (c¢) Deleting another unit
Optimal structure
. £ . { )
- ”j, =
Delete
(d) The network is incapable of (e) Optimal network structure
learning if one more unit is
deleted

Figure 4.26 Optimizing network size by dynamical deleting hidden units.

It seems that the former has a more practical potential for finding a proper
network size. There are two advantages of the approach in which we add
dynamically new units:

(i) The computation complexity will increase slowly when a new unit is
added to the input or hidden layer;

(i1) The optimal size of the network may always be obtained through such
an adjustment.

An important step involved in such an iterative procedure is the approach
for monitoring and examining the occurrence of the local minimum during
learning. To decide when and how the input and hidden units should be added,
Hirose et al. (1991) used an algorithm to conduct this task. In case the error
function does not decrease or decreases very slowly, for example, less than
1% every 100 iterations for the weights, then the network is probably trapped
in a local minimum or the number of input or hidden units is insufficient to
ensure convergence, and a new input or hidden unit is added. The network
is trained again, and if the error function F fails to decrease by more than
1% within the next 100 iterations of the learning, another unit is added to the
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input or hidden layer. This procedure is repeated until the network eventually
converges.

4.7.3 Local Minimum Problem

An ideal learning technique for the weights of a MFNN should search for an
optimal set of weights corresponding to a global minimum point of the error
function that is a hypersurface in the weight space. In fact, the hypersurface
of the error function may contain many global minima that correspond to
different sets of the weight permutations because a MFNN with different sets
of the weights may have the same output properties. However, the gradient
descent method based on the BP algorithm ensures that the converged point is
only a local minimum or even a saddle point. Generally speaking, the gradient
descent algorithm may reach a stationary point that is either a point of the
local minimum or a saddle point. Thus, the phenomenon of the local minima
as shown in Fig. 4.27 may occur in the BP learning procedure. Usually, these
local minima correspond to a very high level of the error surface.

Let E(w) be an error function with w € R*. Usually, a local minimum
occurs when the partial derivative 0E /0w is zero or very small but E(w) is
still at a very high error level. Theoretically, in a gradient descent method the
searching algorithm with

E
A'IU:—’I]%‘)—:O

Local minima '\ Local minima

Global minimum

w

Figure 4.27 Global minimum and local minima of the error function: a one-
dimensional example.
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or

dw OE

i ow
would be stopped. Even though E(w) is at a higher level in the weight space,
the output errors of MFNN described with the weights learned are unaccept-
able. Naturally, the gradient descent searching is not capable of dropping the
iterative learning from the local minimum and continuing the learning toward
the global minima. At this point, an automatic judgment process for both the
magnitudes of the error function and the measure of the gradient vector must
be incorporated into the learning process to avoid nonstop iterations occurring
at a local minimum point. If the updating procedure indicates that there are
zero gradient vectors and an unacceptable error function, the procedure must
be restarted by a new permutation of the initial weights, a new learning rate
parameter, or a new network size, so that an acceptable value of the error
function is finally obtained. Of course, if the surface of the error function
is a monotonic function of the weights and does not have a local minimum,
the gradient learning procedure will always converge to the global minimum.
However, the descent speed becomes very low near the global minimum point,
and a smaller learning rate is more effective during this period of learning for
avoiding the chattering.

0

4.8 CONCLUDING REMARKS

Multilayered feedforward neural networks (MFNNSs), as we have studied in
this chapter, are capable of solving complex problems as proved in many
engineering and science applications. In this chapter, we introduced the basic
notion of MFNNs with the network models and adaptive learning equations
as an extension of the delta rule discussed in Chapter 3.

The process of learning and adaptation associated with a MFNN was
demonstrated as key features of neural networks, and was explored in de-
tail by using the backpropagation (BP) learning algorithm. The mathematical
proofs, derivations, and equations of the BP learning algorithm presented in
this chapter provide a basis for further applications of MFNNs that are de-
scribed mathematically by a static nonlinear mapping for many science and
engineering applications. Several examples were used to help us to under-
stand the theoretical foundations. In summary, the following important results
were obtained in this chapter: (i) general mathematical model of MFNNs and
(i1) adaptation or learning equations for MFNNs by using the BP learning
algorithm. There are several factors that may affect the performance of a BP
learning algorithm as discussed in Chapter 5.
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Problems

4.1 Derive a continuous-time version of the BP learning algorithm for
the MFNN.

4.2 Consider the two-layered network with three input neurons and two
output neurons shown in Fig. 4.28. If an input pattern is given as

o)=Y

(a) Calculate sgl), sél), sgl), s?), ng), Y1, and yo;

(b) Given a desired output pattern
_{di | _| =10
a1 )= %]

rg=1 c()l)E 1

1
sg) Ig )

5

Figure 4.28 Problem 4.2: a two-layered feedforward neural network with input
layer (three neurons) and output layer (two neurons).
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calculate the error partial derivatives 6?) , 5%1) . 5:(51) , 552) ,and
52

4.3 InaMFNN with (M —2) hidden layers, let W((f) represent the weight
matrix of the layer i. Derive the matrix version of the BP learning
algorithm for the MFNN.

4.4 A two-layered network with two input neurons and a linear output
neuron is given in Fig. 4.29:

(a) Using the BP algorithm, train the three-neuron network with
a linear output neuron as illustrated in Fig. 4.29 to realize a
two-variable XOR function f(z,z2) = z1 S z2;

(b) Give ageometrical explanation for the realization of the XOR
logic in the pattern plane.

zo=1 mneuron(l,1)

1
U’%o)
ey 1)
a Wi L) neuron(2,1)
1
a8 UJ§2) (2)
1 Wi
Ty \
o)

neuron(1,2)

Figure 4.29 Problem 4.4: three-neuron network with a linear output unit for
implementing a XOR function f(z1,z2) = 21 & 2.

4.5 Using the BP algorithm, train a two-layered neural network with two
input neurons and one output neuron to implement the logic function

f(z1, 29, 3) = 22(Z1 + Z3)
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4.6 Given the following linearly nonseparable patterns

Class I: a:lz[(l)], mZI[?:}’
5
1

Class II: 5 = [

1 I
2|0 FOT| 2
|3 _ 1
Ty = 4 1 g = 1
(a) Design a two-layered network to classify these two class

patterns;

(b) Give a geometric interpretation of the nonlinear mapping
implemented by the network in the pattern plane.

4.7 A three-variable XOR function is defined as

y = f(z17$2a$3)
= (1’1@:132)@1‘3:1‘1@(.’132@1'3)le@xz@x:;

The eight learning patterns are given in Table 4.5. Using the BP
algorithm, train a two-layered network for the implementation of this
three-variable XOR function.

Table 4.5 Truth table of XOR function f(x1,z2,73) = 71 ® T2 ® x3

Pattern || Input ;7 Inputzo Inputzs | Outputy
A -1 -1 -1 -1
B -1 -1 1 1
C -1 1 -1 1
D -1 1 1 -1
E 1 -1 -1 1
F 1 -1 1 -1
G 1 1 -1 -1
H 1 1 1 1
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4.8 Give a geometric explanation for the three-variable XOR network
obtained in Problem 4.7 in the three-dimensional pattern space shown

in Fig. 4.30.
E(, -1,-1) G(l1,-1)
u: y = ].
B(-1,-1, 1) H({ 11 ®: Y= -1
I
o T2 A1 -1,-1) C(-1,1,-1)
I3
Fl,-1,1) D1, L1

Figure 4.30 Problem 4.8: three-dimensional pattern space for the XOR function
y = f(71,72,73) = 21 ® T2 B 23.

4.9 Find the optimal network size of a two-layered network that is capa-

ble of implementing the three-variable XOR logic function given in
Problem 4.7.

4.10 A two-element threshold network is illustrated in Fig. 4.31:

(a) Write the input—output equation y = y(z1, z2);

(b) Find a solution of the weights such that a two-variable XOR
function f(z1,z2) = z1$x2 isimplemented by the network;

(c) Give the separating plane provided by the network.

T2

Figure 4.31 Problem 4.10: two-element threshold network with two inputs.
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411 Atwo-layered feedforward network with fully feedforward interlayer
connections is given in Fig. 4.32:

(a) Give input—output equations for the network;

(b) Using the gradient descent method, derive a weight learning
algorithm for the network.

Neural
inputs

Neural
outputs

Figure 4.32 Problem 4.11: two-layered feedforward neural network with fully
feedforward interlayer connections.

4.12 Using the learning algorithm obtained in Problem 4.11, train the two-
input, two-neuron network shown in Fig. 4.33 such that a two-variable
XOR function is implemented by the network.

o=1

T

T2

Figure 4.33 Problem 4.12: two-layered feedforward neural network for imple-
menting a two-variable XOR function.
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4.14

4.15
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4.17
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Using the BP algorithm, design a two-layered feedforward network
to approximate the following nonlinear functions:
(@ 1= fi(z1,72) = sin(z1 + 2172 + Z2);

] + X122
b) s = folzy, p) = —L T T1%2
b))  y2 = folz1,72) T+ + 2

Show mathematically why the BP algorithm will not converge if all
the initial weights are selected as the same value.

Consider a sigmoid activation function o(z) = tanh(Az) where A is

the gain. If every neuron in a MFNN has a gain parameter /\?), derive
the updating formulation in terms of the gradient descent method:

OE
@
o

A)\g-i) = -9

Using the network equations of the MFNN, variational equation for
optimality and Eqn. (4.55), derive Eqn. (4.57).

Explain why the MFENN network equation [Eqn. (4.57)] and
Eqgn. (4.60) form a so-called a two-point boundary-value problem
(TPBVP). Give an alterative solution for this problem.

Verify the following partial derivative formulations of the outputs of
a MFNN with respect to the weight vectors

(M)
02; 505D

® e
ow,, ;
where

o oM W (0
b,y = ase Z o' (s¢”)

1, if j=¢



170 MFNNs AND BACKPROPAGATION LEARNING ALGORITHMS

4.19 When the weight updating is moving through a plateau region of
the error function surface, the gradient component OF/ 811)5.2) will
be approximated by a constant at each timestep. Show that in this
case the momentum BP learning algorithm may be approximately
represented as

0

)
. oF

l—a 3w§? (k)

Awf(k) = +oAw) (k- 1)

I

where 0 < o < 1. This result means that the effective learning rate
increases to the new value 7/(1 — «).
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The basic topics of multilayered feedforward neural networks (MFNNSs),
such as the network structures, mathematical descriptions, and backpropa-
gation (BP) learning algorithms were discussed extensively in the previous
chapters. Beyond these aspects, significant progress has been made on many
related issues. In fact, numerous extensions to the basic MFNNs with the BP
algorithm have emerged. Most of these were developed to overcome some of
the inherent limitations of the basic BP learning algorithms.

In order to provide a more comprehensive viewpoint of the neural net-
work structures and learning algorithms for MFNNs, some further problems
associated with MFNNSs are presented in this chapter. First, the alternative
error measure criteria for the standard BP learning algorithm, where a least
squares error index is employed, are addressed in Section 5.1. Complex regu-
larization techniques are then discussed in Section 5.2 for both improving the
generalization capability of MFNNs and pruning the networks. Sensitivity-
calculation-based network pruning techniques for the purpose of optimizing
the network structure and accelerating the learning phase are then studied in
Section 5.3. In Section 5.4, a procedure for dealing with the second deriva-
tives of MFNNS is discussed. To improve the convergence speed of the BP
algorithm, some commonly used second-order optimization methods are pre-
sented in Section 5.5. An important class of supervised learning algorithms
for static feedforward neural networks, the linearized recursive estimation
methods, are discussed in Section 5.6. MFNNs with tapped delay inputs and
outputs signals are introduced for applications such as system identification,
control systems, and channel equalization in Section 5.7. An application of
such neural networks for nonlinear adaptive control is studied in Section 5.8.

5.1 DIFFERENT ERROR MEASURE CRITERIA

As shown in Fig. 5.1, the BP algorithm, or the generalized delta rule, for the
weight learning involved in a MFNN can be interpreted as an optimization
process where one of the most important choices is the selection of an op-
timality index or error function that gives a suitable global measure of the
distribution of the errors. The choice of an appropriate error measure norm
can be crucial for obtaining a reasonable solution of the problem at hand.
Several criteria exist to define an optimality index. Among them, those based
on an L, norm (1 < p < 00) have the advantage of allowing an easy mathe-
matical formulation. In particular, the least squares (LS) criterion (I norm
criterion) is widely used because of its simplicity. In this section, we focus on
MFNNSs with a BP algorithm. A general framework is proposed within which
it is possible to justify the selection of a particular L, norm for carrying out
the BP learning procedure. On the other hand, if some stochastic factors are
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z (k) \ y(k)
i Network
Learning Neural network output

signal »

flw, z)

\ e(k)
— Learning
Learning algorithm Error error
_ A measure | Z }—»
w = w + nlAw E(k)

1 a)

d(k)

Task

Figure 5.1 The weight learning process for neural networks.

considered for MFNNSs, the choice of a particular Z, norm must be linked
to the particular distribution of the output errors because the particular I,
norm is an overall measure of the output error components. Consequently,
the effort is to define a correspondence between the error distributions and the
L, norms.

5.1.1 Error Distributions and L, Norms

The BP algorithm discussed in Chapter 4 relies on a quadratic error measure,
regardless of the output error distributions. The focal point of the following
discussion was developed by Burrascano (1991). It is to define a possible
link between the error distribution at the output of a MFNN and the L,
norms. Given a set of n-dimensional neural input vector x € ®* and an
m-dimensional desired neural output vector d € R, what is generally used
for the learning phase of a MFNN is an additive error function

m

E(w,x) :Zei(di,m) :ZD(di—yi(a:)) (5.1)
i=1

i=1

where D(.) denotes a distance measure between the ith desired output ¢ and
the ith current network output y;(x) for a given input . If we consider the
n¢-dimensional Euclidean space 3¢, where n; is the number of parameters
consisting of all the weights and thresholds involved in the network, the
learning algorithm provides a strategy to minimize the error function. The
point w defining all the weights and thresholds in the network configuration
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space (w € R™) is moved to obtain a network configuration approximating
the desired input—output mapping with a sufficient accuracy.

As shown by Denker (1986), Tishby et al. (1989) and Burrascano (1991),
it is possible to give a statistical description of the learning process. To
achieve this, we have to discuss the probabilities on the events (z, 4 |w), that
is, to give a probabilistic measure of having the desired neural output 4 in
correspondence to the neural input & when the network weight configuration is
w. Such probabilities should be, by definition, multiplicative for independent
samples. If such probabilities p(x, d;|w) exist, we can alternately train the
network by maximizing the likelihood of the learning set over the network
parameters:

P(z,d d; 2
i, Pl dw) £ wEWHN ) G2

A fundamental requirement is that this maximization of the likelihood must
be equivalent to the minimization of the additive error given in Eqn. (5.1)
for every set of independent learning points. The only way that these two
optimization criteria can be simultaneously fulfilled is if the error functions
are directly related through an arbitrary monotonic and smooth function ¢:

[[p(@ dilw) = ¢ (Z e, di|w)) 5.3)
i=1

=1

This equation puts a strong constraint on the possible form of p(x, 4|w). It
can be shown that the only solution to the functional equation [Eqn. (5.3)] for
the smooth positive error function e(x, d;|w) is given by

p(x, dijw) = z(l—mexp (~Be(a,difee) )
54
(0) = [ exp(~peta,clw) ) dedc

XD

where X € R" and D € R™ are the admissible sets of the input signal vector

x and the weight vector w, respectively, and 3 is a positive constant that

determines the sensitivity of the probability p(x, d|w) to the error values.
Moreover, let the error function be defined in the L, norm

e(x, d;|lw) = |d; — yi(x) P (5.5
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for # € X. If we can model the data distribution in the domain 7" with a
uniform distribution

1
piletw) = [ ol w)de = 6
T
then
_ _ plz,dilw) _ _

and, therefore, Eqn. (5.7) gives us the desired result: when the output error
function is defined in the L, norm, the consistent p(d; |z, w) is the generalized
Gaussian of the order of p

p(d;|z, w) = (ﬁ) exp (—0|d; — yi(x)|P) (5.8)
In particular, for p = 2 (the quadratic error function in the range T'), one has
di — yi(x)]?
p(di|z, w) = V2ro? exp (—[—25—2(ﬂ) (5.9)
with
1 T
= =k,/= 5.10
S C RN (5.10)

5.1.2 The Case of Generic L, Norm

In the backpropagation paradigm, as presented in the previous chapters, the
learning procedure is based on the minimization of a quadratic error measure
that is actually an error function defined by the square of the Iz norm of
the output error vector. Now, let us investigate how the generalized delta
rule must be changed in order to perform a minimization in the pth power of
the generic L, norm. We may reflect that the characteristic that renders the
backpropagation rule particularly interesting is the fact that the gradient of the
error function with respect to the weight vectors can be evaluated in a simple
way in terms of the definition of the derivative ds since

OF % 9 85

8w§? - Bs(z) ow, (l)

(®)
_ _5()85
7w (@)

aj
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where

@ oF
5j = ——

83?)

and the second term on the right-hand side depends on only the neural char-
acteristics, and is not related to the error measure index E. Furthermore, note
that the recursive algorithm for the ds of the hidden layers given by

(@) ~ (+1), (i+1)
i i+ it
5j = E 4, wy;

=1

must start from the initial condition given in the output layer:

(M) oF
5j

Bsg.M)

OE , (M)
= B—yjo () (5.11)
Thus, for a different definition of the error function F, only the formulations
for the derivative ds of the output layer have to be modified. In fact, when
the error function is defined in terms of the generic I, (1 < p < 00) norm as
follows

1 m
E= ];Z!dj — yj(x)[P (5.12)
j=1

one may easily obtain

OF _
e (dj - yj(ﬂ?)) |dj — ()P~
Yj
= —sgn(e;)|e;[P ! (5.13)
The formulations for the s of the output layer are then given by

5™ = —sgne;)les P o' (s5") (5.14)
On the other hand, it can be seen that a modified version of the delta formu-
lations for the output layer in the particular case of the L., norm may be of
some special interest. The problem of defining an L, version error function
of the generalized delta rule must be approached by showing how the overall
error measure £ is employed starting from the output error components,
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and how the derivative JE*°/ 8sl(i) can be evaluated. Let us define the error
function in the Chebyshev case as

Eoozmax[ldj—yj(mﬂ:j:1,2,...,m} (5.15)

where max|.] denotes a function selecting the largest component in the error
vector defined by [d — y(x)]. The preceding definition implies that the overall
error measure £°° equals the largest component of the error vector, while all
the other error components are neglected. Let us denote the index of this
output error component with j*:

dje ~ yje (@)] = max [ |d; = y;(@)] : j = 1,2, m]

As far as the output layer is concerned, one has

)y OE>®

M
st

_ 0, . if j#75
—sgn (dj — y;(x)) cr’(s;* )), if j=7j*

B 0, if j# 5"
T —sgn(e)a sy, i =57

Thus, the maximum output error in the output layer is propagated back to the
lower layers during the learning phase. In a practical updating process, this
unit with the maximum error must be determined at each instant.

5.2 COMPLEXITIES IN REGULARIZATION

The concept of generalization for a neural network is used to measure how
well the network performs on the actual problem once learning is complete. It
is usually tested by evaluating the performance of the network on the new data
set outside the learning set. As shown in Fig. 5.2, generalization is mainly
influenced by three factors: the number and performance of the learning
data samples, which represent how well the problem at hand is characterized,
the complexity of the learning algorithm employed, and the network size.
Generally speaking, a larger number of learning data samples can provide a
better representation for the underlying problem, and if a suitable learning
algorithm and network size are used, a better solution to the problem should
be obtained. The third factor, the network size of the generalization for the
neural networks, is discussed in the following text.
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Figure 5.2 Factors influencing the generalization for neural networks.

It is generally admitted that the generalization of performance of the back-
propagation architecture will depend on the relative size of the training data
and the trained network. However, it is observed that the BP networks are
sometimes very slow in learning. This is because the synaptic connection
weights, especially the hidden connection weights (connections among hid-
den neurons), are significantly smaller for a large network. This means that
the networks cannot utilize hidden connections efficiently. Thus, hidden neu-
rons cannot be appropriately used in speeding up the learning. This situation
is illustrated in Fig. 5.3. The network in Fig. 5.3a is a BP network in which the
hidden connections among the hidden neurons are inactive, while the input
and output connections are active. If the hidden connections are weak; that is,
the absolute values of the hidden weights are small, it is certain that the hidden
neurons are not appropriately used in speeding up the learning. As shown in
Fig. 5.3b, some hidden connections of the network are active. In this case,

O  Input neuron @ Hidden neuron O Output neuron

Strong connection Weak connection

(b) Some hidden connections are ac-
tive

(a) All hidden connections are inac-
tive

Figure 5.3 The status of hidden neural connections.
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the hidden neurons are expected to be used in improving the generalization as
well as speeding up the learning.

In order to adapt the size of the BP network and activate hidden connections,
an approach of complexity regularization may be applied. In this approach,
a term is added to the error measure function that discourages the learning
algorithm from seeking solutions that are too complex. This term represents,
in fact, a measure of the network’s complexity; that is, both the quantities and
number of weights. The resulting criterion or cost function is of the form

Cost = network error measure + model complexity measure

where the first term on the right-hand side measures the network error between
the network outputs and the task or desired outputs, while the second term is
determined only by the complexity of the network structure.

This type of criterion is sometimes referred to as the minimum description
length (MDL) criterion because it has the same form as the information-
theoretic measure of description length. Simply speaking, the description
length of a set of data is defined as the total number of bits required to
represent the data. But for a neural network that is designed to represent a
set of data, the total description length should be defined as the sum of the
number of bits required to encode the errors. The cost function introduced
above may be considered as one such form if the term of the network error
measure is related to the number of bits required to encode the errors, and
the term of complexity measure corresponds to the number of bits required
to describe the network model. The learning process that minimizes this cost
function then, to a certain degree, provides a minimal description of the data.

In the context of BP learning, or any other supervised learning procedure,
such a cost function may be represented as

Ey(w) = E(w) + AE.(w) (5.16)

where the first term on the right-hand side is the error function used in the
standard BP learning, E.(w) is the complexity measure, and the parameter A
is a small positive constant that is used to control the influence of the term of
the complexity measure F,(w) in relation to the conventional error measure
E(w). Consequently, the learning algorithm derived using such a criterion is
a simple extension of the BP algorithm. Later, we will see that for different
choices of the complexity measure, the weight decay approach, the weight
elimination approach, and many similar approaches may be obtained.

5.2.1 Weight Decay Approach

The weight decay approach is a method of reducing the effective number of
weights in the network by encouraging the learning algorithm to seek solutions
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that use as many zero weights as possible. This is accomplished by adding a
term that is the sum of all the squared weights to the criterion function that
penalizes the network for using the nonzero weights. Then, the new criterion
function is formulated as

A
Efw) = E(w)+ Sllwl|
= E(w)+%zw§’ (5.17)

where the sum in the second term on the right-hand side performed over all
the weights represents the complexity measure F; of the network. It is to be
seen that in this modification of the standard BP learning algorithm, an extra
term of the form Aw is added for updating the weight vector. Therefore, one
has the following new updating formulation:

wk+1) = wk)—n (5% + )\w(k))
= (1= (k) - s (5.18)

It is evident that the effect of A is to “decay” the weight vector by a factor
of (1 — nA). The weight decay approach does not actually delete weights
from the network, nor does it typically produce weights that are exactly zero.
Weights that are not essential to the solution decay to zero and can be removed.
When some weights are forced to take on values near zero, some other weights
remain relatively large. The result is that the average weight size is smaller.

Another simple weight decay method is to define the cost function as

Ey(w) = E(w) + XY _ |l (5.19)

In this case, an additional term —Asgn(w) is used in the weight vector
updating rule, Eqn. (5.18). If w; > 0, the weight is decremented by J;
otherwise, if w; < 0, then it is incremented by A.

5.2.2 Weight Elimination Approach

Similar to the weight decay approach, an alternative technique is called the
weight elimination approach was proposed first by Rumelhart and McClelland
(1986). In this weight elimination approach the complexity regularization
term is of the form

a00)?
Eo(w) = Z % (5.20)
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Figure 5.4 The curve for function (w; /wg)?/[1 + (w;/wg)?] with various values
of wg, wo = 0.5, 0.8, and 1.5.

where wg is a fixed weight normalization factor. As shown in Fig. 5.4,
when (w; /wg) > 1, the terms inside the sum are close to unity, and thus this
criterion essentially counts the number of weights. The purpose of introducing
a complexity term into the error function is to push the negative values of the
weights toward larger absolute values, while the positive values are pushed
toward zero. Thus, it can be expected that some hidden connections will
be large enough to speed up the learning that is due to the complexity term
Ec(w). In fact, when (w; /wp) < 1, the term inside the sum is proportional
to w2, and this approach acts like the weight decay approach. Through the
appropriate choice of uy, we can encourage the network to have a few large
weights with a small wg, or many small weights with a large wy.

5.2.3 Chauvin’s Penalty Approach

To effectively prune the network by driving the weights to zero during learning,
Chauvin (1989) introduced the following complexity measure

E(w) =) ((z}(p)) (5.21)
J:p

where ((.) is a positive monotonic function. The sums are over the set of the
output units, the set of the hidden neurons, and the set of the input patterns.
Chauvin indicated that this term measures the average “energy” expanded by
the hidden units. It is important to note that the “energy” expanded by a unit
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represents how much activity varies over the learning patterns. If the unit
changes a great deal, it probably encodes significant information. If it does
not change much, it probably does not carry much information.

Different results are obtained depending on the form of the function (.
Various functions are suggested here which have the derivative

_ 8((:7:2) _ 1

102
(@) =—5"= ETD (5.22)
or, by defining z = x2, we write
9¢(z) 1
! = = = .
C (Z) - ) (1+Z)n, n 071a2a-

For n = 0, ¢ is linear, and both the high- and low-energy units receive
equal penalties. As shown in Table 5.1, for n = 1, { is logarithmic and
the low-energy units are penalized more heavily than the high-energy units.
For n = 2, the penalty approaches an asymptote as the energy increases,
which means that the high-energy units are not penalized much more than the
medium-energy units.

Chauvin also proposed the following two types of cost functions for con-
strained BP algorithms:

Ey(w) = BE(w) + A1 Y _ ((z3(p) + A2 Y w} (5.23)
Jip i
and
Ey(w)=E(w)+ X\ Y TJJCQ +h ) o (5.24)
ip J i :

The numerical analysis results show that under these choices of the cost
functions, the network may be reduced to an optimal number of hidden units
independently of the starting size.

Table 5.1 Energy functions ( for various values of 1, Eqns. (5.21) and (5.22)

n C‘(:L-2) CI(:E) = a%_’:z) = (1+i2)n
0 z° 1
1 [ log(1 + z?) (11-'1;2—)
2 “z2 1
T+2? (1+=z2)2
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5.3 NETWORK PRUNING THROUGH SENSITIVITY
CALCULATIONS

It is generally true that there is a large amount of redundant information
contained in the weights of a fully connected MFNN. In terms of information
content or complexity, some studies, like the concept of minimum description
length (MDL) (Rissanen 1989), have shown that a “simple” network whose
description needs a small number of bits is more likely to generalize correctly
than a more complex network. Presumably, this is because it has extracted the
essence of the data and removed the redundancy from them. Thus, it seems
plausible that we could remove explicitly some insignificant weights from
the network, and at the same time retain the functional capability needed to
solve the specified problem. This process is known as pruning the network.
Generally speaking, there are two advantages to pruning: (i) with a fixed
number of learning samples, the reduction in the amount of weights can lead
to a marked improvement in the generalization properties of the network; and
(ii) by isolating the relevant parameters, learning is easier.

The simplest approach to pruning is to delete the smallest weights in the
network. This, however, is not always the best approach since the network
output can be quite sensitive to these weights. A much better approach is
to eliminate the weights that contribute the least to the solution. According
to this theory, some network pruning methods have been developed through
sensitivity calculations for the units or the weights (Hassibi and Stork 1993,
Karnin 1990, LeCun et al. 1990, Reed 1993, Segee and Carter 1991). Because
of the evaluation procedures of the sensitivities, which may involve the first-
order or second-order error partial derivatives, these pruning methods are
categorized as first- and second-order pruning procedures. We will now
discuss these pruning methods.

5.3.1 First-Order Pruning Procedures

5.3.1.1 Relevance for Deleting Hidden Units
It is of interest to note that a simple network pruning algorithm for deleting
hidden neural units, rather than weights, was proposed by Mozer and Smolen-
sky (1989), who defined an important measure (measure of the relevance) for
every neuron and deleted the neurons with the least importance in the network.
The measure of the relevance p of a neuron is the error between the cost
function without the neuron and the cost function with the neuron. To avoid a
direct calculation for each neuron, p is approximated by introducing a gating
term « for each unit, as shown for a two-layered network in Fig. 5.5, such
that
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Figure 5.5 A three-layered network with attentional coefficients on the hidden
units.

Tj=o0 (z wijai:ci) (5.25)

where z; is the output of unit j, w;; is the weight from unit ¢ to unit j, and
o(.) is the sigmoidal function. If @ = 0, the unit has no influence on the
network; if @ = 1, the unit behaves normally. The importance of a unit is
then approximated by the derivative

R OE"

pi = 9,

which can be calculated using the same approach as that of the BP algorithm.
Since the gating parameter o is unity in the calculation, it is only the notation
for the relevance evaluation rather than a parameter that must be implemented
in the network equations. When g; falls below a certain threshold, the unit
can be deleted.

Even though the squared error is usually used for the BP learning, it is wise
to use the absolute value error for measuring the relevance:

E'="1d;(p) — y;i(p)| (5.27)
p

(5.26)

=1

Because this provides a better estimate of relevance when the error is small.
In addition, an exponentially decaying average is proposed to suppress fluc-
tuations (Mozer and Smolensky 1989)

oF!
8ai

ik +1) = 0.85(k) + 0.2 (5.28)
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This pruning method was used by Segee and Carter (1991) to determine
its effect on the fault tolerance of MFNNs. They pointed out that the pruned
network is not significantly more sensitive to a damage even though it has
fewer parameters. When the increase in error is considered as a function of
the magnitude of a weight that is deleted by a fault, the curves for the pruned
and unpruned networks are almost the same.

5.3.1.2 Karnin’s Pruning Method

In the network pruning method proposed by Karnin (1990), the procedure is
to estimate the first-order sensitivity of the error function for the exclusion of
each synaptic weight, and then to prune the weights with the low sensitivity
parameters. The sensitivity associated with a weight w is defined as

E(w!) — E(0)

f
wf =0 w (5.29)

S=FEw=0)—-Ew=w)=—
where w/ is the final value of the weight w on the completion of the learning
phase, w = 0 represents its value on removal, and E(0) is the error when it is
removed.

Since E(0) is unknown, we consider a point u# between 0 and w”. Then,
the slope of E(w) may be approximated by the average slope measured
between w* and w/:

E(wf) — E(uw!
(wf) E.(w)wf
wf —wt

S~ — (5.30)

Finally, the following approximation is used for the evaluation of the sensi-
tivity to the removal of the connection weight w;

uf

N
A Z OF

- (5.31)
w; — w;

where N is the number of learning patterns. All terms involved in the calcu-
lation above are available during the learning phase so that the evaluation is
easily performed and a separate sensitivity calculation is avoided. Moreover,
if a standard BP algorithm is employed, Egn. (5.31) can be rewritten as
N f

8i = - > (Awi(n))’——— (5.32)

w! — wt

n=1 1 [
On the basis of the preceding algorithm, each weight has an estimated
sensitivity parameter and the weights with lower sensitivity are deleted. It is
readily seen that if all the output connection weights associated with a unit are



186 ADVANCED METHODS FOR LEARNING AND ADAPTATION IN MFNNs

Input weights Output weights

0
A,O

i

o P

@ (B
ohe e
o (o

Figure 5.6 The input and output weights of the neural unit ¢.

removed, the unit itself should be deleted. If all the input connection weights,
as shown in Fig. 5.6, are deleted, the network will have a constant output and
it can be deleted by adjusting the thresholds of the following units that receive
the output from the unit deleted.

5.3.2 Second-Order Pruning Procedures

Another effective pruning method, which is based on the second-order Taylor
series expansion of the error function, is the optimal brain damage (OBD)
(LeCun et al. 1990). It is used for reducing the size of a learning network by
selectively deleting the weights. Further development of this method is the
optimal brain surgeon (OBS) proposed by Hassibi and Stork (1993). The key
step in both strategies is that how to define the term saliency corresponding to
every weight parameter that measures the importance of the weight parameter
in terms of the network output. A reasonable deleting process is the one which
operates on the weights that have small saliency values. We will now start our
discussion of the second-order Taylor series expansion of the error function
around a local or global minimum point.

5.3.2.1 Taylor Expansion of Error Functions

Let F(w) : R — R be an error function of an n-dimensional weight
parameter vector w = [w; wa ... wy|T. Fortunately, it is possible to
construct a local model to analytically predict the effect of perturbing the
parameter vector around a point w*, called the nominal point, where the error
function has a local minimum. Expanding the objective function E(w) at this
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point by using the Taylor series yields
_ . T 1 T 3
E(w) = EWw')+g Aw+§(Aw) HAw + 0(J|Aw||*)

N n 1 n n 3
= E(w )—l—ZgiAwH—izz:hijAwiij—i—O(llAwI[ )

i=1 i=1 j=1
(5.33)
with
_ . __ 8E _ 928

Aw = w—w', = awlw:w* H = m55w w=w"*

or
o _ BE - _OE?
Aw; = w; Wiy G = gy, w=w*’ hij = Owidwj | gy —qpp+

where Awj; is the difference between the current value and the nominal value,
g; is the first-order partial derivative of the error function with respect to the
parameter w;, h;; is the second-order partial derivative of the error function
with respect to the parameters w; and w;, and the last term contains all the
terms that are higher than second order.

First, one assumes that the error function E has a minimum value at the
point w = w?*. Then at the minimum error value, we have

gi=0, forall ¢i=1,2,...,n
and
hij >0, forall 4,j=1,2,...,n

Second, one assumes that the error function around a local minimum or
global minimum is nearly quadratic. Thus, neglecting the higher-order terms
in Eqn. (5.33) yields

(1>

AE 2 E(w)- E(w")

= 3 (Aw)T HAw
= % Z Z h,'jA’wiij (5.34)

i=1 j=1

where AF represents the error due to the changes of the weights around the
nominal weight vector w*.
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5.3.2.2 Optimal Brain Damage (OBD)

The objective here is to find a set of parameters using the second-order Taylor
series expansion whose deletion will cause the least change of E. This
problem is practically insolvable in the general case. One reason is that the
number of the second-order partial derivatives is so enormous (6.76 x 10
terms for a 2600-parameter network) that they are very difficult to compute.
Therefore, we must introduce some simplifications to the algorithm. An
effective method (LeCun et al. 1990) is a “diagonal” approximation which
considers only AF caused by deleting several parameters individually where
the cross terms are neglected. Thus, in Eqn. (5.34), deleting the terms of the
second derivative h;; for i # 7; that is

OE?
hij Furdw, 0, for i#j
gives
AE =1 hi(Aw;)? (5.35)
i=1

Furthermore, if the ith parameter wj is deleted; that is, w; = 0 or Aw; = w},
this deletion causes an error

AEw,— = %h”(’w:)Q
Thus, the saliency for parameter w; may be defined as
Si = 3hii(w)? (5.36)

where the second-order partial derivatives may be recursively calculated using
the formulations obtained in Section 5.3.2.1.

In summary, the OBD (optimal brain damage) procedure for a MFNN is as
follows (LeCun et al. 1990):

(i) Select a reasonable network architecture;
(ii) Train the network until a desired solution is obtained;
(iii) Compute the second-order derivatives hy; = 92E/ ow?;
(iv) Compute the saliencies for weights: S = hy; (w])?/2;
(v) Delete some weights that have small saliencies;

(vi) Return to step (ii).
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It may be noted that deleting a parameter is carried out by setting it to zero.
As an interactive tool for network design and analysis, LeCun et al. (1989)
conducted a network pruning task for a backpropagation network applied to
the problem of handwritten digit recognition. The initial network was trained
on a database of segmented handwritten zip-code digits and printed digits
containing approximately 9300 training examples and parameters, 33,210
test examples, and 10'7 connections controlled by 21, 778 weight parameters.
To reduce the number of parameters in this network, the simulation studies
carried out by LeCun et al. (1989) indicated that up to approximately 800
parameters (approximately 30% of the parameters) could be deleted with
small changes in the error function.

An extension of the OBD method that uses the full second-order derivatives
instead of just the diagonal elements, called the optimal brain surgeon (OBS),
is described in the following discussion.

5.3.2.3 Optimal Brain Surgeon (OBS)

An important simplification used in the OBD is where only the diagonal
terms of the second-order Taylor series expansion are considered in defining
the saliency of the parameters. In other words, the nondiagonal elements
of the Hessian matrix are ignored. Sometimes this assumption may cause
large errors during the network pruning process. To overcome this drawback,
the more complex method, called the optimal brain surgeon (OBS), was
proposed by Hassibi and Stork (1993). The main difference between the
OBD and OBS methods is that the latter deals with a full consideration of the
second-order Taylor series expansion of the error function around a local or
global minimum point while the former neglects the nondiagonal elements of
the Hessian matrix.

Like the deleting procedure used in the OBD, the key task of the OBS is
to define the saliency of the weights, which is the incremental of the error
function E due to the elimination of the weight parameter w;. Let w™ be the
weight vector where the error function E(w*) has a local or global minimum
value. If the ¢th weight w; is deleted, the elimination of this weight is
equivalent to the condition

or
17Aw +w} =0 (5.37)

where 1; is the unit vector whose ith element is one and all other elements
are zero:
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Subject to the constraint condition given in Eqn. (5.37), a useful suggestion
proposed by Hassibi and Stork (1993) is one that defines the saliency pa-
rameter of w; in the OBS as a minimum value of AE(w) with respect to
the incremental change dw of the whole weight vector. Mathematically, this
problem can be described as

min AE(Aw) = L (Aw)" HAw (5.38)

with the constraint condition given in Eqn. (5.37). To find an analytic solution
of this constrained optimization problem, the Lagrangian is given as

L = 1 (Aw)T HAw + 21T Aw + ;) (5.39)

where A; € R is the Lagrangian multiplier with respect to the constraint
condition given in Eqn. (5.37). The optimality conditions may be obtained
by taking partial derivatives of the Lagrangian L; respectively with respect to
Aw and A; as follows:

OL;
OL; _17T *
B 1; Aw+w; =0 (541

In addition to the fact that the second equation implies constraint condition
given in Eqn. (5.37), Eqn. (5.40) yields

Aw=-H"1)\1, (5.42)

To solve the Lagrangian multiplier );, one may use the ith equation of the
vector equation above:

Aw; = —N[H i (5.43)
By using the constraint condition given in Eqn. (5.37), we easily obtain
w*
Ai = ! 5.44
ST, (5.44)

Hence, the optimal increment of the weight vector due to the elimination of
the weight w; is

wy -1
o H L (5.45)
[H ;i '
and the minimum value of the Lagrangian with respect to the weight vector
increment, which is also defined as the saliency of w;, is finally obtained as

1 ()
R

Aw = —

(5.46)
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where H ™" is the inverse of the Hessian matrix H, and [H!);; is the ith
diagonal element of H~1. The preceding optimization procedure finds the
minimum value of the quadratic error function by using the results of deleting
the weight w; and of the weight vector change Aw.

However, the OBS procedure gives a more accurate definition of the
saliency of the parameters than that in the OBD approach discussed in Sec-
tion 5.3.2.2. The main difficulty of the OBS is associated with calculating the
inverse of the Hessian matrix. Of course, the algorithm requires the nonsingu-
larity of the Hessian matrix to ensure the existence of its inverse. In general,
the Hessian matrix, which is calculated at a local or global minimum point, is
nonsingular if the network is learned by the BP learning algorithm. A study
presented by Saarinen et al. (1991, 1992) shows that the neural network learn-
ing problems may be ill-conditioned, resulting in computational difficulties
of the inverse of the Hessian matrix.

5.4 EVALUATION OF THE HESSIAN MATRIX

The BP learning algorithm, which originally employed only the first-order
partial derivatives, has emerged as the most popular learning method for the
MFNNs. However, several of the more recent developments of the BP algo-
rithm require the second-order partial derivatives in addition to the first-order
derivatives. These second-order derivatives are typically partial derivatives
of either the network output or the error function with respect to the weights
and thresholds. Such a matrix of second-order derivatives is usually called a
Hessian.

As pointed out by Buntine and Weigend (1994), second-order derivatives
are important in the following different contexts:

(i) Direct second-order learning methods:

The standard BP algorithm is a first-order gradient descent method. The
convergence speed of the learning phase can be significantly improved if the
information pertaining to the second-order derivatives is available. As we
will see later, a typical example is the Newfon—-Raphson-type framework.
Since the second-order derivatives have to be computed at each instant, the
computation speed is crucial here.

(i) Indirect second-order learning methods:

There is another class of second-order optimization algorithms that do
not require the direct calculation of the Hessian because they operate in an
iterative manner. The conjugate gradient and related algorithms are generally
considered the most powerful all-purpose minimization algorithms. Here, the
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second-order derivatives are used during line searches so that the full Hessian
is not required; only the product of the Hessian and a given vector is needed.

(iii) Network pruning:

Second-order derivatives are also used in some postlearning phases such
as parameter evaluation and network pruning. Since these postlearning meth-
ods do not require second-order derivatives in each learning iteration, the
efficiency of their computation is less crucial here than in the previous two
cases.

Second-order derivatives can be calculated exactly, or calculated using
approximations and ignoring certain terms, or calculated using numerical
differentiation. Derivations of these calculation procedures are discussed in
detail in the following text.

5.4.1 Diagonal Second-Order Derivatives

As seen in the last section, an efficient method of computing the diagonal
second-order derivatives of the error function with respect to the weights
plays an important role in a weight-deleting process. A derivative procedure
that is very similar to the BP algorithm used for computing the first-order
derivatives was presented by LeCun (1987). The basic idea and formulations
are outlined in the following description.

We still assume that the error function is expressed as a mean-squared
error function; generalization to other additive error measures is straightfor-
ward. For convenience, the basic network transfer equations for an A -layered
network may be re-listed as follows:

. ni—1 , .
s = Yuhep V| |

' p=0 _ i=1,2,..., M;5=12,...,n (547)
:):g.l) = a(sgl))

An instantaneous error function is also defined as
1 & 2
E=3 3 (dj _ x§M’) (5.48)
=1

Before discussing the second-order partial derivatives, one has to review some
basic results of the first-order partial derivatives. From the network transfer
equations one may directly obtain the following results:
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(1)
9s;” £
(2) P
8wjp
(3)
8513;(:_1) Jp

These basic first-order partial derivatives, which are derived from only the
network equations, are repeatedly used in the following derivations for dealing
with the second-order partial derivatives. Let us consider the first-order partial
derivative of the error function with respect to the weights, which is given by
the chain rule as

®

M(Jz) L - ol a]i) ;) (5.49)
Ow Wip st awjp s 5;

As shown previously, the first-order partial derivative OF/ 833(-1.) may be re-
cursively calculated from the output layer. In fact

OF "Z“ oE 95 azl) "i‘ o

(+1) 10 (&)
— ——=w,; ‘o'(s:’) (5.50)
6’3?) ~ 9s (z+1) 3x @) 5 (1.) Py 8Sl(wrl) 4] J

and the initial conditions given in the output layer are

OE
5207 - — (- 2*) ' (s{™) (5.51)

Using these results, the second-order partial derivatives may be evaluated as

82E 8 OE O (8E i 1)>
o2 0wl oul  owld \9 o

Since mg_l), the output of the neuron(i — 1,p) in the layer (i — 1), is

independent of the weights wg;) for the neurons in the layer 4, it yields

BZE a OFE (Z 1 _ 0°E (2 (-1)y2
8(w§;)) Ow (z) 88(2) d(s (1))

The next task is to obtain a recursive computing formulation for the second-
order partial derivative > E/ 8(35-1) )2. The partial derivative of the two sides
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of Eqn. (5.50) with respect to the parameter s( ) yields
Nit1 (i+1)
82E _ Z 62E astz . w(z:+1)0"(3('i))
8(8;7’))2 = 6(3[(7:‘{"1))2 85‘5-1) 7
Ti+1
OE  (it1)\ n, ()

+ Z G0 Wiy a(s;”)

1=1 08,

Note that
asl(i+1) ~ 88§z’+1) 33;;}')
G (&) 5.0
asj Bwj ésj

Finally, for the hidden layers (1 < ¢ < M — 1), we have

OFE Z) jias, (1+1) O*E
— = (055D (w) s
8(821))2 Z 6(51(14-1))2
i1
OF i+ i
+ (Z 550D wl(j )> 0”(35')) (5-52)
=1 Y5
and for the output layer
9’E
= (@' (s§"7))? = (dj — y3)0" (") (5.53)

a(sﬁM))2

Also, using the propagation errors associated with the hidden neurons and
the delta’s notations, which were discussed extensively in Chapter 4, one may
simplify Eqn. (5.52) to

2 Ni+1 2 ) )
O°E — (o ((z NS (w z+1)) _Q_E__e(z)all(s§z)) (5.54)

sy = o(sthy2 7
where
341
egi) N Z(sl(i+1) l(;+1)
=1

gD & OF_
asl(l“l'l)

Here, the second-order derivative of the sigmoidal function o(.) is shown in
Fig. 5.7.



Using the same procedure as for the backpropagation, the computation will
start recursively from the output layer to the hidden layers. The calculation
procedure for the diagonal second-order partial derivatives is summarized in
Table 5.2. As can be seen, computing the second-order derivatives is of the
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same order of complexity as computing the gradient.

Figure 5.7 Second-order derivative of sigmoid function

tanh” () = —2sech?(z) tanh(z).

Table 5.2 Computing the diagonal second-order partial derivatives

Step 1:

Step 2:

Step 3:

Step 4.

Calculate initial conditions 0E/ 83§M), 7 =1,2,..., np us-
ing Eqn. (5.51) and BQE/8(3§M))2, Jj=12,...,np using
Eqn. (5.53);

Let i «— M — 1, then calculate 82E/8(s§.1))2, j =
1,2,...,n; using Eqn. (5.54);

If « < 1, then go to Step 4, otherwise, if i «— ¢ — 1, go to
Step 2;

Calculation is completed. Output &PE/ 8(35.’))2, i =
1,2,...,M.
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5.4.2 General Second-Order Derivative Formulations

The number of elements of the Hessian matrix is the square of the number
of the parameters including all the weights and thresholds involved in the
network. For example, if the number of the parameters is n then the number of
the elements of the Hessian matrix is n?. To evaluate the off-diagonal elements
of the Hessian matrix, one has to consider the second-order derivative of the
error index I with respect to the weights w](.;) associated with the neuron in

the layer ¢, and w(glr), the weight associated with the neuron in the the layer [.

From the symmetry of the second-order derivatives, that is

o [ oE o ( oE
: (5.55)
o) (awg.;)) o) (a “))

it may thus be assumed that ! < ¢ in the following discussions.
From Eqn. (5.49), which gives the results of the first-order partial deriva-
tives of the error index with respect to the weights, one obtains

o (o _ 0 (0B .y
o) \ou® dwyd \9st) "
!
_ 88((1) 8 8E ('L—l)
ows? 95 \ 05" “

_ -1y 9 [OF 2D
’ 832-,” 83(2)

1
L PE 3z oy 0P
Tr Os (1) 6 l) r p Os (l)as(l)

1 i—1
x(t_l) BE 532(1 )83‘1(7 )+ (l 1) (i-1) 8 F

r Os (1 s (i-1) as(l) Tp Os (l)a (1)
i—1
= 2D/ (s6D) 23 33;7 :
st 8s(l)
7
+ xﬁl—l)mg-n—%E—. (5.56)
05y 95t

The partial derivative OE / Bsg-i) can be calculated using Eqn. (5.50) with the
initial conditions given in Eqn. (5.51). Next, one has to derive the recursive

formulations for the partial derivatives 8sf,i_1) /852,” and 6°E/ asfj)asf).
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First, one has

835;'—1) 41 65§i) aST(}H) 63:((,’)

-3

88((11) —1 687(~I+1) azﬁf’ asfj)
IR as(i—l)
I+1 !
= 2w o) (5:57)

r=1

with the initial condition

(i-1) .
Osj ~ _ { 0, ¢#j
63((;_1) 1’ q=]

From Eqn. (5.50) one obtains

a?E o Mj+41 oF . .
Da() (1) Z (i+1) 7(~]+1) I( ())
054’05, Osq’ \7=1 Osr

_ anH a E wl-l—l) I( 1,))
- 8S(z+1)a o
(l)

oF (i+1) _n, (9 0s
PRGE a'(s;") =@ (z)

-+

(5.58)

The initial conditions for the second-order partial derivative #E/ Bs((]l)as(-i)

J
may be obtained from Eqn. (5.51) as follows:

(M) 5, (M) )
E _ ,(S(M))Ba: 0s; 3 (dj B m(_M)) a"(s(M>)83j
05y 9s\™ T a5 s ”) ’ 7 by

Using the basic first-order partial derivatives, one finally obtains

(M)
B [ 2 21 /(s Os;
—ir—ar = | @6 = (4 ()] i 5:59)
Bsy)ang) ( ) ! 885,1)

The computing procedure of the second-order partial derivatives, which begins
from the output layer in the manner of the backpropagation, is summarized in

Table 5.3.
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Table 5.3 Computing the second-order partial derivatives of the error index
with respect to the weight parameters

Step 1:  Calculate initial conditions for the first-order partial derivatives
OE/0s\"™, j = 1,2,...,ny using Eqn. (5.51);

Step2: Leti «— M and ! «— (M — 1) calculate (‘)sg-i)/asgl), (G =
1L,2,...,n59=1,2,...,m);

Step 3: Calculate the second-order partial derivatives PE/ [as,(j)as;") ],
(Gj=12,...,m;9=1,2,...,m) using Eqn. (5.58);

Step 4:  Calculate the second-order partial derivatives & E/ [8w((1l,.) 8wj(.;)],
(g =12,....,m,r = 1,2,...,m-1;7 = 1,2,...,n45,p =
1,2,...,n;_1) using Eqn. (5.56);

Step 5: If! <1 go to Step 6; otherwise let | «—— (I — 1) then go to Step
2

Step 6: Ifi <1 goto Step 7, otherwise leti «— (i —1)and! «— ¢ —1
then go to Step 2;

Step 7:  Calculation is completed. Output FE/ [6w(slr) 8w§2],
(q =12,...,m,r=12,...,m_3;
i=12...,n,p=1,2,...,m_1).

5.5 SECOND-ORDER OPTIMIZATION LEARNING ALGORITHMS

As discussed in the previous section, the backpropagation (BP) learning al-
gorithm and its modified versions which employ only the first-order partial
derivatives of the error function have proved their usefulness in dealing with a
large number of classification and function approximation problems. In many
cases, the large number of learning iterations needed to optimally adjust the
weights of the networks is prohibitive for online applications to problems such
as vision systems and adaptive control. An alterative way for speeding up
the learning phase is by using higher-order optimization methods that utilize
the second-order partial derivatives. In fact, numerical analysis has always
focused on methods using not only the local gradient of the function but also
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the second derivatives. In the former case the function is approximated by
only the linear terms that include the first-order derivatives in a Taylor series
expansion. In the second case the second-order nonlinear terms that include
the second-order derivatives are also used in the Taylor series expansion,
resulting in a more precise approximation.

In Section 5.4 we discussed the second-order pruning procedure. In the fol-
lowing discussion, we will study the use of the second-order partial derivatives
in the development of some learning algorithms.

Given a vector wy in the weight space, a second-order Taylor series ap-
proximation of the error function around this vector is expressed as

E(w) = E(wo) + g7 Aw + 1 (Aw)” HAw (5.60)
where
2
g= gE and H = 6_E2'
81.0 W=Wo aw W=Wgy

are the gradient vector and the Hessian matrix, respectively. The minima of
the function E are located where the gradient of E expressed by Eqn. (5.60)
is zero:

OF
— =g+ HAw=0 (5.61)
ow
Therefore, the optimal value of w is given by
w=wy— H 'g (5.62)

Equation (5.62) is a basic formulation for the second-order optimization meth-
ods. The key issue related to the second-order methods is in computing the
inversion of the Hessian matrix H. The numerical approximation for such
a complex calculation may help us overcome the difficulties associated with
the exact calculation.

5.5.1 Quasi-Newton Methods

The objective of the quasi-Newton methods, such as the Broyden—Fletcher—
Goldfarb—Shannon (BFGS) and Davidson—Fletcher—Powell (DFP) methods,
is to iteratively compute matrices Q(k) such that

lim Q(k)=H™* (5.63)
k—00
The term quasi-Newton is applied since

Q(k +1) [g(k+1) —g(k)] = w(k+1) — wk) (5.64)



200 ADVANCED METHODS FOR LEARNING AND ADAPTATION IN MFNNs

is satisfied. Thus, the resulting Q(k) can then be used in the following
updating equation

w(k + 1) = w(k) — Q(k)g(k) (5.65)

until a minimum is reached. Itisrelatively easy to verify that the DFP updating
formulation for Q(k), which is

- Aw(k + 1)(Aw(k + 1))7
Qk+1) = Q) (Aw(k +1))TAg(k + 1)

_ QWAg(k+ ))QWAgk+ DT o

(Ag(k +1))7Q(k)Ag(k + 1)

with
{ Awk+1) = wk+1)—wk)
Ag(k+1) = g(k+1)—g(k)

satisfies Eqn. (5.64). It can be shown that Q(k) converges to H™!. A
slightly different version for updating Q(k) is the BFGS algorithm. Battiti
and Masulli (1990) pointed out that the BFGS algorithm, as an alternative
learning algorithm for the feedforward neural networks, yields an acceleration
in computation of about one order of magnitude compared to the BP learning
algorithm when tested on the parity problem. As with any second-order
optimization methods, the disadvantage of these methods is that the storage
of the matrix @ is quadratic in the number of weights of the network.

5.5.2 Conjugate Gradient (CG) Methods for Learning

Another second-order optimization method which has been used in supervised
neural learning is the conjugate gradient (CG) method. Several conjugate gra-
dient algorithms have been proposed as learning algorithms in neural networks
(Battiti 1992, Johansson et al. 1990, Moller 1993). Johansson et al. (1990)
described the theory of general conjugate gradient methods and how to apply
the methods in feedforward neural networks. They also concluded that the
standard conjugate gradient method with line search (CGL) is an order of
magnitude faster than the standard BP learning algorithm when tested on the
parity problem (Johansson et al. 1990). A novel conjugate gradient algorithm,
called the scaled conjugate gradient (SCG) method, was developed by Moller
(1993) to avoid the line search per learning iteration. The basic algorithm of
conjugate gradient and the related topics for neural learning are now reviewed.

The form of the basic updating equation of the CG algorithm is the same
as the general gradient algorithm and is given by

w(k + 1) = wk) + n(k) Aw(k) (5.67)
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where (k) is a time-varying learning parameter that may be updated using
the following line search method:

n(k) = mnln{E('w(k) + nAw(k)) : n > 0} (5.68)

The conjugate condition for the incremental weight vector Aw is designed as
(Smagt 1994)

(Aw(k)TH (k) Aw(k +1) =0 (5.69)

where the Hessian matrix H (k) is calculated at the point w(k). The updating
for Aw, in this case, is chosen as (Smagt 1994)

Aw(k) = —g(k) + a(k — 1) Aw(k - 1) (5.70)

To satisfy the conjugate condition between the vectors Aw (k) and Aw(k+1),
the expressions for the updating parameter (k) are given as
(i) The Fletcher—Reeves formulation:

alh) = @+ 1)) g(k+1) 571

(g(k)" g(k)
(ii) The Polak—Ribiere formulation:

o) = @EFD) (91D - g(k) 5.72)

(g(k)" g(k)

(iii) The Hestenes—Stiefel formulation:

lg(k) — g(k — 1)[Tg(k)
(Aw(k —1))" [g(k) — g(k — 1)]

However, the best formula for updating « is highly problem-dependent. Many
studies indicate that the Polak—Ribiere and the Hestenes—Stiefel methods pro-
vide a better performance. It can be immediately concluded that Eqns. (5.67)—
(5.70) implement the momentum version BP learning algorithm with the learn-
ing rate n{k) and the momentum parameter ¢, which is determined subject
to the conjugate condition given in Eqn. (5.69). Therefore, the CG learning
algorithm is a special type of BP learning algorithms, where the information
of the second-order partial derivatives is used to update the learning rate and
the momentum parameter. In fact, the preceding conjugate gradient algorithm
utilizes information about the direction search for Aw from the previous itera-
tion in order to accelerate the convergence. Each search direction is conjugate
if the objective function is quadratic.

alk) (5.73)
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5.6 LINEARIZED RECURSIVE ESTIMATION LEARNING
ALGORITHMS

If the structure of a MFNN is considered as a mapping from the neural input
to the neural output, which is at the heart of many problems in system iden-
tification, control, equalization, and pattern recognition, the weight learning
problem of MFNN5 can be considered as the parameter identification problem
of a nonlinear system with a known structure. More recently, Singhal and Wu
(1989), using an extended Kalman filter (EKF) algorithm, and Douglas and
Meng (1991) using a least squares (LS) estimation algorithm, improved the
BP learning strategies for MFNNs. Although these two algorithms were de-
rived independently using different approaches, they are equivalent. In these
approaches, the convergence speed of the BP algorithms is significantly im-
proved, but they are computationally more complex and require more storage.
The weight updating requires a centralized computing facility, and this means
that the parallel computation structure of the learning is not exploited. The
practical applications of the EKF and LS algorithms are thus limited because
of their computational and storage complexities. Considering the real-time
capability of the learning algorithm, the important research topics in the field
of recursive estimation learning algorithm for MFNNs are the problems of
reducing the computational and storage requirements. To overcome the diffi-
culties associated with some of these complexities, some decoupled versions
of the recursive estimation learning algorithms have been developed.

5.6.1 Linearized Least Squares Learning (LLSL)

Linearized least squares learning (LLSL) can simply represent the input and
output transfer function of a MFNN as follows

y(k) = f(w, z(k)) (5.74)

where € R and y € R™ are, respectively, the neural input vector and the
output vector of the network, and w € R is the weight parameter vector used
to describe the internal network structure. The purpose of weight learning
for MFNNs is to estimate the weight vectors w such that the output y(k) of
a MFNN tracks the desired output d(k) with an error that converges to zero
as k — oo. Hence, if the weights of a MFNN are taken into account as the
unknown parameters of a nonlinear input—output system, the weight learning
problem of a MFNN can be phrased as the parameter identification process
of a nonlinear system.

In other words, if the network structure represented by the number of layers,
and the number of hidden neural units is predetermined, the implementation
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of a known task, which is either a function or input—output pattern pairs,
becomes the parameter estimation problem of finding the weight vector w
that “solves” the particular input—output mapping problem. However, if f(.)
is parameterized by the weight vector w, the equation is not linear in the
parameter vector w and thus it would seem that the well-known recursive
techniques for estimating parameters for stationary linear systems are unable
to be applied to the problem. The idea is to linearize the function f(w,x)
about the current estimate of the parameter vector w(k) to obtain a linearized
problem that we can approach with the standard techniques.

Assume that the known pattern pairs {x(k), d(k)} may be modeled using
the network given in Eqn. (5.74) as

d(k) = f(w,z(k)) +v(k) (5.75)

where v(k) is a zero-mean stationary white noise disturbance. Let an estimate
of w at time k be w(k). A simple linearization of f(.} about w(k) yields

flw,z(k)) = f(w(k),z(k)) + (G(k) (w — w(k)) (5.76)

where
0 k
G A w.2()
ow w=w(k)
is a Jacobian matrix dependent on the current estimate of the weight vector
w(k).
Define

d(k) £ d(k)— f(w(k), 2 (k) +(GR) w(k) = (GR) w+v(k) 5.77)

Then, &(k), which is a linear in the unknown parameter vector w, can be
calculated at time k using the given weight vector estimate w(k). Thus, we

can apply a least squares minimization to w using the new “observed” data
d(k).
For this linearized problem, a cost function is expressed as

k
Bw(k) = 1> [a) — (G0 w]’ (5.78)
=1

where o are the appropriate weighting factors. Minimization of E(w(k))
with respect to w yields the solution

-1 k

k
wk+1) = { Za,a(z)(a(z))T} > aGHd(l) (5.79)
=1 =1
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Let us introduce the conditional covariance matrix defined as
k)= Z alG(l)(G(l))T =R(k—1)+ akG(k)(G(k))T (5.80)

Then, one finally obtains (Douglas and Meng 1991)

w(k +1) = w(k) + xR (k)G (k)e(k) (5.81)
R(k) = R(k — 1) + o, G(k)(G(k))T (5.82)
e(k) = d(k) — f(w(k), z(k)) (5.83)

The computational difficulty that existed in the algorithm above is the in-
version of the matrix R(k). Since the number of the weights is very large,
this calculation is almost prohibitive. However, the matrix inversion lemma
may help to simplify the computation of the LLSL algorithm described by
Eqns. (5.81)—(5.83) by reducing the order of the matrix involved in the inverse
computation. Defining the matrix P(k) = R !(k) and the gain sequence
a; = XN¥71,0 < A < 1, we may derive the following algorithm for the weight
vector updating (Singhal and Wu 1989, Douglas and Meng 1991)

1

A(k) = M+ (G(k)"P(k - 1)G(k)]” (5.84)
K(k) = P(k - )G (k) A() (5.85)
P(k) = % [P(k 1) - K()(CR)TPr-1)]  (586)
wik+1) = w(k) + K (k)e(k) (5.87)

where A(k) is an (m x m) matrix, and K (k) is an (n x m) matrix of the
filtering gains. Equations (5.84)—(5.87) are called an extended Kalman filter
(EKF), which reduces the computation of an (n x n) matrix inversion to that
of an (m x m) matrix inversion. When m < n, that is, the number of the
neural outputs is much smaller than the number of the weight parameters,
the algorithm provides a significant improvement over the direct inversion of
R(k). Note that Eqn. (5.87) is similar to the weight updating equation in the
BP algorithm with the error term e(k) measured at the output layer of the
network. However, unlike the BP algorithm, this error is propagated to the
weights through the filtering gain matrix K (k), which updates each weight
through the entire gradient matrix G(k) and the conditional covariance matrix

P(k).
5.6.2 Decomposed Extended Kalman Filter (DEKF) Learning

Since the dimension of the weight vector that consists of all the weights
of a MFNN is usually very high, an efficient approach for reducing the
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computational and storage requirements of the extended Kalman filter (EKF)-
based weight learning algorithm derived above is to decompose the weight
vector into several subvectors as shown in Fig. 5.8. The decomposed extended
Kalman filter (DEKF) algorithm will be used in this section to perform the
weight learning algorithm of MFNNs.

Let the network contain NV, neurons. Naturally, it is easy to group the
input weights of a neuron as a sub-vector. Then, the weight vector w in
Eqns. (5.84)-(5.87) may be divided into several groups

wq w;1
wa n w;2 -

w = ) e R, w; = . e R™ (5.88)
Wi, Win,

where
Ny
n = E nj
=1

is the total number of the weights involved in the network. Then, the decom-
posed extended Kalman filtering (DEKF) equations may be obtained from the

Pl

Neural network -/t
S ) ()
e(k)

wl’(k_) wi(k+1) /Q+ Ko () 4

+
w(k)
Z: w2(k)E wa(k + 1) E+ Ko(k)

+%

Figure 5.8 Weight learning by the decomposed extended Kalman filter (DEKF),
Eqns. (5.89)—(5.92).
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standard EKF formulations given in Eqns. (5.84)—(5.87) as follows

-1

Nnp
A(k)= [ M+ > (Ga(k)" Pag(k —1)Gp(k) (5.89)
a,8=1
M
Ki(k) =Y Pi(k—1)Gq(k)A(k) (5.90)
a=1

Pw(k) = —i‘- P,](k‘ — 1) - iKz(k)(Ga(k))TPza(k —_ 1) (591)
wi(k + 1) = wi(k) + Ki(k)e(k) (5.92)

where G;(k) are (n; x m), (1 < i < N,) matrices of the filtering gains
and P;;(k) = (Pj;(k))" are (n; x nj) matrices of the error covariance
between the estimations w;(k) and w;(k). A comparison of the EKF and
DEKEF shows that even if the storage requirements for the error covariance
matrices P;;(k) are the same, each step of the learning algorithm requires
O(n(n + 1)/2) storage for the P;; matrices, whereas the DEKF algorithm
avoids the multiplications of the matrices with very high dimensions at every
iteration.

If the error covariance matrices P;; (k) of the estimations w; (k) and w; (k)
are neglected in the iterative procedure, the neuron-decoupled EKF, or the
NDEKEF formulations, may be obtained from the DEKF as follows

-1

M+ Z (ENT Py (k — 1)Go (k) (5.93)
K.(k) = Pulk o 1Gi(k) AGK) (5.94)
Pi(k) = % [Pi(k —1) — Ki(R)(Gi(k)TPi(k—1)]  (5.95)
w;(k + 1) = wi(k) + Ki(k)e(k) (5.96)

where P;(k) = P;;(k) are the (n; x n;) matrices of the error variance of
the estimations w;(k). It is obvious that the NDEKF algorithm requires
O( N ni(n; + 1)/2) storage for the P;(k) matrices. It is easy to verify
that

Nr

Zinmj > Zn

=1 j=1
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for N,, > 1. Thus

N,
n(n +1) ~ni(n; +1)
R Pl

i=1
Hence, the computational and storage requirements of the NDEKF are signif-
icantly less than those of the DEKF, but the cost associated with this reduction
is a decrease in the accuracy of the recursive learning algorithm.

Itis known that the NDEKF learning algorithm is a type of partial decoupled
algorithm in which the interactions between the neurons of each layer are
still considered in the updating process. Furthermore, in order to achieve
fully decoupled learning for each weight of the MFNN, a simple and natural
extension based on the parallel feature of the BP algorithm is assumed where
the error covariance p;; (k) of the weights w;(k) and w;(k) is neglected in the
NDEKF algorithm. Another approximate weight-decoupled EKF (WDEKF)
may be derived from the NDEKF formulations given in Egns. (5.93)—(5.96)
as follows

wi(k + 1) = w(k) + Z o (k) s (k)ey (K) (5.97)
piv(k) = pi(k — l)av(k) (5.98)
pz(k (1 - Zﬂw(k vz ) ( - 1) (5.99)
ay(k) = - 1 (5.100)
A+ Z—:l h%s(k)ps(k - 1)
ev(k) = dv(k) - fv(w(k - 1),:12(]{1)) (5.101)
Oe, (k)

hyi(k) = m (5.102)
where (;,,(k) is the learning rate of the weight w; at time &k with respect to
the vth output error, a,(k) are the central adjustment parameters, p;(k) are
the variances of the weights w;(k), and all iterative variables are scalars. In
addition to the advantages associated with the computation and storage, the
other attractive feature of the WDEKEF is that it can be integrated into the
parallel structure of the network similar to the conventional backpropagation
algorithm. The WDEKEF algorithm is, of course, computationally more com-
plex than the gradient-search-based backpropagation algorithm. However,
the convergence rate of the former is much faster than that of the latter. This
characteristic of the WDEKF algorithm is very useful in real-time applica-
tions of neural networks such as neural identification and control problems.



208 ADVANCED METHODS FOR LEARNING AND ADAPTATION IN MFNNs

Equation (5.97) is similar to the weight updating equation of the conventional
BP learning algorithm, which is a learning algorithm with a constant learning
rate. In the course of numerical simulations with the conventional BP algo-
rithm, it becomes clear that the learning rate g is critical. If g is too large,
the algorithm will not converge, while if 4 is too small, the convergence will
be too slow to be practical. The WDEKF learning algorithm overcomes this
difficulty by using a varying learning rate that is adjusted adaptively to reach
the optimal value at each instant. In other words, the WDEKF may be treated
as a type of the BP algorithm with an optimal learning rate.

5.7 TAPPED DELAY LINE NEURAL NETWORKS (TDLNNSs)

The so-called tapped delay line neural networks (TDLNNs) consist of MFNNs
and some time delay operators as shown in Fig. 5.9. Let y(k) € R be an
internal state variable at the time instant k. The delayed states y(k), y(k —
1),...,y(k—n) are used as inputs of a TDLNN. The various type of TDLNNs
can be further defined on the basis of specified applications.

For time series analysis, the one-step and g-step prediction equations of the
TDLNNS, as shown in Fig. 5.9, can be given as follows:

(i) One-step prediction:

yk+1) = F(w,yk),...,y(k —n),u(k)) (5.103)
(2) g-step prediction:
yh+q) = Flw,yk),....yk—n)u(k)  (5.104)

In these equations F'(.) is a continuous and differentiable function that may
be obtained from the operation equation of the MFNN given in Section 5.6.
The input components of the neural networks are the time-delayed versions
of the outputs of the networks. In this case, Eqns. (5.103) and (5.104)
represent, respectively, a one-step-ahead nonlinear predictor and a g-steps-
ahead nonlinear predictor. For identification and control applications, the
input—output equations of TDLNNs with relative degree one and ¢ steps as
illustrated in Fig. 5.10 are

y(k+ 1) = F(w,y(k),...,y(k —n),u(k),...,u(k —m))  (5.105)
and
ylk+q) = F(w,yk),...,ylk —n),u(k),...,u(k —m))  (5.106)

respectively, where the inputs to the networks are the time-delayed terms
of the neural outputs and the current neural inputs. These neural network
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Tapped delay line (TDL)  Multilayered feedforward neural network (MFNN)

(a) TDLNN with one-step prediction, Eqn. (5.103)

Tapped delay line (TDL) Multilayered feedforward neural network (MFNN)

(b) TDLNN with g-steps prediction, Eqn. (5.104)

Figure 5.9 Tapped delay line neural networks (TDLNNs) for time series analysis.
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Tapped delay line (TDL)  Multilayered feedforward neural network (MFNN)

e

(a) TDLNN with relative degree one, Eqn. (5.105)

Tapped delay line (TDL) Multilayered feedforward neural network (MFNN)

(b) TDLNN with relative degrees q, Eqn. (5.106)

Figure 5.10 Tapped delay line neural networks (TDLNNs) for identification and
control.
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structures have the potential to represent a class of nonlinear input—output
mappings of unknown nonlinear systems or communication channels without
internal dynamics, and have been successfully applied to the design of adaptive
control systems (Narendra and Parthasarathy 1990). Because there are no state
feedback connections in the network, the static backpropagation (BP) learning
algorithm may be used to train the TDLNN so that the processes of system
modeling or function approximation are carried out.

5.8 APPLICATIONS OF TDLNNs FOR ADAPTIVE CONTROL
SYSTEMS

Consider a single-input/single-output (SISO) unknown nonlinear system that
has the following input-output equation expressed in a canonical form

yp(k + 1) = f(yp(k)’ T >yp(k - n)?“(k)v cee au(k - m))
f(x(k), u(k)) (5.107)
where z(k) = [y,(k) - yp(k—n) u(k~1) --- u(k—m)]7 is a state vector,
and f(.) is an unknown nonlinear function that satisfies df(x,u)/0u # 0.
The canonical form of Eqn. (5.107) represents a general class of input—
output nonlinear systems without the internal dynamics. For a desired output
ya(k), some control schemes for the purpose of adaptive output tracking using
TDLNNs are now discussed.
In direct inverse control (DIC), as shown in Fig. 5.11, the input—output
equation of the TDLNN that produces the control signal to the system is

u(k) = Flw,z(k),r(k+ 1)) (5.108)
where 7(k + 1) is a reference input defined by
Y
rte+1) = pak+1)+ > Bilyalk —i+1) —yp(k—i+1)],

i=1

v <k (5.109)

Let the nonlinear mapping F'(.) be trained to approximate the inverse system
of the unknown nonlinear system, that is

F(w,z,r) — f}(z,r)
where f,1(z,r) satisfies

wk+1) = f(x(k) uk))
= fa(k), fi ' (z(k),7(k + 1))
= r(k+1) (5.110)
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TDL |

WOl

r(k+1) MFNN

u(k) » | Unknown »
% plant
Controller \

Learning
algorithm

Figure 5.11 Direct inverse control (DIC) using tapped delay line neural network
(TDLNN).

Then

Yk +1) = f(z(k),u(k))
flz(k), Flw,z(k),r(k +1)) — r(k+1)

The output tracking control can be accomplished as long as the parameters
Bi,1 =1, ..., are chosen so that the roots of the characteristic equation

z7+ﬁ7z7_1+---+ﬁ1_—‘0

lie inside the unit circle. If one chooses all 3 = 0,¢ = 1,2,...,~, then
Eqn. (5.109) becomes

yp(k +1) — ga(k +1)

which describes an output deadbeat response. In terms of robustness, the
deadbeat response is not a good choice although the closed-loop response
of such a system is the fastest achievable closed-loop response in terms of
tracking the desired output yy(k) (Isermann 1989).

Furthermore, the error index used to train the TDLNN is defined as

E(k) = L(r(k) — yp(k))? = Le*(k) (5.111)
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The partial derivative of E(k) with respect to the weight vector is

9B _ Oy OF
ow eauaw

If the sign of the Oy, /du is known, the BP learning algorithm may be applied
to train the TDLNN so that the output tracking control is accomplished.
Although TDLNN’s simpler structure and a need for less computation are
significant advantages for the direct inverse control (DIC) scheme, this method
needs more a priori knowledge about the unknown plant.

An indirect inverse control (IIC) scheme is shown in Fig. 5.12. The input—
output equation of the TDLNN is

(5.112)

yn(k + 1) = F(x(k), u(k)) (5.113)

Let the TDLNN be used to approximate the unknown plant through a
weight learning process:

Flw,z,u) — f(z,u)

yp(k)
TDL :
z (k)
k+1 * k
r(k+1) P (w, 2, 7) u(k) Unknown Yp(k) R
plant
Controller
TDL ¢
\ yp(k)
(k) [ MFNN ynlk) |-

—O
u(k) % e(k)

Learning

algorithm

Figure 5.12 Indirect inverse control (IIC) using TDLNN.
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The controller may then be obtained by inverting the TDLNN equation as
follows

u(k) = F7 N (w, 2(k), r(k + 1)) (5.114)

which, implicitly, is the inverse of the input—output equation of the TDLNN
with respect to the current control u(k). Let the reference input r(k + 1) be
designed as

r(k+1) = yd(k+1)+2ﬁi[yd(k—i+1>—yn(k—z'+1)],

v <k (5.115)

where the parameters ;, ¢+ = 1,...,7 are chosen so that the roots of the
characteristic equation

4B+ B =0
lie inside the unit circle. Substituting Eqn. (5.115) in Eqn. (5.113) yields
Yk +1) = F(w,z(k),u(k))
= F(w,z(k), F, (w,z(k),r(k+1)))
= r(k+1)
y
= yalk+ 1)+ Bilyalk —i+1) — yn(k — i +1)]

i=1

(5.116)
that is
lim(yq(k) — yn(k)) =0

On the other hand, if the output y,(k) of the unknown plant is approximated
by the output y,, (k) of the TDLNN through a learning process

lim(y (k) — y(k)) = 0

then the output tracking error of the unknown plant with respect to the desired
output satisfies

lya(k) — yp(K)| < |ya(k) — yn (k)| + lyp(k) — yn(k) — 0 (5.117)
In this case, the error index is represented as
E(k) = 3(r(k) — yp(K))?
= 5(un(k) — yp(K))?
(F(w,z(k — 1),u(k — 1)) —y(k))*  (5.118)

oI |
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5.9 CONCLUDING REMARKS

In this chapter we have provided a more comprehensive view of neural network
structures and learning algorithms. Generally speaking, neural network ar-
chitectures can be used to solve a variety of problems. However, each class of
problems that needs to be solved requires a different architecture and learning
approach. The exposition in this chapter has focused on some new learning
algorithms as extensions and additions to the commonly used BP learning
algorithm. Different error measure criteria, neural network pruning through
sensitivity calculations, second-order optimization learning algorithms, and
tapped delay line neural network structures are some of the important top-
ics that were discussed in this chapter. Some of these discussions may lead
to a better design of learning algorithms for situations such as incremental
learning, signal and image processing, and adaptive control systems (Brown
and Card 2001, Card 2001, Fernandez et al. 2001, Fu 2001, Fujimori 2001b,
Homma and Gupta 2002a, Hoya and Chambers 2001, Hyvarinen 2001, Hy-
varinen et al. 2001, Hyvarinen and Oja 1997, Iyer and Wunsch 2001, Jin
et al. 1993a, Kalman and Bertram 1960, Kim et al. 2000, Ko et al. 2000a,
2000b, Li et al. 2001, McLachlan and Peel 2000, Mozer et al. 2000, Pham
and Cardoso 2000, Wang 2000).

Problems

5.1 For the XOR network discussed in Section 4.2, define an error func-
tion in the L; norm as

E=|d-yl

Conduct a simulation process for the initial weight values used in
Section 4.2 and compare the results obtained with those presented in
Section 4.2.

5.2 Consider a two-layered neural network with a single output:

n2 n1
Y= Z wgz)a Zw,fjl)xj + 6;
=1 j=1

Derive the BP learning rule for the error function, called the loglike-
lihood loss or cross-entropy cost function, defined as

E(w) = —d In(y) — (1 —d)In(1 —y)
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For an m-layered MFNN, an exponential error function for the weight
learning is defined as

where "
E =3 (dj—y;)

(a) Derive the gradient formulations

OE,

Bwé?

V (1,)E

(b) Prove that

V oE.=KV wE
wJ(.l) € 'w;l)
where

K 2 kE, = keFP

To minimize a function of the “energy” spent by the hidden neurons
throughout the MFNN, an error function may be defined as (Chauvin
1989)

M-1 n;

CREPICTE DI,

i=1 j=1

where 1 and po are weight coefficients. Using the gradient de-
scent algorithm, derive a weight learning algorithm and analyze the
possible advantages of the second term in the error function.

Consider a single-input/single-output (SISO) feedforward neural net-
work with the following transfer function

1
w) = Z w§2)a(w§1):c +6;)
i=1

where wz@) and wgl) are, respectively, the input and output weights of

the hidden unit ¢, 6; is the threshold, and & (.) is the sigmoidal function.
The cost function, which includes the term of the complexity measure,
is defined as



5.6

5.7

58

PROBLEMS 217

Ei(w) = oy 3 alp) -~ oalp) w)? +1 5 T 835,

p=1 i=1j=
where
(w (1))2 (w (2))2

S’.é
1+ (w (1))21_|_( (2))

Using the gradient descent algorithm, derive the weight updating
algorithm.

Verify the following approximate recursive form of the second-order
derivative formulation

0*E (D2 N, (+1)32
(o' ()2 Y (wi ) —
a(siy2 T 5 8(s| +”)

where the second-order derivative of the sigmoidal function is ne-
glected.

Consider a MFNN with only linear output neurons. Derive the diago-
nal second-order partial derivative formulations of the error function

with respect to the output weights, that is, P E/ 8(w§JM) )2.

Consider a two-layered network given in Fig. 5.13. Let the neural
inputs and the desired neural output pairs be

Ta= _1 ] , d4q = 0.58
L
[ 0.5
$B=_1.5:|, dB:O.95
To = —;8 ] , do =0.52
xp = _g] dp = 0.99

(a) For given neural inputs x4, g, Zc, and £, calculate the
corresponding outputs;

(b) Calculate the saliency for all the weights;

(¢) Remove the weight that has the smallest saliency and give
the new network structure diagram;
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ZoEl

[

(2)
51 Y
&)1

T2

|

Figure 5.13 Problem 5.8: a two-layered network with the neural inputs & =
[1 z2]T and the neural output y = y;.

(d) For given inputs ¢4, p, ¢, and p and the new neural
network structure derived in (¢) calculate the corresponding
outputs.

5.9 Show that the optimal brain damage (OBD) method for the network
pruning may be obtained from the optimal brain surgeon (OBS)
method by neglecting the off-diagonal elements of the Hessian matrix.

5.10 Except for the quasi-Newton and conjugate gradient algorithms, give
another type of higher-order optimization methods for the weight
learning problem.

5.11 Show that in the Fletcher-Reeves conjugate gradient, if one takes

(g(k)Tg(k)
%) = B (k)T Haw(h)

and
g(k +1) = g(k) — n(k)H (k) Aw(k)
then, Aw(k) and Aw(3) (i # k) are conjugate, that is,

AwT (k)H (k)Aw(i) =0, i#k
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and, g(k) and g(¢) (¢ # k) are orthogonal:

(g(k))"g()) =0
Consider the weight updating algorithm given by

Awk+1) = w(k)+nk)Aw(k)
Aw(k) = —gk)+o1(k—-1)Aw(k-1)
+ ag(k — 1)Aw(i)

where i < (k—1). Give an algorithm for both the parameters oy and
a such that Aw(k + 1) is not only conjugate to Aw(k) but also to
Aw(i) (Smagt 1994).

Consider a multiinput/multioutput (MIMO) linear network described
by

y=Wzx+wv

where y € R™ is the output vector, x € R" is the input vector,
W € R™*" is the weight matrix, and v is the zero-mean stationary
white noise. Let {a(k),d(k)} be a desired task pair.

(a) Derive the recursive least squares algorithm for estimating
the matrix W',

(b) Derive the Kalman filter equation.

To simplify the linearized least squares learning (LLSL) algorithm
given in Eqns. (5.81)-(5.83), one assumes that the off-diagonal ele-
ments of the conditional variance matrix R(k) are negligible:

R(k) =~ diag[r1(k),ra(k), ..., rn(k)]

Give the learning formulation for each weight w; and compare the
algorithm obtained with the WDEKEF algorithm given in Eqns. (5.97)-
(5.102).

An unknown nonlinear plant to be controlled is assumed to be gov-
erned by the difference equation

2+ cos (Tn{y?(k — 1) + 42 (k — 2)} )] + e74®)
1+u2(k—1) +u2(k — 2)]

y(k+1) =

Design a TDLNN to adaptive control such a nonlinear system. Show
simulation results for the system designed.
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5.17

5.18
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Consider a system identification problem for the nonlinear system of
the form

yk+1) = flyk),ylk—1),--,y(k —n))
+ g(y(k), y(k = 1), - y(k — m))u(k)
where f(.) and g(.) are two continuous functions. Give a system

structure consisting of two TDLNNs for this system identification
problem.

Let the nonlinear function in the above problem be given by

_ y(k)y(k — 1)
10 = 1+y2k)+92(k—1)

and

1
T T4 y%(k) + 2k - 1) + 2k~ 2)

g(.)

Give the simulation results for this nonlinear system identification
problem.

An adaptive echo cancellation mechanism for a telephone system is
shown in Fig. 5.14. Let z(k) be a received signal from the channel,
and s(k) be a transmitted signal from the speaker. As the impedance
mismatch at the hybrid circuit of the system, the received signal z(k)
will be returned or reflected as an echo. The objective of the adaptive
echo cancellation is to remove the echo signal by using the output of
the echo canceller, that is

e(k) =r(k) + s(k) —#(k) — s(k)

(a) Design a linear combiner for such a linear echo canceller.
Derive the training algorithm for online adaptation of the
echo canceller.

(b) Design a tapped delay line neural network (TDLNN) based
echo canceller for dealing with the nonlinear echo dynamics.

(¢) Discuss the advantages of using such a neural network based
nonlinear version echo cancellation mechanism for a tele-
phone system.
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——

z (k)
—  Channel
/ - _: Speaker
I signal
| s(k)
Adaptive Echo! | Hybrid
echo canceller path | circuit
i
: Echo :
= rlk);
r(k)+s(k)

~<——  Channel

Figure 5.14 Problem 5.18: adaptive echo cancellation.

5.19 In Problem 5.18, let the nonlinear dynamics of the hybrid circuit for
generating echo is characterized by a discrete-time nonlinear model

r(k)

e e ®

r(k+1)
where z(k) is the input of the echo path and r(k) is the output of
the echo path or simply echo. Design a neural network based echo
canceller for cancelling such a nonlinear echo signal.
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Radial basis function (RBF) neural networks have recently been studied
intensively. In addition to many applications and improvements, several
theoretical results have also been obtained. The RBF neural network has
the universal approximation ability, therefore, the RBF neural network can
be used for the interpolation problem. A Gaussian radial basis function,
an unnormalized form of the Gaussian density function, is highly nonlinear,
and it provides some good characteristics for incremental learning, and has
many well-defined mathematical features. Gaussian neural networks, which
have been found to be powerful scheme for learning complex input—output
mapping, have been used in learning, identification, equalization, and control
of nonlinear dynamic systems. In this chapter we introduce the concepts of
RBF and give some of its applications.

6.1 RADIAL BASIS FUNCTION NETWORKS (RBFNSs)

6.1.1 Basic Radial Basis Function Network Models

The radial basis function network (RBFN), or the potential function network,
as an alternative to the multilayered feedforward neural networks (MFNNs),
has been studied intensively. A RBFN is a multidimensional nonlinear func-
tion mapping that depends on the distance between the input vector and the
center vector. A RBFN with an n-dimensional input z € " and a single
output ¥ € R can be represented, as shown in Fig. 6.1, by the weighted
summation of a finite number of radial basis functions as follows

] 1 PO
1 @O w2 v/
S L ] ¢ e

Figure 6.1 Block diagram representation of the radial basis function network
(RBFN) with input € R™ and output y € R.
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y2 f(x) =) willlz —aill) ©6.1)
i=1

where ¢;(||x — ¢;l|) is the radial basis function of x, obtained by shifting
¢i(||z||) by ¢;. For simplicity, it can always chosen the same type of radial
basis function ¢ for all weighted summation given in the above, therefore,
Eqn. (6.1) can be rewritten as

n
y2 f@) =Y wio(|e - cll) 6.2)
i=1
In this equation ¢(.) is an arbitrary nonlinear function, ||.|| denotes a norm that

is usually assumed to be Euclidean, the known vectors ¢ € R" are viewed as
the centers of the radial basis functions, and w; is a weight parameter. For in-
stance, the radial basis function ¢(||z — ¢[|), which has been used in classical
physics, has the maximum value at = ¢; and decreases monotonically to
zero as ||z — ¢;|| approaches infinity. The term radial basis function derives
from the fact that these functions are radially symmetric; that is, each node
produces an identical output for inputs that lie at a fixed radial distance from
the center. In other words, a radial basis function ¢(]|z — G||) has the same
value for all neural inputs « that lie on a hypersphere with the center g. A
two-dimensional example is shown in Fig. 6.2a.

If the individual elements of the input vector x belong to different classes,
it is more appropriate to introduce a weighted norm (Poggio and Girosi 1990)
in the radial basis function such that the RBFN may be represented as

y=flx) =Y wo(lz-cilg,) (6.3)

i=1

where K; € R™*" is a weight matrix and the weighted Euclidean norm is
given by

|z —ecilly, = lIKi(z-e)lf
= (x—-)TKFKi(x - ¢) (6.4)
In a simple case, K is a diagonal matrix, K; = diagl[k;1, ki2, - - . , kin)

and the diagonal elements k;; are assigned a specific weight to each input
coordinate, and the standard Euclidean norm is obtained when K is set to
the identity matrix. However, the radially symmetric property is no longer
true for the weighted norms. The radial basis function (RBF) produces the
same value for all inputs a that lie on a hyperellipsoid with the center ¢ and
the axes are determined by the weight matrix K as shown in Fig. 6.2b for a
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flz - cll

2
K

@) || ¢ — ¢ |)? with ¢ = [5,5]T ) || & — ¢ ||% with ¢ = [5,5]7
and K = diagl[4, 3]

Figure 6.2 A two-dimensional example for || z — ¢ [|? and || = — ¢ || %

two-dimensional example. The introduction of the concept of the weighted
norm plays a critical role whenever different types of inputs are presented.

Like the MFNNSs, the RBFNs can be used for both classification and func-
tional approximation. A simple classification example is given in Fig. 6.3,
where three classes of patterns can be effectively classified using a single
linear radial basis function neural unit

¢(llz = cll) = ||z - cl| (6.5)
and the decision functions are easily obtained as
o(llz —cl]) <r1: class 1
1 < é(||le —c|]) <rz: class 2
o(llz—cll) >ra: class 3

where c is selected as the center of the patterns, and decision radii n and 72
are appropriately valued to produce the circular decision boundaries as shown
in Fig. 6.3. However, a conventional single neuron with a sigmoidal activation
function will not be able to carry out such a classification task.

For the case of multiple-output, the RBFN given by Eqn. (6.2) can be
extended as

yi 2 fi(x) =D wiyg(lle —all); j=1,2,...,m
i=1
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class 3 class 2 class 1

Figure 6.3 An example of a two-dimensional classification example problem us-
ing RBF neural units.

or a vector form

y2 f(z) = Wé (6.6)
where
Wil Wiz ... Wip (||l — c1])
W | g g | e
Wnr Wny ... e $(ll@ - cal)

6.1.2 RBFNs and Interpolation Problem

The radial basis function (RBFN) can naturally be derived from the classic
interpolation problem. The RBFN is one of the possible solutions to the real
multivariable interpolation problem for data that are nonuniformly sampled.
Mathematically, this problem can be stated as follows:

Given n different points {x; € RP, i = 1,2,...,n} and n real numbers
{vi e R i =1,2,...,n}, find a function { : R* — R such that the
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following interpolation conditions are satisfied:
f(xi) = yi, i=1,2,...,n 6.7)

In fact, the radial basis function (RBF) expansion given in Eqn. (6.2) may be
used to solve this problem. Let

n
y=Ff@)=> wi(lw —z]) (6.8)
i=1
Then, the interpolation conditions of Eqn. (6.7) may be interpreted as
11 P12 o Pin wi n
$21 P22 - P wo Y2
A = (6.9)
¢n1 ¢n2 Tt ¢nn Wn Yn
where
bij 2 ol ~ 4l]); 4,5 =1,2,...,n
Also, let
v wy
Y2 w2
Y= € R”, w= e R
Yn Wn,
and
11 b2 - Pin
5 $21 Poa cr Pon -
¢n1 l?2571.2 T ¢nn

be the desired value vector, the weight vector, and the interpolation matrix,
respectively. Then, Eqn. (6.7) in a compact form is expressed as

dw =1y (6.10)

A necessary and sufficient condition to solve the interpolation problem is the
invertibility of the matrix ®. Hence, if we can suitably select the radial basis
function ¢(.) such that ® is nonsingular, then the solution of the weight vector
w is obtained as

w=& ly 6.11)
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Fortunately, the previous results due to Micchelli (1986) have shown that for
n distinct points &1, T2, ..., &, € RP, the following classes of radial basis
functions, as shown in Fig. 6.4, may guarantee the nonsingularity of ®:

(i) Gaussian radial basis function:

p(r) = e/ (6.12)
(ii) Multiquadratic radial basis function:
o(r) = (E+rHP  (0<p<1) (6.13)
(iii) Inverse multiquadratic radial basis function:
1
= >0 6.14

(iv) Thin plate splines radial basis function:
é(r) = r2log(r) (6.15)
(v) Cubic splines radial basis function:

o(r) = r° (6.16)

¢(r) = r 6.17)

Functions given in Eqns. (6.12)—(6.17) can be used in practice for data
interpolation by means of the RBF given in Eqn. (6.8). In particular, in a
one-dimensional linear case, the Eqn. (6.17) RBF corresponds to piecewise
linear interpolation; that is, the simplest case of spline interpolation. The
function given in Eqn. (6.13) is multiquadric for 8 = %, while the function
given in Eqgn. (6.14) is inverse multiquadric for o = % More recently, Light
(1992) proved that for the Gaussian radial basis function given in Eqn. (6.12)
and the inverse multiquadric function

o(r) = (02—_}_};2—)?—5 forsome ¢>0, and 7 >0 (6.18)
the interpolation matrix is not only nonsingular but is also a positive definite
function. However, there exists a problem of selecting the parameters in these
radial basis functions.
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(a) Gaussian radial 2basis function,
d(r) = e /)" with ¢ = 1,
Eqn. (6.12)

(c) Inverse multiquadratic radial ba-
sis function, ¢(r) = 1/(c? + )2

with ¢ = 1 and a = 0.5,
Eqn. (6.14)
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(e) Cubic splines radial basis func-
tion, ¢(r) = r3, Eqn. (6.16)
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(b) Multiquadratic radial basis func-
tion, ¢(r) = (2 +r2)P withc = 1
and 3 = 0.5, Eqn. (6.13)

3 —
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(d) Thin plate splines radial ba-

sis function, ¢(r) = r?log(r),
Eqn. (6.15)
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T
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(f) Linear splines radial basis func-
tion, ¢(r) = r, Eqn. (6.17)

Figure 6.4 Radial basis functions that guarantee the nonsingularity of @ in

Eqn. (6.11).
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Example 6.1 In this example we consider a two-variable XOR problem using
the RBFN with the linear radial basis function (RBF) ¢(r) = r.

The RBF network with four linear radial basis functions, as shown in
Fig. 6.5, is assumed to be of the following form:

4
y = willz-cill
=1

The four binary input vectors and the associated output vector are

ml=[j] w2=[_1]’ “”3:[_1]’ ””Fm

and

-1

respectively. Correspondingly, the center parameter vectors in the linear radial
basis functions are selected as

C1 =I;
Co = T3
C3 = I3
Cq4 = T4

-1l w1
-1l wy Yl 1)
-1 ws
- ws

Figure 6.5 Example 6.1: a radial basis function network (RBFN) for the two-
variable XOR problem.
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In this case, the interpolation matrix ® may be calculated as

[ |1 — a1l o1 —eo|] |l —esl] |lzn — 4|

e - |llm—all llza—cl |lee —cs|| ez — call
llzs —al| ||z —coll |lez —c3l| ||lzs — e4l|
llzs — el [ls —call |lza —c3|| |lzs — cal|

[0 2 2 22
2 0 22 2
- 2 22 0 2
| 2v2 2 2 0

It is easy to verify that the 4 x 4 matrix @ is nonsingular. Thus, the weight
vector w = [w; wo w3 wy4]? may be solved by the matrix equation

dw =y
that is
0 2 2 22 wy 1
2 0 2v2 2 we | 1
2 22 0 2 ws - 1
2v2 2 2 0 wy -1
which yields
242
U = Wy = 2
242
Wy = Wz = — 1 m

6.1.3 Solving Overdetermined Equations

Determining the proper number of hidden nodes and their specific locations
is of fundamental importance since they provide the basis to the interpolation
problem. As discussed in Example 6.1, the obvious choice for a RBF is to
place the center vectors of the radial basis functions on every known point
such that ® is a nonsingular square matrix. Thus, an exact problem with the
weight parameters whose number is the same as that of the equations can be
easily solved.

It can be seen easily that, if the number n of the sample points is very
large, the above method is somewhat unrealistic (Lee and Kil 1991). In
this case, this scheme will encounter some limitations due to the speed and
memory problems in computer simulations, also due to hardware restrictions
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in VLSI implementations. Hence, it is of interest to study the problem for
using as small as possible the number of radial basis functions for solving the
interpolation problem. In this case, let

y=f(z)=> wie(||z - ci) (6.19)
i=1
and
wy $11 P12 0 Oim
v — sz , and . ¢:21 ¢:22 e :¢2m (6.20)
Wm ¢n1 ¢n2 o ¢nm
where

¢ = ol —ell), i=1,2,...,m; j=12,..,n (6.21)

For a set of known ¢; € R?, (¢ = 1,2, ..., m), the interpolation problem may
be redescribed as a solution of the following equation:

The question is whether and how, for a given ¥, we can adjust @ to find an
exact solution for w satisfying Eqn. (6.22) or an optimal solution minimizing
the error

E £ |ly - ®w||? (6.23)

In the case when m > n, there always exists one or more exact solutions
for w that satisfies Eqn. (6.22); this is because of the properties of the radial
basis function ¢(.). However, the condition m > n is unrealistic since n is
usually selected very large for the minimization of the interpolation errors.
For m < n, Eqn. (6.22) represents an over-determined set of equations in
the sense that there are more data points than the weighted parameters to be
determined. The existence condition of the exact solution that depends on
both the matrix ® and the vector y may be given as

rank(® : y]l=m (6.24)

Whether @ can be chosen to satisfy this condition, by adjusting the parameter
vectors ¢;, is a problem that needs to be further studied.

In fact, the condition in Eqn. (6.24) is equivalent to the condition that y is
embedded in the subspace Sy, defined by

Se £ span{ey, by, ..., ) (6.25)
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where ¢; = (i1 iz - -+ Pin]T € R™. Inother words, the solvability condition
requires that y lies in the linear subspace spanned by the column vectors ¢,
i = 1,2,...,m. However, there exists the possibility that an adjustment of
the center parameter vectors ¢; in the radial basis functions may provide the
setting of ¢;, ¢ = 1,2,...,m such that y is embedded in S;. In this case,
the solutions of the weight vector w may be given by the following recursive
formulations (Barmann and Biegler-Konig 1992)

wj:f_%glé:, i=L2...,m (6.26)
where < -,- > represents the inner product of the two vectors, and

51 £ y

s 2 y_gwmj, j=2,3,....,m ©.27)

This algorithm is called the projection method. The computational procedure
has to be started recursively from the first component of the weight vector w.
Alternatively, an iterative version of this algorithm may be given as follows

wi(k+1) (6.28)
;12
sitk+1) = y— > wp(k)dy, j=12,...,m (629)
k=1 k]
with the initial condition w;(0) = Oforall j = 1,2,...,m. It is easy to see

that this algorithm will converge at least linearly to the projection solution
given above.

Note that with fixed ¢;, ¢ = 1,2,...,m, y € S, implies that no exact
solution for w exists. Alternatively, the optimal solution w* that minimizes
the error given in Eqn. (6.23) can be obtained by projecting y onto .S, such
that

w* = &'y (6.30)
and
Emin = [I(I - Pyl (6.31)
where ® represents the generalized inverse of ® given by

o2 [@Te 1T (6.32)
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and P is the projection matrix described by
P2 33T (6.33)

To avoid a direct computation for the matrix inversion that is involved in
the generalized inverse ®* given above, an effective and straightforward
algorithm is the singular-value decomposition. The detailed procedure of
this algorithm may be found in the text books on matrix analysis (Hom and
Johnson 1985) and signal processing (Haykin 1991).

6.2 GAUSSIAN RADIAL BASIS FUNCTION NEURAL
NETWORKS

6.2.1 Gaussian RBF Network Model

A Gaussian radial basis function neural network, or simply the Gaussian
neural network, which consists of an unnormalized form of Gaussian density
function given by

6(r) = exp ( . (5)2 ) (6.34)

cC

is the most important class network of the RBFNs. As shown in Fig. 6.6, a
Gaussian function which is bounded, strictly positive and continuous on &,
has a peak at the center » = 0, and decreases monotonically as the distance
from the center increases. Note also that the Gaussian radial basis function

0.8+~

0.6

0.4

0.2

I
|
|
|
|
|
|
|
)
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'
I
|
'
I
t
|
[
|
I
|
1
|
!

0

-15 -10 -5 0 2 5 10 15

Figure 6.6 Gaussian radial basis function f(z) = exp(—3[(z —¢)/0]?) with
¢ = 2 and various values of o, (0 = 1,2,3,4).
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has a separable nonlinearity, that is

¢(lle—cll) = olz1—c1)p(zz ~c2)... ¢(xn —cn)
= [[¢@i-a) (6.35)
=1

or any intermediate combination of such terms, so that instead of computing
a single nonlinear transform of the entire input vector, individual subspaces
of ™ may be transformed separately, and then multiplied to obtain the final
expression. The Gaussian networks are highly nonlinear and provide good
locality for incremental learning. It has been proved that Gaussian networks
have many well-defined mathematical features and can be used in the learning
and control of nonlinear dynamic systems, and as some powerful schemes
for modeling complex input—output mappings. Moreover, these properties
make the Gaussian networks particularly amenable for their implementation
in parallel analog hardware.

A typical Gaussian network is a three-stage network with an input stage,
an intermediate stage of Gaussian units and an output stage of conventional
summation units as shown in Fig. 6.7. A block diagram showing the input—
output of the Gaussian RBF is shown in Fig. 6.8.

Letz = [z 23 ... 2,)7 and y = [y1 ¥2 ... ym|” be the input and output
of the network, respectively, and u = [u usg ... Ug]T be the £ outputs of the ¢
Gaussian units. A Gaussian radial basis function ¢ with a weighted norm is
defined by

e — cillgc,) = e~ d@eHar (6.36)
where
d(x,c;, Hy) £ ||& - cil g, = (& — ¢;)) ' Hi(z ~ ¢;) (6.37)
with
H;=K[K; (6.38)

and ¢; € R™ and H; € R™*" represent, respectively, the mean vector and the
shape matrix defined by the inverse of the covariance matrix of the ith radial
basis function.

Furthermore, d(z, ¢;, H;) can be rewritten in an expanded form

n n

d(:l:, C;, Hz) = Z hijk(-Tj - cij)(a:k - cik) (6.39)
j=1 k=1

where ¢;; is the jth element of ¢;, and h;jy, is the (4, k)th element of H;.
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~ cross-correlator

\ exp (—1d;)

|
{07 |
|

(a) The cross-correlator: connections between the inputs xy, xg, .... Ty
and the ith Gaussian unit, d; = Ei:l[(:r.,f —cix)/oi)?, and u; =
exp (—%da—)

exp (-—%d,;)

Uy :
| — » 'U_?j 1
dy N\
Ug s
}7_. \ ?J}J‘z -.\___\___\_---\--- .l}‘_j
[# 2 e = >

) Ue | wje ;
(L'g

(b) Connections between the nodes in the hidden layer and the output

x e R"

cross-correlator

Figure 6.7 The schematic diagram of a Gaussian radial basis function neural
network (GRBF-NN).
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Input Output
T eR Gaussian | o, ¢ B¢ Linear y € ™
- hidden layer ' combiner -
o= ile—c|) w

Figure 6.8 A block diagram of the input and output of a Gaussian RBF neural
network.

Without loss of generality, h;;; can be represented as the ratio of the
correlation coefficient k;;;; and the product of the marginal standard deviations
Oij and Oik- Thus

(6.40)

where o;; is positive real number, and k;;;, = 1 for j = k, and |k;;z| < 1,
j#k.
Instead of using the general form of A;;; given by Eqgn. (6.40), we may
simply assume that the shaping matrix H; is positive diagonal; that is
1
7 if j=k
oz,
ik = i (6.41)

0, otherwise

where aizj is the variance for controlling the width of the Gaussian function.
Therefore, the input—output relationship of a Gaussian neural network that
might have multiple outputs is described by

[e3 . 2
U = exp —12 Tk Gk} 1<i<e (6.42)
2k:1 Cik

and

l
Yy = Z'wjiui
i=1
¢ 1= [2r — ¢ 2
= Zwijexp(-52[—’i_—ﬂ ),1§jgm (6.43)
=1

k=1 Oik

where u; is the output of the ith hidden Gaussian neuron described by a
Gaussian function that forms a hyperellipsoid in the n-dimensional space R
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rather than a hyperplane; ¢, and o2, are respectively, the center and variance
parameters, of the ith Gaussian function, which determine the geometric shape
and position of the hyperellipsoid in &*; and £ is the number of the Gaussian
neurons. As seen above, the intermediate stage in a Gaussian network consists
of an array of nodes ¢; that contain some parameter vectors called centers.
These intermediate nodes calculate the weighted Euclidean distance between
the center and the network input vector and the result is passed through a
Gaussian function. The output stage of the neuron is just a set of linear
combiners.
Using the notation of the variance matrices defined as

S 2 diagled, 0%, ...,0%] (6.44)

Eqns. (6.42) and (6.43) may be rewritten as

ui=exp(—3x— )0 Nz —¢)), 1<i<y (6.45)
and
¢
y; = ijiui

t=1

¢
= szj €xp (_%(mz - CZ)TEI l(w cz))
i=1

6.2.2 Gaussian RBF Networks as Universal Approximator

The approximation capability of such a Gaussian RBF network has been
addressed using the multipoint interpolation approximation technique in the
previous section. However, this issue is discussed extensively in Chapter 7
using the well-known Stone—Weierstrass theorem, which is a basis theorem
of functional analysis and approximation theory. A practical statement of the
theorem is given in Theorem 6.1.

Theorem 6.1 [Stone-Weierstrass Theorem II (Ray 1988)] Let S be a com-
pact set with n dimensions, and Q D C|[S] be a set of continuous real-valued
Sfunctions on S satisfying the conditions:

(i) Identity function: The constant function f(x) = 1isin );

(it) Separability: For any two points x1,xs € S and &1 # X2, there exists
a f € Q such that f(x1) # f(x2);
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(iti) Algebraic closure: For any f g € Q and o, 3 € R, the functions fg
and (af + Bg) are in Q.

Then, 2 is dense in C[S]. In other words, for any € > 0 and any function
g € C|[S), there is a function f € § such that

lg(z) — f(z)| <e
forallx € S. |

To ensure the function approximation capability of the Gaussian RBF
networks using the Stone—Weierstrass theorem, one has to verify that the
networks satisfy conditions (i)—(iii).

Note that the fact that exponential function can process the multiplication
into addition as follows:

exp(z)exp(y) = exp(z + y)

Hence, it can be verified that the Gaussian RBF network satisfies the Stone—
Weierstrass theorem.

Theorem 6.2 Let ) be the set of all functions that can be computed by
Gaussian RBF neural network on a compact set S O R*:

N 1 — Tp — C 2
Qv = {f(m)-—-waxp(—— [——i]>
=1 2ol on
’U)i,Cik,O’ikE%,fBGS}
o
Q= |Jaw
N=1

Then Q) is dense in C[S].

Proof: The function f(x) = 1 belongs to ) since it can be considered as
a Gaussian function with infinite variance o, and for any distinct points x
and y € S, we can obviously verify that f(x) # f(y) since the exponential
function is strictly monotonic. Furthermore, we can show that the product of
two of the elements of 2 yields another element of 2. Let f and g be two
functions in 2 and be represented by the Gaussian functions as

Yy 1 - :L‘k—cf ?
f(ml,...,:cn)zzw{exp _52[——f—1k]
1=

k=1 Ok
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and
g(xy,...
Since
fg =
where
’wi]‘
Cijk
Oijk
;5%
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N, n RE
1 Tk — Cip
,CL’n):Z’U)JgeXp —52[ - j ]
j=1 k=1 gk
Nj Ny n [ 2
1 T —C;
DEET EEES
i=1 j=1 k=1L ik
12
1 — :L'k—c?k
x exp __Zl .
2k:1 ik
Ny Ny n f 2
1 T — C
33t mn (1322
i=1 j=1 k=1 Oik
n 2
Tk — C‘]qk
Dyl
k=1 ik
2
N X 1 — l’k—C{]k
2 wge| 5> | —
i=1 j=1 k=1 Tijk

()2l + ¢4
(012 + (0%,)?

f g
9%k

[(})? + (o)21/2
(C{k)z("]g'k)2 + (C{k)z(%g'k)2

(04)% + (09,)2
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Hence, the product fg is in Q so that the Gaussian RBF neural network
satisfies the Stone~Weierstrass theorem. It follows that €2 is dense in C[S]. B
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For the other choices of the radial basis functions given in the preceding
section, it can be shown that the resulting RBFNs do not satisfy the alge-
braic closure condition required by the Stone—Weierstrass theorem. Thus,
the approximation capability of this class of the RBFNs cannot be ensured
using the theorem. However, we have demonstrated their ability for solving
interpolation problems in the last section.

6.3 LEARNING ALGORITHMS FOR GAUSSIAN RBF NEURAL
NETWORKS

It has been shown that the Gaussian RBF neural networks are capable of
uniformly approximating arbitrary continuous functions defined on a compact
set to satisfy a given approximation error. This approximation process is
usually carried out by a learning phase where the number of hidden nodes and
the network parameters are appropriately adjusted so that the approximation
error is minimized. There are a variety of approaches for using the Gaussian
networks. Most of them start by breaking the problem into two stages:
learning in the intermediate stage, that is, adjusting the center and variance
parameters, followed by learning or adjusting the weight parameters of the
linear combiners in the output stage. Learning in the intermediate stage
is typically performed using the clustering algorithm, while learning in the
output stage is a supervised learning. Once an initial solution is found using
this approach, a supervised learning algorithm is sometimes applied to both
stages simultaneously to update the parameters of the network.

6.3.1 K-Means Clustering-Based Learning Procedures in
Gaussian RBF Neural Network

Numerous clustering algorithms can be used in the intermediate stage for
determining the center parameter vectors ¢;. The simplest way is to choose
these vectors randomly from the set of the learning data. However, this must
be done in such a way that the number of the hidden Gaussian units must be
relatively large to cover the input pattern domain. One of the most popular
choices is K -means clustering, which has been widely accepted because of its
simplicity and ability to produce good results. The basic idea of this algorithm
is to group the learning data into some subsets or clusters and further select
the centers according to the natural measure of the attracting centers in the
sense of the Euclidean distance. Each cluster center is associated with one
of the hidden Gaussian units. Next, let us examine not only the original
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Table 6.1 K-means clustering algorithm for Gaussian RBF

Step 1:  Select the number ¢ < m of the clusters;
Step 2: Take the first £ learning data @, xo, ..., ¢ as the center
vectors:

c;=xj, j=12,...,4

Step3: Assigna; (i = £+ 1,£+2,...,m) to one of the clusters
with the least distance criterion; that is, x; belongs to the j*th
cluster if

[le: = €5l = minjz; —¢jll, 1<j<£

Step4: Recompute the center vectors using the new mean, that is
1 )
cj:;n_fzmj; l<j<¥?
7 iGCj

where m; is the number of the learning data belonging to the
Jjth cluster Cj.

K-means clustering algorithm but also some modified versions proposed
relatively recently.

Given m data ®;, xo, ..., T, € R, the standard K-means clustering for
the Gaussian networks is as given in Table 6.1.

The initial selection of the centers of the clusters dealt with in Step 2 may
also be carried out by randomly choosing ¢ data from the data domain. As
soon as the clustering algorithm is complete, the variance or width parameters
may be taken into account. These parameters control the amount of overlap
of the radial basis functions as well as the network generalizations. A small
value yields a rapidly decreasing function, whereas a large value results in a
more gently varying function. Although they can be determined in a variety
of ways, the most common one is to make them equal to the average distance
between the cluster centers and the data; that is

1
o= — Y (e —cy)’, 1<i<h 1<j<n (6.47)
I kec;
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where z;; is the jth component of x;. They represent a measure of the spread
of the data associated with each node.

It is to be noted that the problem existing in the K -meaning clustering
described above is that the data points that belong to the old clusters may
not be in the corresponding new clusters since the centers of the clusters
are updated. A simple two-dimension example is shown in Fig. 6.9 where
the datum d; is initially in the cluster 1, but after updating the centers it
switches to the cluster 2 since it is closest to the new center 2. The so-called
convergent K -means clustering algorithm described by Anderberg (1973) and
Spath (1980) may be used to achieve the goal that the data points are finally
in the current clusters in the sense of the nearest distance. This task is easily
carried out by adding an additional iterative process to the K -means clustering
and as is shown in Table 6.2.

new Cluster 1 new Cluster 2
new centers

old Cluster 1 old Cluster 2

T2

old centers

Ty

Figure 6.9 An example of the K-means clustering algorithm where the datum d;
switches from the cluster 1 to cluster 2 after the centers are updated.

Table 6.2 Convergent K-means clustering algorithm

Steps 1-4:  These are the same as those in the K -means clustering algo-
rithm given in Table 6.1;

Step 5: Assign x; (i = 1,2,...,n) to one of the clusters with the
nearest distance criterion;
Step 6: If at least one data point switches to another cluster, then

recompute the centers using the new mean and go to Step 5;
otherwise, stop the procedure.
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It is worth indicating that the K-means clustering is a task-independent
procedure where no error feedback or supervised function are reflected in such
an algorithm. The number of clusters in the K -means clustering is preselected;
however, the algorithm is so fast that it can be repeated using different values
of £. Some self-organizing approaches for dynamically determining ¢ have
also been conducted by Weymaere and Martens (1991), Lee and Kil (1991),
and Musavi et al. (1992). In fact, large number of clusters may increase the
accuracy of the learning phase, but at the cost of additional computational
requirements.

6.3.2 Supervised (Gradient Descent) Parameter Learning in
Gaussian Networks

With the center and variance parameters that are initialized to nearly optimum
values using K -means clustering at hand, we may use either the well-known
least mean square (LMS) or the generalized inverse methods for updating the
unknown weights that are linear in the Gaussian network as discussed in the
previous section. The learning problem in such linear combiners that finally
produce the outputs of the network has been studied extensively in the previous
sections. Furthermore, like the BP algorithm for the MFNNS, if all of the
free parameters, such as the weights, centers, and variance parameters, in the
Gaussian network are considered as the unknown parameters, we may use the
gradient descent method to form the updating equations for the parameters.
Assume that the learning task is described by the input—output data pairs
{z(k),d(k)}. The number of such sets of data might be either finite or
infinite. As seen in the previous sections, the first step for developing such a
gradient-descent-technique-based supervised learning procedure is to define

the instantaneous value of the cost function as follows
m

1 1
Jj=1 Jj=1

where
& = dj—y;
¢ 1 & Tk — Ci 2
)
= dj—) wgexp | 537 [—% ”] (6.49)
=1 p=1

Using both the above definition and the network equations, Eqns. (6.42)—
(6.43), the following set of the updating equations for the parameters may be
obtained

wif? = w4 mue; (6.50)
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m
LTp — C;
e = TG Sy ©651)
Uip j=1
(£p — Cip)? —
ot = ofl ) e (6.52)
ip j=1

1<i<d, 1<5<m; 1<p<n

where 1, 19, and 73 are the learning rates associated with the weights,
centers, and variance parameters, respectively. The verification of the above
formulations may easily be obtained, and is left as an exercise for the reader.
The iterative process goes repeatedly around the given learning data until the
convergence values of the parameters are obtained.

An obvious drawback of this supervised algorithm for all the free param-
eters is its computational complexity compared with the clustering method
just discussed. If the parameters ¢y, and oy, are predetermined using K-
means clustering, only Eqn. (6.50) is required to update the weights w;;. This
might reduce the learning time and avoid problems of getting trapped into the
local minima. Furthermore, the supervised learning issues and approaches
discussed in the previous chapters for feedforward neural networks are also
applicable to the learning for RBF networks, as it can also be considered as a
class of feedforward neural networks in terms of their input—output relation-
ship.

6.4 CONCLUDING REMARKS

In this chapter, we have introduced the radial basis function (RBF), another
form of feedforward neural networks, which has been proved useful for solv-
ing many engineering problems such as adaptive communication channels,
adaptive modeling, classification, and clustering problems. In particular, we
introduced the Gaussian radial basis function neural networks (GRBF-NNs)
which have, unlike the conventional multilayered feedforward neural networks
introduced in previous chapters, some impressive neural network characteris-
tics for effectively resolving many approximation, adaptive, nonlinear issues
existing in many engineering applications.
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Problems

6.1

6.2

6.3

64

6.5

Let a Gaussian network with an n-dimensional input € " and a
single output y € R be described by the following equation:

‘ 1w [z —cii]?
= , S B
y-—szexp 22[ Oij }
=1 Jj=1
Given an input—output data pair {z(k),y(k)} (k = 1,2,...,n),
design a learning algorithm for adjusting the center parameters g;,

the variances o;;, and the weight parameters w; using the gradient
descent algorithm.

Verify the supervised learning algorithm given in Section 6.3.2 for
the Gaussian networks.

Use mathematical language to show that, in the classical interpolation
problem, the radial basis function f is determined such that f(1) =
fr where f; are some data values. Also show that, in this case,
there is exactly one linear constraint per radial basis function, and the
corresponding linear system of equations is invertible.

Show that the Gaussian radial basis function with the weighted norm
has the following separable nonlinearity

le —clg) =] ¢ ( (zi ~ ci)(z; — Cj)hz'j)
i5=1

where z, c € ", K € #*", and

H = [hijlnxn 2 KTK

Given six data as follows

1 1 -1
-1 -1 1

) = 1 , Ty = 1 f r3 = -1 y
-1 1 1

-1 -1 1
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6.6

6.7

6.8

6.9

RADIAL BASIS FUNCTION NEURAL NETWORKS

-1 : -1 -1
1 -1 -1
xg=| -1, =] —-11}, x;= 1
-1 1 1
-1 -1 -1

Let the cluster number be chosen as £ = 2. Use the convergent
K -means clustering algorithm to group these data.

Consider a conventional two-layered feedforward neural network and
a Gaussian network that have the same number of inputs, outputs,
and intermediate units. Show that the Gaussian network represents
more degree of freedom than the conventional one in terms of the
free parameters.

Show that a RBF network with a multiquadratic radial basis function
o(r) = (2+r?°  (0<pf<)

does not satisfy algebraic closure condition required by the Stone—
Weierstrass theorem.

A generalized Gaussian radial basis function network is described by
the equation

y= f(z)

S wig(l 2 - llg,)
i=1

— Zwie—d(m,ci,Hi)ﬂ
i=1
where
dz,c;, H;)) = (ar;—q)TH,-(a:—ci)
H;, = KTK;

Derive the learning algorithm for the network parameters w3 € R,
c; € R, and H; € R™*” by minimizing an error function.

Given a time series of y(n),y(n — 1),...,y(n —m + 1). Find an
input—output mapping f(.) of the prediction model for the following
optimization problem

N-1
f = argm}n{Z[y(w 1) —g(n+ D + X || Pf ||2}

n=m
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where

jn+1) = flyn),ymn-1),...,y(n —m+1))

The P is a differentiable operator. Show that with an appropriate
choice of the differential operator P, we obtain the solution

fly) = wig(y)

y(n) = [y(n) yn—-1) - yn-m+1"
aw) = ) o« - a1

9i(y) = exp(—2ly-¢lg), i=12,...,N-1

where w € RV -1, c; € R™, and K € R™*™.

6.10  Using the extended Kalman filtering algorithm discussed in Chapter
5, derive a learning algorithm for a Gaussian network.

6.11 For a sinusoidal radial basis function network (RBFN) of the form

flm) = ) wigi(e)
=1
sin(]| £ — ¢ ||)

, T, ceR™
| z—ecill

¢i(x)

(a) Discuss the universal approximation capability of the above
RBFN by using Stone—Weierstrass theorem;

(b) Derive a learning algorithm for updating the parameters of
the RBFN.

6.12 In most communication systems, channel equalizers are employed to
deal with channel characteristics that are unknown a priori and, in
many cases, time-variant and nonlinear. In such a case, the equalizers
are designed to be adjustable to the channel response and, for time-
variant and nonlinear channels, to be adaptive to the time variations
and nonlinear characteristics in the channel response. As shown in
Fig. 6.10, a neural network based adaptive equalizer is used to process
on the received signal y(k) such that the output of the equalizer
satisfies

(k) — z(k) or e(k)=2z(k)—xz(k) —0
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Transmitted Received /'
signal Communication signal Adaptive =
z(k) channel y(k) equalizer z(k)

elk)=2z(k)—z(k)

2(k).

Training signal = (k) —
=)

I

Figure 6.10 Problem 6.12: adaptive channel equalizer.

(a) Design a linear combiner based linear tapped delay line neu-
ral network as an adaptive equalizer and give a training equa-
tion for online adjusting the parameters;

(b) Design a Gaussian radial basis function based tapped de-
lay line neural network as an adaptive equalizer and give a
training equation for online adjusting the parameters;

(¢) Discuss the advantages of using such a Gaussian radial basis
function based equalizer for a communication system.

6.13 Let the channel model in Problem 6.12 be a nonlinear system

yk+1) = f(y(k),u(k - 1),y(k—2),2(k) ) +n(k)

_ yByk - Dy(k - 2[y(k — 2) — 1] + z(k)
B 1+y2(k—1)+y%(k —2) +n(k)

where n(k) is a white noise with zero mean value. Train the Gaussian
radial basis function network based equalizer designed in Problem
6.12 for the equalization of such a nonlinear channel.

6.14 Many digital communication channels can usually be characterized
by a finite impulse response (FIR) filter and an additive noise source
as shown in Fig. 6.11. Let z(k) be the digital data sequence passing

Noise
Data + n (k ) Received
signal FIR channel + S signal _
z (k) H(z) y(k)

Figure 6.11 Problem 6.14: Digital communication channel.
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y(k)

Tapped delay line

yk) jytk—1) - |ytk—M + 1)
Y A Y

Decision function

Slicer
sgn(.)

fly(k)) (k- d)

Figure 6.12 Problem 6.14: Feedforward channel equalizer.

through the channel of FIR, and y(k) be the received digital data
sequence, which is formed by adding Gaussian random noise n(k) to
the output of the FIR. The input and output equation of such a system
is given by

N-1

ylk) = ’ hiz(k — i) +n(k)
ot

H(iz) = > hz™
=0

where N is the length of the impulse response.

The channel equalization problem is that of using the informa-
tion present in the observed channel output y(k) = [y(k) y(k —
1) -+ y(k — M + 1)]7 to generate an estimate #(k — d), as shown
in Fig. 6.12, of the channel input z(k — d). Therefore, the objec-
tive of designing such a channel equalizer is to find the decision
function f(y(k)). One may use a Bayesian approach to select an
optimal decision boundary that is the locus of all values of y(k) for
which the probability z(k — d) = +1 is equal to the probability that
z(k — d) = —1, given the same values of y(k). Show that such
a Bayesian decision function can be described by a Gaussian radial
basis function network of the form

k exp (- 1L 241
yies+

k)-y’
- exp (_Hy(zlnyju)
yes- (GmoR)NIIN:
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where
ST = {Y' (k) ak—ay=t1}
S = {Y(E)lsge-a=—1}

(2r02)N-/2 N, is a scaling factor that can be normalized to unity, and
y; are the parameters needed to be adaptively determined.

6.15 Derive a training algorithm for updating the parameters of the
Bayesian decision function obtained in Problem 6.14.
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The functional approximation capability of a feedforward neural network
architecture is one of the most exciting properties of the neural structures
and has potentials for applications to problems such as system identification,
communication channel equalization, signal processing, control, and pattern
recognition. Since the 1990’s the rigorous investigation of the approximation
capabilities of various types of multilayered feedforward architectures has
received much research interest. A feedforward network structure may be
treated as a rule for computing the output values of the neurons in the ¢th
layer using the output values of the (¢ — 1)th layer, hence implementing a
class of mapping from the input space " to the output space f™™. Of interest
in this study is what type and how well the mappings from * to R™ can
be approximated by the network, and how many neural layers and neurons
in such layers are sufficient for this approximating process. This issue has
been investigated by many authors, including Carroll and Dickinson (1989),
Cybenko (1989), Funahashi (1989), Gallant and White (1988), Hecht-Nielsen
(1989), Hornik et al. (1989, 1990), and Hornik (1991).

For function approximation, both the series expansion approach and the
Stone—Weierstrass theorem are effective analytic tools. Hecht-Nielsen (1987,
1989) first found the relationship between Kolmogorov’s theorem and the ap-
proximation principle of the feedforward networks. On the other hand, func-
tional analytic methods have been used successfully to show that feedforward
neural structures with at least one hidden layer are capable of simultaneously
approximating continuous functions in several variables and their derivatives
if the neural activation functions of the hidden neural units are differentiable.

In this chapter, the universal approximation capabilities of feedforward
neural networks are studied mainly using the well-known Stone—Weierstrass
theorem. After an introduction of this theorem in Section 7.1, the function
approximation capabilities of the trigonometric function network structures
are discussed in Section 7.2. The functional approximation capabilities of
multilayered feedforward neural networks (MFNNs) are addressed in Section
7.3. In Section 7.4, the relationships between Kolmogorov’s theorem and
feedforward neural networks are presented. As alternative structures of feed-
forward neural networks, some structures of higher-order neural networks are
proposed in Section 7.5 for the purpose of universal approximation. In Sec-
tion 7.6, for the purpose of the functional approximation, a modified version
of MFNNSs is also presented.

7.1 STONE-WEIERSTRASS THEOREM AND ITS
FEEDFORWARD NETWORKS

There have been attempts to find a mathematical justification for employ-
ing MFNNs for function approximation. Typical studies have dealt with
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the possibility of approximating any continuous function using MFNNs. In
mathematical terms this means that approximation can be achieved by a dense
network in the space of continuous functions defined on some subset of .
We show next that the Stone—Weierstrass theorem plays an important role
in exploring the function approximation capabilities of feedforward neural
networks.

7.1.1 Basic Definitions

As seen in the following discussion, to study the approximation capabilities
of the neural networks, we have to know some basic concepts and definitions
of functional analysis. We will now review some of the definitions that will
be used in this chapter. First, every set will be assumed to have the structure
of metric space, unless specified otherwise, and the concepts of limit point,
infimum and supremum are assumed to be known. All these definitions and
theorems can be found in any standard text on functional analysis and in many
books on approximation theory. An important concept is that of closure.

Definition 7.1 If Q) is a set of elements, then by the closure [2] of 2, we mean
the set of all points in ) together with the set of all limit points of (. |

A definition of closed sets is as follows.

Definition 7.2 A set ) is closed if it is coincident with its closure (). [ |

Thus, a closed set contains all its limit points. Another important definition
related to the concept of closure is that of dense sets.

Definition 7.3 Let V' be a subset of the set ). V is dense in Qif [V]=Q. B

From the approximation theory point of view, if V' is dense in (2, then each
element of (2 can be approximated arbitrary well by elements of V. This
denseness will play a key role in our later discussions on the approximation
capabilities of neural networks. In order to extend some properties of the real-
valued functions defined on an interval to real-valued functions defined on a
more complex metric space, it is of interest to give the following concepts.

Definition 7.4 A set is said to be compact if every infinite subset of the set
contains at least one limit point. |

It can be shown that, in finite-dimensional metric space, there exists a
simple characterization of compact sets. In fact, the following theorem holds.
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Theorem 7.1 Every closed, bounded, finite-dimensional set in a metric linear
space is compact. n

Furthermore, a continuous function defined on a compact set has the following
property.

Theorem 7.2 A continuous real valued function defined on a compact set in
a metric space achieves its infimum and supremum on the set. |

7.1.2 Stone-Weierstrass Theorem and Approximation

The Stone-Weierstrass theorem, as a basis theorem of functional analysis and
approximation theory, has been very useful for applications to neural networks
(Cotter 1990, Hornik 1991). Two equivalent descriptions of this theorem are
as follows (Ray 1988).

Theorem 7.3 [Stone-Weierstrass Theorem I (Ray 1988)] Let S be a com-
pact set with n dimensions, and 2 O C(S) be a set of continuous real-valued
functions on S satisfying the following conditions:

(i) Identity function: The constant function f(z) = lisin €,

(ii) Separability: For any two points @1, xo € S, and x1 # x9, there exists
a f(.) € Qsuch that f(x1) # f(x2);

(iii) Linear subspace: For any f,g € Q and o € R, the functions (af) and
(f+g)arein;

(iv) Lattice property: For any f,g € , the functions (f V g) = max(f, g),
and (f A g) = min(f, g), are in Q.

Then, ) is dense in C[S). In other words, for any € > 0 and any function
g € C[S), there is a function f € Q such that

lg(x) — f(z)| <&
forallx € S. |

The lattice property is somewhat difficult to verify. Consequently, a slightly
different statement of this theorem with respect to the properties of algebraic
closure is sometimes more useful in applications.

Theorem 7.4 [Stone—Weierstrass Theorem II (Ray 1988)] Let S be a com-
pact set with n dimensions, and Q0 O C[S] be a set of continuous real-valued
Sfunctions on S satisfying the following conditions:
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(i) Identity function: The constant function f(z) = 1isin §Q;

(ii) Separability: For any two points T, X2 € S and x1 # 2, there exists
a f € Qsuch that f(x;y) # f(x2);

(iii) Algebraic closure: For any f,g € §2 and o, 3 € R, the functions fg
and (af + (3g) are in Q.

Then, Q is dense in C[S]. n

Although the Stone-Weierstrass theorem has a potential application for con-
tinuous function approximation, many interesting functions, including step
functions, are discontinuous. These functions are members of the set of
bounded measurable functions that are continuous and bounded functions and
have a finite number of discontinuities. Fortunately, the Stone—Weierstrass
theorem can be extended to bounded measurable functions by applying the
following theorem.

Theorem 7.5 If g is a measurable real-valued function that is bounded almost
everywhere on a compact set S O W', then, given § > 0, there is a continuous
real-valued function f on S such that the measure of the set where f is not
equal to g is less than

m{x : f(x) # g(x),z € S} <$§

In other words, the minimum total volume of open spheres required to cover
the set where f # g is less than 6. |

Theorem 7.5 shows that the continuous functions are dense in the space
of the bounded measurable functions on a compact set S. Generally, for a
compact set S O R", the space L*[S],1 < p < oo, which consists of all the
real measurable Lebesgue-integrable functions with finite Z,, norm, is

LPIS) = {f (=) :|l f(2) [p< o0, ® €S}

where L;,,1 < p < oo, norm is defined as

= { [ |f|pdw}l/p

Therefore, the continuous function space C[S] in the Stone—Weierstrass theo-
rem may be replaced by L” [S] so that we can consider not only the continuous
function approximation problem but also discontinuous cases.

For the applications of neural networks we have to assume that S is an
arbitrary compact setin i”. Animportant concept of the uniformly denseness
is defined as follows.
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Definition 7.5 Let S € R™ be a compact set, and Q@ O C|S] be a set of
continuous real-valued functions on S. If Q for arbitrary S is dense in C|S)
then Q) is uniformly dense in C[S]. |

An important consequence of the Stone—Weierstrass theorem is that the
polynomial functions are dense in C/a, b]. Since for two arbitrary sets of real
numbers a; € R, (1 =1,2,...,n)and b; € R,(j =1,2,...,m), one has

n+m

n m
Z a; " Z bja’ | = Z Rz’
i=1 j=1 k=1

where cy, is uniquely determined by a; and b;, the product is still a polynomial
function in C|[a, b]. Thus, the set

{Z ax' s T € [a,b], a; € §R}
i=1

is dense in C'la, b]. Indeed, let P[0, 27] be a set of all the continuous functions
f € C|0,2x] satistying f(0) = f(2w), since

oo

|r}=0

[cos(nz) + sin(nz)][cos(mz) + sin(mz)]
= cos(—nz) cos(mz) — sin(—nz) sin(mz)
+ cos(nz) sin(mz) + sin(nz) cos(mz)

= cos((m — n)z) + sin((n + m)zx)

It is easy to show that the span of {cos(nz) + sin(nz)} 55 _g is dense in
P[0,2x]. This property of trigonometric functions provides a foundation
for the Fourier series. Obviously, the Stone—Weierstrass theorem states the
principle for the infinitely close approximation; however, a finite number of
the terms of the sequence may be used to approximate a function over a
compact set as accurately as we desire.

7.1.3 Implications for Neural Networks

To establish the function approximation capabilities of nonlinear neural net-
works that are described by nonlinear mapping from input space to output
space directly using the Stone—Weierstrass theorem, one has to verify that the
networks satisfy the following three conditions:

(i) The ability of the approximating network to generate f(x) = 1. This
is always satisfied in many feedforward neural networks due to the
existence of the threshold parameters.
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(ii)) The second condition that requires the separability of the function is
satisfied since the activation functions of the neural networks are strictly
monotonic. In fact, the neural networks generate different outputs for
different inputs.

(iii) The algebraic closure condition requires that the nonlinear mappings of
the neural networks are able to generate sums and products of functions.

If a network spans a function space that satisfies the conditions of the
Stone—Weierstrass theorem, then the network not only is able to approximate
arbitrary continuous real-valued functions on a compact set but can also
approximate the weighted sum (f + g) and the product (fg) of arbitrary
two continuous functions, f,g, using two networks with smaller sizes. For
example, a polynomial expression may be separated into smaller terms that
can be approximated by neural networks. A simple recombination of these
networks may provide an exact approximation of the original polynomial.
Thus, the identity function condition and separability are satisfied for all the
feedforward neural structures discussed in this chapter. In fact, only the
multiplicative condition of the algebraic closure is needed to be verified for
these networks.

Since a feedforward neural structure satisfies these conditions, it can be
simply concluded that this network structure has the capability, on a compact
set, to approximate arbitrary continuous real-valued functions to any desired
degree of accuracy. However, the Stone—Weierstrass theorem gives only a set
of sufficient conditions for the universal approximation capabilities. In some
cases, even if the network transfer functions do not satisfy the conditions
given in the Stone—Weierstrass theorem, one may prove the approximation
capabilities of the networks using indirect approaches. A typical example
of this group of networks is the well-known multilayered feedforward neural
networks (MFNNs), where the function space formed by the network trans-
fer functions with sigmoidal functions such as the popular logistic function
o(xz) = 1/(1 + e™), or the hyperbolic tangent function o(z) = tanh(z),
does not match the conditions of the theorem because the multiplication con-
dition is not satisfied; that is, the spanned function space is not algebraic.
However, as will be seen in the later discussion, the universal approximation
capabilities of this network structure may also be ensured.

Feedforward neural networks as described by nonlinear mappings from the
input pattern space to the output pattern space are said to be universal approxi-
mators in that they are capable of approximating arbitrary nonlinear functions
on compact sets to any degree of error. However, implementing such an ap-
proximation process fully depends on an effective weight learning procedure.
According to the principle offered by the Stone—Weierstrass theorem, as an-
other objective of the next several sections, we will design some feedforward
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neural network structures that are different from conventional MFNNs with
sigmoidal activation functions and that satisfy the Stone—Weierstrass theorem
so that they are also universal approximators.

7.2 TRIGONOMETRIC FUNCTION NEURAL NETWORKS

Trigonometric functions have been used extensively in Fourier series analy-
sis for representing functions in the form of trigonometric series consisting
of sines and cosines. In this section we will show that as a choice of the
nonlinear activation functions in the feedforward neural networks, trigono-
metric functions, in particular sines and cosines, may be employed in the
hidden neural units so that the resulting networks satisfy the conditions of
the Stone—Weierstrass theorem. Also, in this section studies on trigonometric
function networks will prepare us for exploring the universal approximation of
MFNNSs, which are addressed in the next section. Without loss of generality,
the case of a single output is discussed. However, extension of the results to
networks with multiple outputs is straightforward.
By the basic trigonometric system, we mean the system of functions

1, cos(z), sin(x), cos(2z), sin(2z), . . . , cos(nz), sin(nz)

All these functions have the common period 27.
A two-layered trigonometric network with a single hidden layer, as shown
in Fig. 7.1, is described by the following input—output transfer function

N n
y = Zuifbi Zwij$j+9i (7.1
i=1 J=1

which is obtained by replacing the sigmoid function with a trigonometric func-
tion ¢(x) in the conventional two-layered neural network. The trigonometric
activation function ¢; may be chosen as

(i) Al ¢;(x) = cos(x) (cosine network);
(i) All ¢s(x) = sin(x) (sine network);
(i) ¢;(x) = cos(z) or sin(x) (trigonometric network).
Trigonometric functions can process signals by transforming multiplication
into addition with the following familiar trigonometric formulas

2cos(z)cos(y) = cos(x+y) + cos(z —y)

. . . v . s
2sin(z)sin(y) = sin (5 —x+ y) —sin <§ —x— y)

2sin(z) cos(y) = sin(x +y) + sin(z — y)
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$1(.)

PPA i

$2(.)

PLA w ,

on(.)

AP un

Figure 7.1 Block diagram of the trigonometric neural network, Eqn. (7.1).

Hence, the following theorem of the trigonometric network given in Eqn. (7.1)
ensures the universal approximation capability.

Theorem 7.6 Let ) be the set of all the functions that can be represented by
the trigonometric networks on a compact set S O *:

N n
Qny = f(a:) = Zulgb Zwij:cj + 0;
i=1 7=1
ui,wij,ei ERx ES} (7.2)

o0
Q= (Jon
N=1
Then, Q) is dense in C[S]. |

The proof of Theorem 7.6 is easy and is left as an exercise for the readers.
Trigonometric networks are a typical class of feedforward neural networks
with nonsigmoidal functions. A comparison of the classical trigonometric se-
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ries expansion and the network expression of a continuous function indicates
that the trigonometric network is more flexible and useful for many applica-
tions since the restriction of the periodic property of the function is removed,
and the coefficients of the trigonometric series have to be solved analytically
using the function to be approximated while the weights of the network can
be determined through a learning process.

The trigonometric activation functions used in the trigonometric networks
are well defined on the real axis in the sense of the continuity and differentiable
property. Having a closer look at these functions in an interval with only a
half period reveals that some similarities exit such as the characteristics of
nondecreasing and the boundedness between the trigonometric functions and
the sigmoidal functions used in MFNNs. The concept of the squashing
functions introduced by Homnik et al. (1989) may generalize the group of
the sigmoidal functions that are assumed to be continuous and differentiable.
For convenience, we will consider the bipolar squashing functions, which are
formally defined as follows.

Definition 7.6 A function v : ® — [—1,1] is a squashing function if it is
nondecreasing and satisfies
lim ¥(z)=1, and lim ¢(z)=-1 B
r—+00 T—r—00
Squashing functions have at the most countable discontinuities that are mea-
surable. In addition to the sigmoidal functions, which are obviously squashing

functions, some other examples of squashing functions are the signum func-
tion sgn(z) defined by

-1 if z< -1
39”(””):{ 1 if e>1 (7.3)

and the saturating function Sat(x) defined by

-1 if z<-1
Sat(z)=¢ =z if -1<z<1 (7.4)
1 if z>1

Trigonometric functions defined on the whole real axis do not belong to the
group of squashing functions. However, because of their periodic property,
they may be used to form a new class of squashing functions as seen in the
following discussion.

The Fourier network is a direct extension of the cosine network. It is
another two-layered network with a nonsigmoidal function and was proposed
by Gallant and White (1988) who implemented the Fourier series in the
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network structure. The activation function in the original Fourier networks
was obtained by chopping the sinusoids into halfcycle sections and adding flat
trails. The resulting function is called a bipolar sigmoidal cosine activation
function. Fourier neural networks with a bipolar activation function may be
represented, therefore, by

N n
i=1 =1

where v(.) is a sigmoidal cosine squashing function, as shown in Fig. 7.2,
with the form

7T
-1 if _Z
; 1 T < 9
™ T
Y(zx) cos (:c + zw) if 5 ST 3 (7.6)
1 if x> =
2

A slightly modified version of the sigmoidal cosine squashing function
¥(x) is a cosine squashing function, called a cosig function (Cotter 1990)

-1 if x<-12
. 1
cosig(x) = { cos(2nz) if -5 <z< 0 (7.7
1 if x>0

0.8

0.6+

0.4

02+

¥(z)

027
041t
-06

\ cos(z + 37/2)

0.8

Figure 7.2 Sigmoidal cosine squashing function v(x), Eqn. (7.6).
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0.8 |

0.6 |
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08+

N1

Figure 7.3 Cosine squashing function cosig(x), Eqn. (7.7).

which is shown in Fig. 7.3.

Corresponding to the cosig activation function, a two-layered cosig network
is given by

N n
y= Z w; CO8iyg Z wi;T; + 04 (7.8)
i=1 j=1

which deals with only the left-half set of functions computed by the Fourier
neural networks given in Eqn. (7.5).

Theorem 7.7 Let () be the set of all the functions that can be represented
by either the Fourier neural network or the cosig network on a compact set

S D R™, then ) is uniformly dense in C[S].

Proof: We only prove the denseness of the Fourier neural network here. In
this case, the set Q) is defined as

N n
Oy = f(:c):Zulqb Z’wijl'j +6; ] : ui,wij,ez- E?R,CBES
i=1 j=1
(7.9)

where the function v is given by Eqn. (7.6). Obviously, f(x) = 1 is an
element of the set Q.
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Now consider two arbitrary functions in (

Ny n

f@) = D ulw | Y w2 +6] (7.10)
21=1 n=1
N2 n

g@) = Y uly | wlxi,+0 (7.11)
t2=1 J2=1

Then, for the arbitrary constants o and 3 € R, af + g € §2. Furthermore,
noting the definition of the function ¥ (z), the product of ¥(x) and ¥(y),
¥(x)¥(y), can be expressed as

4
Y(x), if x,y>g, or m<—g,y>g
or 7r< <7r >7r
g =¥=9 Y735
PY) = | o
or >, —=<y< -
2 2 2
T T T
- if Tcp<I T
Y(z), i 5 ST oY 5
i i s
~p(y), if t<-—5, —=<y< o
\ Y(y), if = 5 T3 SYS 5

and, for —(n/2) < z,y < (7/2),

(v(a-3)tv(a+3)
if 0<zn<m, —1m<2<0

v (a+3)+0(2+3)
if —7<2<0, - 7<2%<L0

¢(2-3)-v(=-3)

if 0<21<m, 0< <

T T
o 5) o)
if —7<2<0,0< <7
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where z; £ x + y and 2z £ = — y. Therefore

flx)g(x) = Zuzz/) sz]w] + 6; (7.12)

where the parameters u;, w;;, 0; and N are uniquely determined by the
networks of f(x) and g(). Therefore, from the Stone—-Weierstrass theorem,
the set 2 = |JQy is uniformly dense in C[S]. n

The critical step in the proof of Theorem 7.7 is to verify the multiplicative
condition. A similar approach may be employed to prove the denseness of
the cosig networks. It seems that the approach used in this proof provides
a basic procedure for showing that a neural network that satisfies the Stone—
Weierstrass theorem has the universal approximation capability. Both the
cosine squashing functions 1(z) and cosig(x) are nondecreasing and satisfy

lim ¢(z) = mgrfw cosig(z) =1

z—+00

and
lim ¥(z)= lim cosig(z) =—1
z——00 T——00

The performance of such networks is very similar to that of three-layered
neural networks with sigmoidal functions. This important observation will
help us to establish the function approximation capabilities of the MFNNSs in
the next section.

7.3 MFNNs AS UNIVERSAL APPROXIMATORS

The commonly used two-layered feedforward neural network with a con-
tinuous sigmoidal function does not satisfy the Stone—Weierstrass theorem
because the multiplicative condition fails. Hence, the denseness of such a
feedforward neural network cannot be immediately implied using the Stone—
Weierstrass theorem. Using the functional analysis methods, the capabilities
of MFNNs may be addressed in a constructive way. These analysis proce-
dures, however, require more mathematical explanation. The scope of all these
proofs is too ambitious, even if some significant proofs are worth reviewing.
In particular, the Hornik et al. proof (1989) used the trigonometric networks as
an intermediate tool to study the problem. However, trigonometric networks
are not the unique choice for the basis functions as pointed by Blum and Li
(1991). Chebyshev polynomials may replace the trigonometric functions as
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the basis functions. Blum and Li (1991) addressed the approximation of real
functions by feedforward neural networks based on the fundamental princi-
ple of approximation by piecewise-constant function. Other approaches to
the approximation problem by feedforward neural networks may be found in
Cybenko (1989), Lapedes and Farber (1987), and Funahashi (1989). All of
these studies used semilinear units and, for the most part, monotonic threshold
functions. The proofs are nonconstructive in a simple way, since they depend
on the Fourier transformation, Radon transforms, the Hahn-Banach theorem,
and so on.

7.3.1 Sketch Proof for Two-Layered Networks

In this section the approximation capabilities of MFNNs will be presented us-
ing the denseness of the cosig network presented above. Hornik et al. (1989)
proposed an elegant approach to indirectly prove the denseness of the space
spanned by two-layered networks with sigmoidal functions in continuous
function space. The first step shows that a single-variable cosine squasher
function can be uniformly approximated by a single-input, two-layered net-
work with a sigmoidal function. In the second step, one proves that the
arbitrary cosig network discussed above can be uniformly approximated by
a two-layered network with a sigmoidal function. Finally, the denseness of
the space spanned by the cosig network, as was shown above, implies the
denseness of the space of the two-layered networks with sigmoidal functions.
We will now outline a proof that is based mainly on the work of Hornik et
al. (1989), starting from the following lemma with a more readable descrip-
tion.

Lemma 7.1 Leto : R — [—1, 1] be a sigmoidal function and cosig : R —
[—1, 1] be a cosine squashing function defined in Eqn. (7.7). For everyc > 0
there exists a two-layered network

N
flz)= Zuia(wia; +6,), =z, u, w, ;€N (7.13)
i=1
such that
sup | f(z) — cosig(z)| < € (7.14)
rzeR

Proof: For an arbitrary £ > 0, without the loss of generality, assume ¢ < 1.
We will now find a finite collection of constants v;, w;, and 6; such that

N

sup Zuia(wz’x + 6;) — cosig(z)| < e (7.15)
zeR |5
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Select N such that 1/(N + 1) < ¢/2. Fori € {1,2,..., N}, set
1
- N+1

Choose M > Osuchthato(—M) < e/2(N +1)ando(M) > [1—/2(N +
1)]. Because o(.) is a sigmoidal function such an M can be found as shown
in Fig. 7.4. Furthermore, for the 1 € {1,2,..., N} set

Uj

(7.16)

. )
r; = sup {)\ . cosig(A) = N 1} 717
and )
TN41 = SUp {)\ : cosig(N) =1— m} (7.18)

Since cosig(.), as shown in Fig. 7.4, is a continuous squashing function, such
r; values exist.
Next, a choice of the constants w; and €; is given. Let

wir; +6; =M

and
wiripy + 60 = —M

Then, a unique set of w; and #; may be determined using these two equations
as follows:

w; = ———2 (7.19)
T — Ti+l
0, = _M(rit i) (7.20)
Ti = Tit1

It is easy to verify that for w;, w; and 8; given in Eqns. (7.19) and (7.20)

N
Z uio(w;x + 6;) — cosig(z)| < ¢

=1

on each of the intervals (—oo, ], (r1,72],. .., (rn, *N+1], ("N41, +00). W

Lemma 7.1 not only shows the capability of the two-layered networks
for approximating a cosig function that is a special class of the squashing
functions but also gives an analytic formulation for selecting the number of
the hidden units for a desired degree of approximation. Next, using the results
obtained in Lemma 7.1, we will show that an arbitrary cosig network may be
uniformly approximated by a two-layered network with a sigmoidal function.
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1 ™ —r
1 1
TN+
L , ]
N+2
1
N+1
0
T1 T2 TN+1
cos(2nx) ]
- % <z<0 4
a1 L . L L
-0.5 0
(a) The (N + 1) constants 74,72, ...,rN+1
o(z)
& 1
2N +1)
Y
-M T
0 M T
-1

(b) The constant M

Figure 7.4 Choice of the constant used in the proof of Lemma 7.1.
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Lemma 7.2 Let x € R", be an arbitrary two-layered cosig network
N n
glx) = Zul Cos1g sz‘j%‘ +0; |, u, wy, G ER (7.21)

and o : R — [—1,1] be a squashing function. For every ¢ > 0 and an
arbitrary compact set S O R*, there is a two-layered feedforward network

N n
flx) = Z ;0 Z BepTp + e (7.22)
=1

p=1
such that

sup |f(x) —g(x)| <€
xres

Proof: Since S is a compact set and N is finite, there is M > 0 such that for
t€{1,2,...,N}

n
-M< Zwij:errGi <M, zecf§
Jj=1

From Lemma 7.1, for every € > 0, there is a set of constants %, Wy, and 6
such that

Q
- €
sup Upo (WeA + Og) — cosigN)| < —=x——
AR ; N> oisq lul
Hence
Q n _ "
sup Zﬂga Wy Z’Ll)ijl'j +0;| +0; | — cosig Z'wz‘jf’?j + 0;
TES 1y j=1 j=1
< €
N
N ity luil
that is

N n
— Z U; COSig Z wi;x; + 6; < €
i=1 J=1
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Let
Q n _
f(:c) = Z Z u;Ueo | Wy Zwi]’x]‘ +6;] +0,
i=1 ¢=1 j=1
Then
sup |f(z) —g(z)| < e m
xresS

Lemma 7.2 indicates that the function space spanned by the two-layered
networks with sigmoidal functions is uniformly dense in the cosig network
function space if both the networks are defined on a compact set. These
preliminary results allow the following main theorem to be derived.

Theorem 7.8 Let 0 : ® — [—1, 1] be a sigmoidal function and Q1 be the
set of all functions that can be represented by a two-layered network on an
arbitrary compact set S O R*:

N n
Oy = f(:l:) = Zu"d) sz-jmj +6;|: u,-,wij,ei eER,xes
=1 j=1

oo}
0 = [Joan
N=1

Then S is uniformly dense in C[R"].

Proof: Since the function space spanned by the cosig network is uniformly
dense in C[S], and € is uniformly dense in the cosig network space by Lemma
7.2, the proof of the theorem is implied. ]

7.3.2 Approximation Using General MFNNs

The approximation capabilities of two-layered neural networks with sigmoidal
functions is ensured by Theorem 7.8. However, no information is given on the
number of the hidden units needed to achieve a satisfactory approximation
even for the continuous function that is to be approximated. On the other
hand, one may note that the continuity of the sigmoidal functions is not
necessary in the proof of Theorem 7.8. This leads to a natural extension that
the sigmoidal functions often used in conventional neural networks may be
replaced with a more general class of squashing functions for achieving the
universal approximation.
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U1

Ug

Uun

Figure 7.5 Two-layered network with the Mc-P hidden units, Eqn. (7.23).

An interesting consequence is that the approximation using a two-layered
network (Fig. 7.5) with the hidden units of McCulloch—Pitts, called the “Mc-P
units,” is easily implied. This type of feedforward neural network, called a
neural logic network may be obtained by replacing the sigmoidal function
o{z) with the signum function as follows

N n
y=f(x) = Z Uy SgN Z wijzj + 6; (7.23)
i=1 j=1
where the signum function sgn(.) is defined by

1 if z>0
sgn(z) =

-1 if z<0

The network in Eqn. (7.23) consists of the hidden units of the threshold
elements that deal with a threshold logic on the real inputs a1,z ..., Z,.
When the input x is restricted on a compact set in & the network is capable
of approximating any continuous function to a desired degree of accuracy.
This conclusion is summarized in the following corollary.
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Corollary 7.1 Let S D R be a compact set and g € C[S] be a continuous
Junction. For any € > Q, there is a two-layered network consisting of Mc-P
units in the hidden layer with the form

N n
F@) = uisgn | > wiz; +6; (7.24)
=1 j=1
such that
|f(z) —g(z)| <e, xz€S8 n

Although two-layered networks with Mc-P hidden neurons are capable of
approximating arbitrary continuous functions, Blum and Li (1991) proved
that there is a class of piecewise constant functions which cannot be imple-
mented by a two-layered Mc-P network. Therefore, in the direct approach to
function approximation three-layered Mc-P networks with two hidden layers
are generally required. Using the results on the three-layered networks, the
approximation capabilities of the multilayered feedforward neural networks
(MFNNSs) may be easily explored.

Corollary 7.2 Let S O R" be a compact set and g € C[S] be a continuous
function. For any £ > 0, there is a MFNN with arbitrary hidden layers and
the sigmoidal function that approximates g uniformly on S with error < e.

Proof: We need only to prove that the three-layered network

Ny N2 n
f(:l:) = z U; O Z Ui 0 (Z WyikThk + 9]') +¢;
i=1 j=1

k=1

can approximate g on S with error < .
For every € > 0, using Theorem 7.8, there is a three-layered network

N n
?(w) = Z w, o Z Wi T; + 4
i=1 j=1

such that
(@) - g(2)| < ;

for all © € S. On the other hand, the sigmoidal function o(x) is uniformly
continuous on the compact set 5. Then for a given set of constants

9
A

=— i=12...,N
T Niw " 1
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there are constants d;, and thus we may find a set of the three-layered networks

No n
Z 'U,;j g (Z wijkmk + 9]'
j=1 k=1
such that
N2 n n
Zvij o (z Wik Tk + Oj) — Zw,-j:vj < 6
j=1 k=1 =1

and

n

N n
o Z Ui O (Z Wik Tk + Gj) +4; | —o Z w;Z + £; < 62

Hence

_ N
@)~ F@)] <3

2 .
Juil

Finally
|f(@) — 9(@)| < |f(@) - f(@)| + |F(x) — g(x)| <€ =

Corollary 7.2 gives the results of the approximation capabilities of general
MFNNs with sigmoidal functions. In fact, the neural activation functions in
MFNNs may be relaxed to any continuous, bounded and nonconstant function
(Hornik 1991).

7.4 KOLMOGOROV’'S THEOREM AND FEEDFORWARD
NETWORKS

Applications of Kolmogorov’s superposition theorem, which is considered
as the representation of continuous functions defined on an n-dimensional
cube by sums and superpositions to feedforward neural networks, were first
studied by Hecht-Nielsen (1987, 1990). This study gives an existence of an
exact implementation of every continuous function in a structure of the three-
layered networks. As one of the pioneers in the field of neural networks,
Hecht-Nielsen gave some interpretations of the approximation principle of
Kolmogorov’s theorem in terms of feedforward neural networks before some
more practical achievements of the universal approximation capabilities of
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feedforward networks were developed independently by Cybenko (1989),
Funahashi (1989), and Hornik et al. (1989). More recently, Sprecher (1993)
presented some new results that may be viewed as a stronger version of
the results obtained by Hecht-Nielsen. However, Poggio and Girosi (1989)
pointed out that the one-variable functions constructed by Kolmogorov (1957),
and its later improvements by Lorentz (1966, 1986) and Sprecher (1965),
are far from being any of the type of functions used in feedforward neural
networks.

Let I = [0, 1] denote the closed unit interval and I"* = [0, 1], (n > 2) be
the Cartesian product of I. The superposition theorem of Kolmogorov (1957)
established that for each integer n > 2 there are n x (2n + 1) continuous
monotonically increasing function Ay, and (2n 4 1) continuous functions g,
which can be used to represent exactly every real-valued continuous function
f: I"=1]0,1]" — R. The original statement of Kolmogorov is as follows.

Theorem 7.9 (Kolmogorov’s Superposition Theorem) There exist a set of
increasing continuous functions hyy : I = [0,1] — R such that each
continuous function f on I can be written in the form

2n+1 n
F@ =2 94| D Ppglap) (7.25)
g=1 p=1

where g, are the properly chosen continuous functions of one variable. W

Kolmogorov’s theorem shows that any continuous function of several vari-
ables can be represented exactly by means of the superposition of continuous
functions of a single variable and the operation of addition. Moreover, the
functions hy, are universal for the given dimension n; they are independent
of the given function f. Only the function g, is specific for the given function
f. Using the language of neural networks, we may explain Kolmogorov’s
theorem as follows:

Any continuous function defined on an n-dimensional cube can be imple-
mented exactly by a two-layered feedforward network, as shown in Fig. 7.6,
which has n(2n + 1) units with the increasing continuous functions hyq :
I — R in the first hidden layer and (2n + 1) units with the continuous
Junctions gq in the second hidden layer.

The main improvements to the Kolmogorov’s original theorem concentrate
on the possibility of replacing the function g, by a single function g (Lorentz
1962), and of transforming 4 into £,h, (Sprecher 1965) as shown in Fig. 7.7.
Let H be the space with the uniform norm consisting of all nondecreasing
continuous functions on the closed interval I = [0,1] and H* = H x --- x H
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n(2n + 1) units (2n + 1) units

|
|
!
:
‘, g1
|
|
|
|
|
|
|
|
o | 9o
Tn
g

Ra(2nt1)

Figure 7.6 Systematic representation of the Kolmogorov superposition theorem
using a two-layered network structure, Eqn. (7.25).

be the kth power of space. Kahane (1975) modified Kolmogorov’s theorem
using the following results.

Theorem 7.10 Let{, (p = 1,...,n) beacollection of rationally independent
constants. Then for quasicollection {hy,... hopt1}t € H 1 and any
function f € C(I™), it can be represented on I" in the form

2n+1 n
y=f(z1,...,2p) = Z g Lphg(zp) (7.26)
g=1 p=1
where g is a continuous function, [ ]

In order to give a geometric interpretation of Theorem 7.10, consider the
mapping of I into a (2n + 1)-dimensional space defined by

yq =€]hq($l) + "'+€nhq(mn), q= 1,...,(2n+ ].) (7.27)
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n(2n+ 1)
units

(2n+1)
units

%

|

ha |——1h

" I—ML .
i

honir —1 &
honi1 |— fo

h2;+1 }—’l fln

Figure 7.7 The modified Kolmogorov network, where the connection weights
between the input and the hidden layers are equal to 1 and the weights
between the hidden and outputlayersare {£1,..., 8, ..., 01,...,€n},
Eqn. (7.26).

This is a continuous and one-to-one mapping. Otherwise, two points would
exist of I™ which are not distinguished by the family of functions y(z1, ...,
Zn), ¢ = 1,...,(2n + 1). All functions would then be represented by
Eqn. (7.27) and would coincide at these two points. Equation (7.27) would
then be impossible for some functions f € C[I*]. Indeed, since I™ is
compact, its image under mapping is

TE2$y=(1, . Yons1): Yg= Y Lphe(zy), wel*p  (7.28)
p=1

which is also compact, and the mapping given in Eqn. (7.27) is a homeo-
morphism between I and 7. This implies that there exists a one-to-one
relationship between all the continuous functions f(z,...,z,)on I"™ and all
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the continuous functions F(y,...,Y2,4+1) on T. Therefore, Theorem 7.10
can be rewritten as follows:

There exists homeomorphic embedding given in Eqn. (7.27) from I' into
the (2n + 1)-dimensional Euclidean space ¥2+1; that is, y, : I —

R, q=1,...,(2n + 1), so that each continuous function F on the image
space T of I™ has the form
2n+1
F(yp,- - tn01) = D 9(tp) (7.29)
p=1

More recently, an improved version of Kolmogorov’s theorem due to Sprecher
(1965) was presented by Hecht-Nielsen (1987) concerning the existence of
feedforward neural networks. These results are summarized in the following
theorem.

Theorem 7.11 [Kolmogorov’s Mapping Neural Network Existence Theorem
(Hecht-Nielsen 1987)]  Given any continuous function f : I — R™ with
n > 2, f(x) =y. Then f can be implemented exactly by the following
network

% = Y MNh(z;+ke) +k (7.30)
j=1
2n+1
v = file)= g(=x) (7.31)
k=1

where the real constant A and the continuous real monotonically increasing
function h are independent of f although they do depend on n. The real and
continuous g; are dependent on the function f; and the constant e, where ¢ is
a rational number O < ¢ < 6, and J is an arbitrary chosen positive constant.

The proof of this theorem may be completed directly by applying the results
of Sprecher (1965) to each of the m coordinates of y separately. As shown in
Fig. 7.8, the implementation given in Theorem 7.11 is a two-layered neural
network having n processing units in the input layer, (2n + 1) processing
units in the hidden layer that receive the input & and create the outputs
21,22, .. -, Zan+1, and m processing units in the output layer which give the
outputs y1,¥2,-..,Ym.

Kolmogorov’s theorem provides only a structure for a three-layered feed-
forward network that can represent exactly an arbitrary continuous function.
No further results concerning the network functions g and h; have been ob-
tained yet. The proof of the theorem is not constructive, as it does not show us
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(2n 4 1) units

1
1 o "
T
xzel™
T
Y2
2 g —s
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Ym
9m [—
2n+1

Figure 7.8 A schematic representation of the Kolmogorov mapping neural net-
work existence theorem presented by Hecht-Nielsen (1987).

how to select these quantities. Itis strictly an existence theorem, and this is the
main limitation for the application of Kolmogorov’s theorem. As suggested
by Hecht-Nielsen (1987), a potentially high-payoff challenge is to discover
an adaptive mechanism where the g; values could self-organize themselves
in response to incoming x/y vector pairs. However, exact network expres-
sions of the arbitrary continuous functions are very attractive for function
approximation issues. In addition, some progress on the applications of Kol-
mogorov’s theorem for constructing multilayered neural networks has been
made (Kurkova 1992, Sprecher 1993). In particular, work on the estimation of
the number of the hidden units of a three-layered network using Kolmogorov’s
theorem presented by Kurkova (1992) is one of the more interesting examples
of these applications.

7.5 HIGHER-ORDER NEURAL NETWORKS (HONNSs)

As seen previously, a conventional neuron in a MFNN has only a linear correla-
tion between the input vector and the synaptic weight vector. This correlation
was described as a type of synaptic operation. To capture the higher-order
nonlinear properties of the input pattern space, extensive attempts have been
made by Rumelhart et al. (1986), Giles and Maxwell (1987), Softky and Kam-
men (1991), Xu et al. (1992), Taylor and Commbes (1993), and Homma and
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Gupta (2002b) toward developing architectures of the neurons that are capable
of capturing not only the linear correlation between the components of the
input pattern but also the higher-order correlation between the components of
the input patterns. Higher-order neural networks have been proved to have
good computational, storage, pattern recognition, and learning properties and
are realizable in hardware (Taylor and Commbes 1993). Regular polynomial
networks that contain the higher-order correlations of the input components
satisfy the Stone—Weierstrass theorem, but the number of weights required to
accommodate all the higher-order correlations increases exponentially with
the number of the inputs. Higher-order neural units (HONUS) are the basic
building block for such a higher-order neural network (HONN). For such a
HONN as shown in Fig. 7.9, the output is given by

y = ¢(2) (7.32)

n n
z = ’w()—f-E Wiy Ty + E Wi 39 Liy Tip +

(31 1,42

n
+ ) Wiy iy Tiy (7.33)
i1, 0N
where = [x1 z2 -+ x,]? is the vector of neural inputs, ¥ is an output, and

¢(.) is a strictly monotonic activation function such as a sigmoidal function
whose inverse, ¢~1(.), exists. The summation for the kth-order correlation is
taken on a set C(4; - - - 4;), (1 < j < N) which is a set of the combinations
of j indices 1 < ---¢; < n defined by

Clir--45) 2 {<dp-i5> 1<d-4; <myip <ip < -+ <45}
1<j<N
Also, the number of the Nth order correlation terms is given by
. Y
ntj-1y_(+i-D .y
J jl(n — 1)1

The introduction of the set C (4 - - - ;) is to absorb the redundant terms due to
the symmetry of the induced combinations. In fact, Eqn. (7.33) is a truncated
Taylor series with some adjustable coefficients. The Nth-order neural unit
needs a total of

N N .
n+j—11Y _ (n+j—1)
Z%( j )_Z;ﬂm—n!

weights including the basis of all of the product up to N components.
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First-order
correlator

Second-order
correlator

Nth-order
correlator

Figure 7.9 Block diagram of the higher-order neural unit (HONU), Eqns. (7.32)
and (7.33).

Example 7.1 In this example we consider a case of the third-order (N = 3)
neural network with two neural inputs (n = 2). Here

@) = {0,1,2}
Cliyia) = {11,12,22}
Clivigis) = {111,112,122,222}

and the network equation is
y = ¢ (wo +W1T1 + W2 + W11TF + Wi2T 1Ty + WS
3 2 2 3
+ w1y -+ w1122 T2 + Wi1222175 + 'w222932) m
The higher-order neural units (HONUSs) may be used in conventional feed-

forward neural network structures as the hidden units to form HONNs. In
this case, however, consideration of the higher correlation may improve the
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capabilities of the approximation and generalization of the neural networks.
Typically only second-order networks are usually employed in practice to give
a tolerable number of weights. On the other hand, if the order of the HONU is
high enough, as is known from the Stone—Weierstrass theorem, Eqns. (7.32)
and (7.33) may be considered as a network with n inputs and a single out-
put. This structure is capable of dealing with the problems of functional
approximation and pattern recognition as seen in the following discussion.

To get a closer look at Eqns. (7.32) and (7.33), we denote the higher
correlation terms of an n-dimensional input € " as follows:

uil = -'L'il
Ui1i2 = xilxiz ) 1 S 217 127 LR 37'N S n (734)
Ujrig-iny = Ti1Lig =" Lin

Then network equations, Eqns. (7.32) and (7.33), may be represented as
y = ¢(2) (7.35)

N
2= wot > | D wiyiju (7.36)
j=1

i1

and may be treated as a two-layered neural network as shown in Fig.7.9.
Here, u;, ...;; are the outputs of the hidden neural units that are able to produce
the higher-order correlations between the components for each vector input
pattern xx. The output neuron is a simple linear combiner with an activation
function ¢(.).

To accomplish an approximation task for given input—output data {x (k), y(k) },
the learning algorithm for the higher-order neural network can easily be de-
veloped on the basis of the gradient descent method. Let us assume that the
error function is formulated as

E(k) = Lldk)—yk)]® = 5e(k)

where e(k) = d(k) — y(k), d(k) is the desired output and y(k) is the output
of the neural networks. Minimization of the error function by a standard
steepest-descent technique yields the following set of learning equations

wp®™ = wi® +n(d-1y)¢'(2) (7.37)
wif’ = wi? +n(d - y)¢ (2)uy..s, (7.38)

where ¢/(z) = d¢/dz. Like the BP algorithm for a MFNN, a momentum
version of the above is easily obtained.

Alternatively, since all the weights of the higher-order networks appear
linearly in Eqn. (7.36), one may use the method for solving linear algebraic
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equations to carry out the preceding learning task if the number of patterns is
finite. To do so, one has to introduce the following two augmented vectors

— wo - ‘TO
w1 z1
T2
wn :
T
w1 xg
w12 1
A A I1x2
w= and u(x) = )
Wnn |
7
wi...1 ‘
2
wi...2 N-1
| Wn--n .Z'T]:]

where zg £ 1, so that the network equations, Eqns. (7.35) and (7.36), may be
rewritten into the following compact form:

y = ¢ (wu(x)) (7.39)

For the given p pattern pairs {x(k), d(k)}, (1 < k < p), define the following
vectors and matrix

W7 (1) $1(d(1)
| W) | @)
u” (p) 61 (d(p))

where u(k) = u(x(k)), 1 < k < p. Then, the learning problem becomes
one of finding a solution of the following linear algebraic equation

Uw=d (7.40)

If the number of the weights is equal to the number of the data and the matrix
U is nonsingular, then Eqn. (7.40) has a unique solution

w=U"d

A more interesting case is that when the dimension of the weight vector w is
less than the number of data p. Thus, the existence of the exact solution for
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the above linear equation is given by
rank [ U: d] = rank[U] (7.41)

In case this condition is not satisfied, the pseudoinverse solution is usually an
option and gives the best fit.

Examples 7.2 and 7.3 show how to use the higher-order neural network
presented in this section to deal with pattern recognition problems. It is
of interest to show that solving these problems is equivalent to finding the
decision surfaces in the pattern space such that the given data patterns are
located on the surfaces.

Example 7.2 Consider a two-variable XOR functions defined as

1 if zy=1 and z,=-1

_ _ 1 if 21y=—-1 and xz3=1
flzi,22) = (21 @ 22) = 1 if ;=1 and zp=1
-1 if zy=-1 and xzp=-1

where 1,2 € {—1, 1} are the bipolar binary inputs. A second-order neural
network used to realize this logic function is assumed to be

Y = wg + w1T1 + Waka + Wiax1T

whose weights may be determined by the following set of linear algebraic
equations:

wy +wy —we —wyp = 1
wp — Wi +wy — Wiy = 1
wo+w+wy+wp = —1
wy—w; —wg+wpy = -1

Itis easily observed that the coefficient matrix of these equations is nonsingular
and the equations have a unique solution

wpg=0, w =0, w=0 wg=-1
Hence, the logic function is implemented by a simple second-order polynomial
Y= —T122 [ ]
Example 7.3 Consider a three-variable XOR function defined as

y=fr1,22,23) = (21 B 22) B3 =21 B (22D 3) =21 B T2 D 23
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Table 7.1 Truth table of XOR function £1 ® xo ® x3

Pattern | Input xr; | Input x2 | Input z3 | Output y
A 1 1 1 1
B -1 1 1 -1
C -1 -1 1 1
D -1 -1 -1 -1
E 1 -1 -1 1
F 1 1 -1 -1
G 1 -1 1 -1
H -1 1 -1 1
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The eight input pattern pairs and corresponding outputs are given in Table
7.1. This is a typical nonlinear pattern classification problem. A single linear
neuron with a nonlinear activation function is unable to form a decision surface
such that the patterns are separated in the pattern space. Our objective here is
to find all the possible solutions using the third-order network to realize the
logic function.

A third-order neural network is designed as

Yy = wpo+urZi + weTy + w3T3 + wisZ1T2 + W13T1T3

+ wa3x23 + W123T1X2T3

where 1, x9,23 € {—1,1} are the binary inputs, and the network contains
eight weights. To implement the above mentioned logic (XOR) function, one
may consider the solution of the following set of linear algebraic equations:

[ wo + w1 +we + ws + wig +wiz +wez +wiag = 1
we — w1 +we +ws —wyiz —wig +wez —wiez = —1
wy — w1 — w2 + w3 +wip — w1z —wz +wizz = 1

J Wo — wp — w2 — w3+ wig +wiz +wez —wiz = —1
wo +wy —wg —wz —wizg —wiz +wz +wizz = 1
wo + w1 + wa — w3 +wyz — w1z — w3 —wizz = —1
wo +wy — w2 + w3 —wyg + w3 —wez —wizz = —1

\ Wo— w1+ wp —w3—wiz+wiz—wegt+wizzg = 1

The coefficient matrix U is given by
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1 1 1 1 1 1 1 1]
1 -1 1 1 -1 -1 1 -1
1 -1 -1 1 1 -1 =1 1
1 -1 -1 -1 1 1 1 -1
U=17 1.1 -1 -1 21 1 1
1 1 1 -1 1 -1 -1 -1
1 1 -1 1 -1 1 =1 -1
1 -1 1 -1 -1 1 -1 1

which is nonsingular. The equations have a unique set of solutions:
wo=w1 =wy=wg=wizg=wig=we3 =0, wz=1

Therefore, the logic function is realized by the third-order polynomial y =
2122x3. This solution is unique in terms of the third-order polynomial. It is
of interest to mention that when a unipolar binary system is used for the XOR
problem, a numerical solution was introduced by Pao (1989). A comparison
of the convergence speed of the HONN described by

y = ¢(wixy + wozy + w33 + wi2x1T2 + Weskaxs
+ W13T1Z3 + W123T1T2L3)

with a sigmoidal function

1

Y=o

and a two-layered feedforward neural network with three hidden neurons
was given in this book. These results indicate that as far as the gradient
descent technique learning algorithms are considered, the HONN has a faster
convergence property than the MFNN. |

These examples show that the higher-order networks are capable of dealing
with pattern classification problems. Xu et al. (1992), Taylor and Commbes
(1993) also demonstrated that they may be effectively applied to problems
using a model of a curve, surface, or hypersurface to fit a given data set.
This problem, called nonlinear surface fitting, is often encountered in many
engineering applications. Some learning algorithms for solving such problems
may be found in their papers. Moreover, if one assumes ¢(x) = z in
the HONU, the weight exhibits linearity in the networks and the learning
algorithms for the HONNs may be characterized as a linear LS procedure.
Then the well-known local minimum problems existing in many nonlinear
neural learning schemes may be avoided.
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7.6 MODIFIED POLYNOMIAL NEURAL NETWORKS

7.6.1 Sigma—Pi Neural Networks (S-PNNs)

Note that a higher-order neural unit (HONU) contains all the linear and
nonlinear correlation terms of the input components to the order n. A slightly
generalized structure of the HONU is a polynomial network that includes
weighted sums of products of selected input components with an appropriate
power. Mathematically, the input—output transfer function of this network
structure is given by

n
u; = Ha:;“j (7.42)
j=1

N
y = as(Zwiui) (7.43)
i=1

where w;, w;; € R, is the order of the network, and w; is the output of the
tth hidden unit. This type of feedforward networks is called a sigma—pi
network (Rumelhart et al. 1986). It is easy to show that this network satisfies
the Stone—Weierstrass theorem if ¢(x) = z is a linear function. From the
network structure point of view, the sigma—pi network shown in Fig. 7.10 may
be considered as a two-layered network with a hidden layer and an output
layer, where the units in the hidden layer create the products of selected input
components computed with a power operation, while, like the conventional
weighted combiners, the output unit makes a weighted summation of all the
outputs of the hidden units. Moreover, a modified version of the sigma—pi
networks, as proposed by Hornik et al. (1989) and Cotter (1990), is

w = 11 (p(e)™ (7.44)
j=1

N
y = ¢<Zwiui) (7.45)
=1

where w;,w;; € R and p(z;) is a polynomial of x;. It is easy to verify
that this network satisfies the Stone—Weierstrass theorem, and thus, it can be
an approximator for problems of functional approximations. The sigma—pi
networks defined in Eqns. (7.42) and (7.43) is a special case of the above
network while p(z;) is assumed to be a linear function of z;. In fact, the
weights w;; in both the networks given in Eqns. (7.44) and (7.45) may be
restricted to integer or nonnegative integer values.
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Figure 7.10 Block diagram of the sigma—pi network, Eqns. (7.42) and (7.43).

7.6.2 Ridge Polynomial Neural Networks (RPNNs)

To obtain fast learning and powerful mapping capabilities, and to avoid the
combinatorial increase in the number of weights of the higher-order networks,
some modified polynomial network structures were introduced recently. One
of these is the pi-sigma network (PSN) (Shin and Ghosh 1991), which is a
regular higher-order structure and involves a much smaller number of weights
than the higher-order neural networks (HONNs). The mapping equation of a
pi-sigma network, as depicted in Fig. 7.11, can be represented as

n
u; = E wijl'j-i-@i
Jj=1

N n
= ¢ H Zwijmj-l—é?i (7.46)

i=1 | j=1

The total number of weights for an Nth-order pi-sigma network with n
inputs is only (n + 1)N. Compared with the sigma—pi structure, the number
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Figure 7.11 Block diagram of the pi—sigma network, Eqn. (7.46).

of weights involved in this network is significantly reduced. Unfortunately,
when ¢(x) = z, the pi—sigma network does not match the conditions provided
by the Stone—Weierstrass theorem because the linear subspace condition is
not satisfied. However, some studies have shown that it is a good network
model for smooth functions (Shin and Ghosh 1991).

To modify the structure of the above mentioned pi—sigma networks such that
they satisfy the Stone~Weierstrass theorem, Shin and Ghosh (1991) suggested
considering the ridge polynomial neural network (RPNN). For the vectors
w;; = [w,-jl s w,-jn]T, and x = [5131 < :cn]T, let

n
< T,wi; >= E Wik Tk
k=1

which represents an inner product between the two vectors. A one-variable
continuous function f of the form < x,w;; > is called a ridge function. A
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ridge polynomial is a ridge function that can be represented as

N M '
ZZ(IU <z, w;; >t

=0 j=0

forsome a;; € Rand w;; € R”. The operation equation of a ridge polynomial
neural network (RPNN) is expressed as

N

y=0| > J](< =z wy > +05) (7.47)

j=1i=1

where ¢(x) = z. The denseness of this network can easily be verified and is
described in the following theorem.

Theorem 7.12 Let ( be the set of all the functions that can be represented by
the ridge polynomial network on a compact set S O ¥*:

N n
Oy = f(:B) = ZH (Z WiikTk + 9]2) D Wik, jS eER xS
j=1i=1 \k=1
o0
Q= |Jan
N=1
Then, ) is uniformly dense in C[R"]. |

As shown in Fig. 7.12, Theorem 7.12 shows that an arbitrary continuous
function f : [a,b]” — R may be uniformly approximated by

fx) = (<z,wn > +0n) + (< 2, wa > +021)(< &, wap > +022)
+od (< xy,wyy > 4HOn1) - (€ @, wnny > +HOnw) (7.48)

However, the results do not show how many neural units are needed to attain
a given degree of approximation.

The total number of weights involved in this structure is N (N +1)(n+1) /2.
A comparison of the number of weights of the three types of polynomial
network structures is given in Table 7.2. The results show that when the
networks have the same higher-order terms, the weights of a RPNN are
significantly less than those of a HONN. In particular, this is a very attractive
improvement offered by RPNNs.
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<5 wn >

< -, Wo1 >
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> f(xlyz%""xn)
< WIN >
< ., WanN >
<, WyN > :
Figure 7.12 Ridge polynomial neural network (RPNN), Eqn. (7.47).
Table 7.2 The number of weights in the polynomial networks
Order of Number of Weights
Network Pi—sigma RPNN HONN
N n=5|n=10|n=5|n=10|n=5|n=10
2 12 22 18 33 21 66
3 18 33 36 66 56 286
4 24 44 60 110 126 90

7.7 CONCLUDING REMARKS

The approximation capabilities of feedforward neural networks were dis-
cussed in this chapter. Feedforward neural networks, as intelligent computing
tools, contain many types of neural network structures that have various dif-
ferent mathematical expressions and have different similarities to biological
neural models. These studies focused only on a few commonly used static
neural network structures such as multilayered feedforward networks, trigono-
metric networks, and higher-order neural networks. On the other hand, the
Gaussian radial basis function networks are also universal approximators as
shown in Chapter 6. One may then conclude that feedforward neural networks
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are universal approximators for continuous functions. The accuracy of the
approximations not only depends on the network structures selected such as
the number of layers, and the hidden units, but is also strongly related to the
design of the learning algorithms of the network parameters.

The results presented in this chapter may provide a theoretical basis for
applications to problems such as neural identification and control. Any lack of
success in the applications of a neural network that is a universal approximator
must arise from inadequate learning, an insufficient number of hidden units,
or the Iack of a deterministic relationship between the input and the target. It
is a fact that different neural networks result in different learning difficulties.
Therefore, the choice of an appropriate approximation structure ultimately
determines the success of an application. From this point of view, a successful
neural approximation procedure may be divided into the following three steps:

(i) Determine the universal approximation structure of the neural network;
that is, ensure the inherent approximation capabilities of the neural
networks by adjusting the numbers of the hidden units and layers.

(i1) Choose an adequate learning algorithm.

(iii) Use learning signals that contain sufficient information.

Problems

7.1 Prove the results given in Theorem 7.6.

7.2 Give five squashing functions that are continuous and differentiable.

7.3 The input—output transfer function of a decaying exponential network
defined on a compact set is given by (Cotter 1990)

J4 n
2 1
=3l e -3l
i=1 j=1

Prove that the network is dense in C[S].

7.4 The modified logistic neural network (MLNN) (Cotter 1990) is de-
fined as

Ny

Uq n
f@) = Y —=x i , x€[a,b
=l x Zexp (—— Zwijkffk + 01-])
1
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Prove that the network is dense in C[S).

Let S O R"™ be a compact set and g € C[S] be a continuous function.
Prove that for any ¢ > 0, there is a MFNN with Mc-P hidden units
that approximates g uniformly on S with error < ¢.

For a single variable function o(x) (Kurkova 1992), let

N
On(o) = {f(:v) = Zwia(ui:c + ) w,u, v € §R}

i=1
0 = UQN
N=1

and f € C[I"] be a continuous function. Prove that for any £ > 0,
there exist the functions, ¢;, ¥, € (o) such that

2n+1 n

F@n o zn) = > g | D wpglap) || <e
g=1 p=1

For any ¢ > 0, prove that the two-variable trigonometric network
(Blum and Li 1991)

N

y(z1,29) = Z Anm c0s(nzi) cos(mzs)
n,m=1

may be used to approximate an arbitrary two-dimensional continuous
function f(z1,x2) defined on a compact set S with error < &.

Using trigonometric functions, design a two-layered neural network

N n
y= Zuﬂp Zwijwj + 0;
i=1 =1

such that

(@ yY)=1ifz>1,and ¢¥(z) = -1,ifz < —1;
(b) The network satisfies the conditions of the Stone—Weierstrass
theorem.
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7.9

7.10

7.11

7.12

7.13

7.14

FUNCTION APPROXIMATION USING FEEDFORWARD NEURAL NETWORKS

Prove that there exists a single-input two-layered network with a
sigmoidal function that can uniformly approximate the function v(z)
defined in Problem 7.5 to any degree of error on R.

Find a single-variable continuous function f : S D R — R defined
on a compact set S that cannot exactly be implemented by an arbitrary
two-layered neural network

N
Y= Z wio(w;x + 6;)
=1

A function g : S D R® — R is simple with a finite range if S is
the union of a finite family of a pairwise disjoint sets, L), such that
g is constant on each D;. Let f : [a,b] — R be a simple function
on a subinterval partition. Prove that f can be exactly implemented
by a two-layered network with Mc-P hidden units described by

N
y =Y u;sgn(wiz + 6;)

i=1

Let € be the set of functions that can be represented by the cosig
networks on a compact set S O R"*. Prove that {2 is uniformly dense
in C[S].

Given a two-variable nonlinear function

f(mlam2) =

wl—gtﬁ) T1,%2 € [_lal]
x] + x5
obtain the network representation of the function f(x,x3) using
the two-layered cosine function network, Fourier network, cosig net-
work, and the conventional feedforward neural network with sig-
moidal function.

Using the gradient descent technique, design the weight learning
algorithms for both the pi—sigma and ridge polynomial networks
neural presented in Section 7.6.
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Neural vnits with learning and adaptive capabilities discussed so far had
only static input—output functional relationships. This implies, therefore, that
for a given input pattern to such a static neural unit, an instantaneous output
is obtained through a linear or nonlinear mapping procedure. The history of
these neural models is strongly related to the McCulloch—Pitts neuron model
and the threshold logic as seen in previous chapters. In fact, a biological
neuron not only contains a nonlinear mapping operation on the weighted
sum of the input signals but also has some dynamic processes such as the
state signal feedback, time delays, hysteresis, and limit cycles. To emulate
such a complex behavior, a number of dynamic or feedback neural units
have been proposed relatively recently. As the basic building blocks of the
dynamic feedback neural networks, these dynamic neural units may be used
to construct a complex dynamic neural network structure through internal
synaptic connections.

As a demonstration of a simple dynamic neural architecture, some struc-
tures and electronic implementations of dynamic neural units (DNUs), that is,
a single dynamic neuron that is the basic computing element of the dynamic
neural networks, are first discussed in this chapter. Some important aspects
of the nonlinear dynamic phenomena of such nonlinear elements are then
explored. Since a dynamic recurrent neural network is a population, or a
so-called large-scale system, which consists of individual neurons with some
complex synaptic connections, each neuron involved in the network makes its
own contribution to the dynamic properties of the whole system. From the
aspect of dynamic systems, a dynamic neural unit forms a nonlinear dynamic
subsystem that is described by a single-variable nonlinear dynamic equation.
The analysis of a dynamic neural unit provides an understanding of the dy-
namic properties of the network system in which the DNU is a basic unit fully
or partially connected to other neural units.

In this chapter we explore various configurations of dynamic neural units
and study some of their dynamic properties that will be useful in forming
neural architectures.

8.1 MODELS OF DYNAMIC NEURAL UNITS (DNUs)

8.1.1 A Generalized DNU Model

Dynamic feedback plays an essential role in the study of neural systems, where
we say that an organism or machine has feedback if its activity is controlled to
some extent by the comparison of its actual performance with some tested per-
formance. Dynamic neural units (DNUs), as the basic elements of dynamic
neural networks, receive not only external inputs but also state feedback sig-
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Threshold
Self-feedback
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(a) Schematic representation of the ith DNU

x4 Self-recurrence
1 —n
Tig Ly ith Yi
Tig1 — DNU
Lateral

recurrences

(b) Symbolic representation of the ith DNU

Figure 8.1 Schematic and symbolic representations of a dynamic neural unit
(DNU), Eqns. (8.1) and (8.2).
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Figure 8.2 A topological structure and schematic representation of a DNU net-

work.
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nals from themselves and other neurons. The synaptic connections in a DNU
contain a self-recurrent connection that represents a weighted feedback signal
of its state and lateral inhibition connections, which are the state feedback
signals from other DNUs in the network. In terms of information processing,
the feedback signals involved in a DNU deal with some processing of the past
knowledge and store current information for future usage. Each DNU has its
own internal potential or internal state that is used to describe the dynamic
characteristics of the network.

A general mathematical model of the ith DNU that is connected to other
(n — 1) DNUs in an n-neuron dynamic network structure may be described
as

Bl ii(t) + fiwas, @) @)

w(t) = gilzi(t)) 8.2)

where ¢, = [zgz1 22 - xn]T € ®*71 = augmented vector of n-neural
states (internal state of DNU
neurons) including bias
zg =1 = threshold (bias) of neuron
Wai = [wig wi1 - win]T € R?H! = augmented vector of synap-
tic weights vector associated
with ith DNU
wii(1 <4, < n) = synaptic connection between
ith DNU and state of jth
DNU associated with net-
work
) = output of ith DNU
fi() = nonlinear activation function
that is usually assumed to be
continuous and differentiable
9i(.) = neural output function

Figure 8.1 illustrates schematic and symbolic representations of the indi-
vidual dynamic neural unit (DNU) described in Eqns. (8.1) and (8.2). An
ensemble of dynamic neural unit can be used to form a DNU network. A
topological structure and schematic representation of such a DNU network is
shown in Fig. 8.2.

8.1.2 Some Typical DNU Structures

Due to the different choices of the nonlinear function f in the general DNU
model given in Eqns. (8.1) and (8.2), and the different types of synaptic
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connection that possibly exists among the DNUs, one may have different
dynamic neural models as seen in the following discussion. In other words,
the general model of a dynamic neural unit (DNU), Eqns. (8.1) and (8.2),
may be further expanded into various mathematical representations based on
the selections of the nonlinear function f;. Some of these configurations are
discussed in this subsection, and their important nonlinear dynamics properties
are examined in the next section.

8.1.2.1 DNU-1

This dynamic neural unit, DNU-1, is the extension of the generalized DNU
described in Eqns. (8.1) and (8.2), and is based on the early work of Hopfield
(1982). The mathematical description of DNU-1 is given by

dx;(t
0~ o) + Wl @)
3
= —o5xi(t) + wi fi(xi(t)) + Z wi fi(z5(t)), @0 =1
=05
(8.3)
yi(t) = gi(zi(t)), i=1,2,...,n 8.4)
where f = [fo fi f2 -~ fa]T € R = vector-valued non-
linear functions
Ty = [zo 2129 -+ )T € RPHL, 25 =1 = augmented state vec-
g
tor of n neural units
Lateral recurrences  Threshold or
o= mmmmmmamean , externalinput  gelf-feedback
~ x1 — fi Wi {1 Tp=1 F
—+ - B
Neural | Zi-1—+ i |- » — % "y
inputs | :
P Tit1 = fint Wy Dynamics
% w Wi T*—*
L e
. , Self-recurrence

Figure 8.3 DNU-1: the state feedback structure associated with Eqns. (8.3) and
(8.4).
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In the neural state equation, Eqn. (8.3), the first term —o;2; is called the self-

feedback term representing the passive exponential decay in the absence of
both the state recurrent signals and the direct external input. Also, w; f;(x;)

is the self-recurrence term, and Z?:o, i Wiz fi(z;) is the lateral recurrence
contributions from other neurons. The neural output y is defined by the
output equation, Eqn. (8.4). The state structure of the DNU-1 is shown in
Fig. 8.3.

8.1.2.2 DNU-2

It may be noted that the terms on the right-hand side of Eqn. (8.3) associated
with the recurrence synaptic connections may be directly represented using
the output feedback structure. Thus, the DNU-1, Eqns. (8.3)-(8.4), may be
rewritten as follows with the output feedback

dl’i t
df ) - —0ii(t) + Wy, (t)
= —ami(t) +wasi(t) + Y wiyi(t), zo=1 (8.5)
J=0,j#1
where

Yo=[Woy1y2 - yn]t €R™TL, yo=1

Lateral Threshold or
ri’c_“_“_ePE’eS external input Self-feedback
Y —wa l Yo=1 —ajl
: : | Wo;
| , l
) ) i 1 T y .
yz—l | Wi | N l i . fz 1,=
| | S
i 1
Vit —powgn ] Dynamics
N | |
ol ' Wai
yn ~t win : "
L ; Self-recurrence

Figure 8.4 Block diagram of the ith DNU-2: the output feedback structure asso-
ciated with Eqns. (8.5) and (8.6).
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is the output vector of the network. The block diagram of the above mentioned
DNU-2 is shown in Fig. 8.4.

8.1.2.3 DNU-3
The mathematical description of the DNU-3 (Pineda 1988) is given by

dx‘;(t) = —a;z;(t)+ fi (w:‘fi:ca(t))
t
= —a;zi(t) + fi | wszi(t) + Z wijscj(t) , xog=1
J=0,j#i
(8.7)
yi(t) = xi(t), i=1,2,...,n (8.8)

In terms of neural structure, unlike the neural models DNU-1 and DNU-2,
DNU-3, described by Eqns. (8.7) and (8.8) and shown in Fig. 8.5, provides
first a weighted summation that is associated directly with the state feedback
signals and the synaptic weights, and then a nonlinear operation is applied to
this summation. On the other hand, the output of DNU-3 is the same as the
internal state of DNU-3.

Lateral
recurrences  Threshold
mm . l Self-feedback
I
Ty : : Wy : Zo —Qle
| \ Wi
! 1
o | ! ! z;
Ti—1 | Wi ) f > — ) l —7;
| ! 4 S
1
i
Tit 1 Wi : Dynamics
: | !
z : : » ! Wi [
n — Wiy i
V= ' Self-recurrence

Figure 8.5 Block diagram of the ith DNU-3 structure associated with Eqns. (8.7)
and (8.8) in which the external input is summed before a nonlinear
operation f;.
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Figure 8.6 Block diagram of the ith DNU-4 associated with Eqns. (8.9) and (8.10)
in which the external inputs are summed after a nonlinear operation f;.

8.1.2.4 DNU-4
A slightly different version of the DNU structure (Pineda 1987), may be

obtained by moving the threshold input out of the nonlinear activation function
fi in Eqn. (8.7). Thus, DNU-4 is described as

dx;(t
—% = —aixi(t) + fz (w?w(t)) + ZoWoi, r9=1
n
= —aixi(t) + fi wiizi(t) + Z wijxj(t) + zowy; (8.9)
J=1,j#i
yi(t) = z;(t), i=12,....n (8.10)

The block diagram of the DNU-4 described by Eqns. (8.9) and (8.10) is
illustrated in Fig. 8.6.

8.1.2.5 DNU-5
DNU-5 can be used to form the so-called additive and shunting networks and
has the following mathematical form (Grossberg 1990):

deit(Q = —ailt) + (v — Bims) [wg, f(@a(t)))]
= —a;x;i(t) + (Vi — Biwi)wi; fi(z:(1))

+ (’Yi - ﬂ@xz) Z wz-jfj(mj(t)) 8.11)

=0,
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vi(t) = filz(t), i

=1,2,...

,n

(8.12)

The DNU-5 model as expressed in Eqns. (8.11) and (8.12) and shown in
Fig. 8.7 may equivalently be represented in an output feedback form as follows

dCEi (t)
dt

vi(?)

—0i(t) + (v — Bizi) [wly(t) + wiowo)
= —ayzi(t) + (v — Bizs(t))wisys(t)

+ (vi — Bizi(t))

n

Z wijy;(t) + wio
J=1lj#i
= fi(z:(t)), i=12,...,n

xo———l

(8.13)

(8.14)

where the term (y; — [§;x;) represents the refractory process of the ith DNU
and the parameters ~; and 3; perform, respectively, an automatic gain control
and total normalization for the internal state of the ith DNU. Block diagrams
of the models given in Eqns. (8.11), (8.12) and Eqns. (8.13), (8.14) are shown
in Figs. 8.7 and 8.8, respectively.

A more general model of DNU-5 for additive and shunting networks may
be obtained by separating the contributions corresponding to the synaptic
connections and the external inputs into excitatory and inhibitory parts. Some
aspects of this model will be further addressed in the next section.
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Ty 1: — fonr MW
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| Yn
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Figure 8.7

Block diagram of the sth DNU-5 with state feedback associated with
Eqns. (8.11) and (8.12).
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Figure 8.8 Block diagram of the equivalent ith DNU-5 with output feedback
associated with Eqns. (8.13) and (8.14).

8.2 MODELS AND CIRCUITS OF ISOLATED DNUs

8.2.1 An Isolated DNU

As described in Section 8.1, the dynamic neural response generated by a
population of dynamic neural units, such as DNU-1 through DNU-5, shows
highly coupled nonlinear activities and, as such, is extremely difficult to ana-
lyze because of the immense numbers of inherent nonlinearities and complex
feedback interactions involved. Therefore, in this section, an investigation of
such a nonlinear neural system will begin by examining a spatially isolated
DNU that has no lateral synaptic connections with other DNUs in the net-
work as shown in Fig. 8.9. In other words, the terms corresponding to the
lateral recurrent connections may be viewed as some external inputs on the
right-hand side of Eqn. (8.1), and these terms, without loss of generality, may
be absorbed into u. Consequently, the dynamic property of an isolated DNU
may be given by a single-variable nonlinear differential equation

PO~ aw(t) + fw2),w) (8.15)
yt) = g(a(®) (8.16)

where z and y are, respectively, the state and output of the DNU, and «, w,
and v are the neural parameters. For simplicity, the subscript that represents
the position of the DNU in the network is dropped from all the variables used
in describing the dynamics of an isolated DNU. The results developed for
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Self-feedback
_a ¢
U . f T 1.
Threshold / external inputs 8
1 Dynamics
T
Self-recurrence

Figure 8.9 A block diagram of an isolated DNU described by Eqns. (8.15) and
(8.16).

this isolated case provide a basis for studying the complex dynamic neural
networks in later chapters.

8.2.2 DNU Models: Some Extensions and Their Properties

The neural network structure DNU-1 or DNU-2 initially proposed by Hopfield
(1982, 1984) is one of the most successful neural models developed since the
1980s. It has a strong biological motivation and can easily be implemented
by an electric circuit. The basic neural unit, or single neuron, in the Hopfield
neural network may be implemented by the circuit shown in Fig. 8.10a, which
consists of a capacitor C, resistors R and p, and a nonlinear operational
amplifier with a sigmoidal transfer function o(z). To ensure that all resistors

 |p

e s

w

(a) Circuit structure (b) Block diagram of a single-
dynamic neural unit

Figure 8.10 DNU-1 single neuron.
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simulating the synaptic weights have positive values, the amplifier is assumed
to provide dual voltage outputs, +y and —y, such that a positive synaptic
weight is realized by connecting the resistor £ to +y and a negative weight
by connecting R to —y. The current « represents a bias or an external input
signal.

Let x represent a voltage at the input port of the amplifier. Using Ohm’s and
Kirchhoff’s laws, the dynamic equation of such a circuit may be expressed as

dz(t) _ _z(t)  y(®)
C @t = R, + R +u (8.17)
y(t) = o(z(?) (8.18)
where
(1 1 —l_ pR

By means of biological interpretations, x may be viewed as the mean soma
potential of a neuron from the total effect of its excitatory and inhibitory
inputs, and y as the short term average of the firing rate of the cell.

The preceding dynamic equation for DNU-1 may also be rewritten as

%_(t_tl = —az(t) +wy(t) +v (8.20)
y(t) = o(z(t)) (8.21)

where z € R is an internal neural state, or neural potential, ¥y € R is an
output voltage or output potential, « = 1/(R,C’) is the inverse time-constant
or decay, w = 1/(RC) is the synaptic weight, and v = u/C is the bias or
external input signal. The block diagram of the system is given in Fig. 8.10b.

Since the sigmoidal function o(z) is monotonic, as shown in Fig. 8.11,
there exists a unique inverse function of o(z)

z=0"(y)

Thus, Eqn. (8.20) may be represented in terms of the neural output y as a
state variable. Therefore

) DD iy [t +wut) +0) 622

where

h(y(t)) = %%’;D — (8.23)



310 DYNAMIC NEURAL UNITS (DNUs): NONLINEAR MODELS AND DYNAMICS

1 3
2 -
y = o(z) z=0"(y)

1 e
y 0 T 0

1k

2 |
-1 ] 1 ! -3

B3 02 10 1 2 3 -1 0 1
T Yy
(@) y =o(n) ®z=0"1(y)

Figure 8.11 Sigmoid function y = o(z) and its inverse function z = o ~*(y).
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Figure 8.12 An equivalent representation of DNU-1, Eqn. (8.24).

Equation (8.22) may be rewritten as follows using the output y as a state
variable

@% = h(y(1)) [—ao ™ (y(1)) +wy(¢) + v] 8.24)

A block diagram of the above system is depicted in Fig. 8.12.

8.2.2.1 Convergence Properties of DNU-1
To study the state convergence of DNU-1, Eqn. (8.20), a Lyapunov function
for the DNU-1 may be expressed as

y
1 -
E(y) = —Ewy2 + a/a Lmydn — vy (8.25)
0
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where o > 0.
In order to apply LaSalle’s invariant set principle (Khalil 1992), the deriva-
tive of the function E with respect to time ¢ needs to be evaluated as follows:

dE dy

- dy dy
_ _— _ 1 —_— —
dr w ac” " (y)

dat  Udt

= == (8.26)

Note that

dy , .dx
at =@

with the derivative ¢’(z) > 0. Therefore, one has

dE . [de]?
2 e [%} <0 827)

and

dE dz

-~ = if — = 8.28
7 0, onlyif 7 0 ( )
This analysis shows that the state trajectory of DNU-1 given in Eqn. (8.20)
will always converge to one of the equilibrium points that satisfies

% =—ar+wo(z)+v=0 (8.29)

regardless of the initial value of the neural state x. At these equilibrium points,
the Lyapunov function E has the local minimum value.

8.2.2.2 DNU-6

The neural system described by Eqns. (8.24) and (8.25) has sets of equilibrium
points and asymptotically stable equilibrium points identical to those in the
following neural system shown in Fig. 8.13:

wit) _

o —ac Hy(t) + wy(t) +v (8.30)

Verification of the preceding statement is straightforward and is left for the
readers as an exercise.
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tyo WA ' ' »| /
T,
p ¢ o7()
| y,

(a) (b)

Figure 8.13 Circuit implementation and block diagram of DNU-6, Eqn. (8.30).

8.2.2.3 DNU-7: Dynamic Neuron with Saturation
This DNU-7 is a modification of DNU-1 obtained by replacing the sigmoidal
function by a saturating function Sat(z) shown in Fig. 8.14 and defined as

1, if  z>1
Sat(z) =4 =z, if —-1<z<1 (8.31)
-1, if < -1

In this case, the equations of the DNU may easily be obtained directly from
Eqns. (8.20) and (8.21) as follows:

d“;it) = —az(t) +wy(t) +v (8.32)
y(t) = Sat(z()) (8.33)
N -
Sat(x) i
| |
@ w

Figure 8.14 The saturating function Sat(x) defined by Eqn. (8.31).
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(b) Block diagram of DNU-7 with saturation

Figure 8.15 DNU-7: neuron with the saturating function, Eqns. (8.32) and (8.33).

These two equations represent a linear system operating on a closed cube.
A circuit implementation that contains an ideal operational amplifier with a
saturation and a block diagram of this type of DNUs is given in Fig. 8.15.

8.2.24 DNU-8

DNU-8, an extended version of DNU-7 with the saturating neural activation
function and a double integrator, was proposed by Yanai and Sawada (1990).
The dynamic equations of DNU-8 are described by

fl-fii—t) ~  —aa(t) +w Sat(y(®) + v (834)
W) _ (8.35)

dt
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(b) Block diagram of DNU-8

Figure 8.16 Circuit structure and block diagram of the double-integrator neuron
DNU-8, Eqns. (8.34) and (8.35).

The circuit implementation of the neural structure of DNU-8 is shown in
Fig. 8.16a. It shows that DNU-8 consists of the two integrators: an integrator
with losses and a lossless integrator with saturation. A block diagram of this
neural structure is given in Fig. 8.16b. As pointed out by Yanai and Sawada
(1990), if the autocorrelation type associative memory is considered, then,
from a hardware implementation perspective, the integrators are more useful
in a wider range of parameters than are the amplifiers. However, amplifiers
as the output part of a neuron may have a sufficiently rapid response to the
internal neural state.

8.2.2.5 DNU-9
Another type of DNU structure, shown in Fig. 8.17, based on the network
proposed in DNU-3 and DNU-4 is described by the following nonlinear



82 MODELS AND CIRCUITS OF ISOLATED DNUs 315

ol.) _

v+
-+
8-
Gl
V@

Figure 8.17 A block diagram of DNU-9, Eqn. (8.36).

differential equation

d"figt) = —az(t) + Bolwz(t) +v] (8.36)
y(t) = z(t) (837)

where 3 # 0 is a neural gain. The nonlinear neural activation function in this
model acts on the summation of two terms: the product of the synaptic weight
w and the neural state x, and the bias v. If an affine coordinate transformation
is introduced

z(t) = we(t) +v (8.38)
the system presented above may be equivalently represented as
dz(t)  dx(t)
= w2 —ul-aa(t) + fo(x(1)]
= —oaz(t)+wo(z(t)) + v (8.39)

where W = wf@ and ¥ = av. Since w # 0, the coordinate transformation
expressed by Eqn. (8.38) is invertible. Hence, the single-neuron models
represented in Eqns. (8.20) and (8.36) are equivalent. If o = 8 = 1, they are
identical.

8.2.2.6 DNU-10
As shown in Fig. 8.18, after changing the position of the function o (.) in the
single neuron such that the neural activation function maps only the product

of the synaptic weight and the neural state, another type of dynamic neuron,
DNU-10, which was used by Pineda (1987), is described by

WD~ —a(t) + Bo(wa(®) +v (8.40)

y(t) = z(t) (8.41)
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Figure 8.18 A block diagram of the DNU-10, Eqn. (8.40).

where 3 # 0. Using a simple coordinate transformation

z(t) = wz(t) (8.42)
it is found that
é'z(t—t) = wdzgt) = —owz(t) + fwoz(t)] + wv
= —az(t) +wo(z(t)) + v (8.43)

where w = Jw and ¥ = wv. A comparison of the three neural models,
DNU-8, DNU-9, and DNU-10 reveals that in single neural structures, the
different structures which are due to the different positions of the nonlinear
neural activation function in the single neuron may be described by a unified
mathematical model. However, this convenient property may not be retained
in the dynamic neural network structures consisting of many such DNUs
because of the complexity of the nonlinear dynamic characteristics.

8.2.2.7 DNU-11

This type of dynamic neural structure is obtained from the more general
formulations of the dynamic neural network DNU-5 as was proposed by
Grossberg (1990). It is based on population biology, neurobiology, and
evolutionary theory. This single neuron structure is shown in Fig. 8.19 and
can be described mathematically by the following equations

PO o aa(t) + (- Brheyt) 1] G4
yH) = o) (845

where x is the internal neural activity, y is the neural output, which is related to
the internal neural activity x by the output equation, Eqn. (8.45); czis aconstant
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W=
v

Figure 8.19 A block diagram of DNU-11, Eqns. (8.44) and (8.45).

responsible for the state decay; (3 is the gain of the somatic operation; 7 is
the total activity normalization coefficient; and w is the synaptic weight. The
difference between the Hopfield’s and Grossberg’s neural models is the term
(v — Bz) on the right-hand side of Eqn. (8.44), which represents a refractory
period of the neuron. In fact, the DNU-1 model given in Eqns. (8.20) and
(8.21) of the single neuron is one of the special cases of the DNU-10 model
in Eqns. (8.44) and (8.45) fory =1 and 3 = 0.

8.3 NEURON WITH EXCITATORY AND INHIBITORY DYNAMICS

8.3.1 A General Model

As discussed in Chapter 2, in biological systems the electrochemical potential
of each neuron is determined by the integrated effects of all the excitatory (pos-
itive) and inhibitory (negative) postsynaptic potentials transmitted to the nerve
cell for an integrating period of several milliseconds. If an intrinsic threshold
of the potential is reached, then the neuron will fire an action potential. A
biological neural cell contains two groups of operations—the excitatory and
the inhibitory operations—and these two types of neural operations have the
same internal states and dynamics as shown in Fig. 8.20a.

The dynamic neural model as proposed in Eqn. (8.44) and shown in
Fig. 8.19 can be generalized to form a pair of excitatory—inhibitory neural
models. Thus

dx(t)
dt

= —oz(t) + (ve — Bpx(t)[weoe(z(t) + vg]
— (1 — Brz(t))[wror(=(t)) + vi] (8.46)
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(b) Details of the excitatory and inhibitory neuron, Eqn. (8.46)

Figure 8.20 Block diagrams of the single neuron that contains both the excitatory
and inhibitory parts.
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where v, Or and 47, B; are, respectively, the excitatory and inhibitory
parameters; wg and wy are, respectively, the excitatory and inhibitory weights,
which are always positive; and vg and vy are, respectively, the excitatory and
inhibitory neural inputs. This particular model of the excitatory and inhibitory
neuron is shown in Fig. 8.20.

In this case, the sigmoidal activation functions og(z) and o;(z) are as-
sumed to be always positive, that is

og(xz) >0

or(z) >0
for all x € R. Some commonly used choices of such a neural activation
function are

op(z) = o7(x) = 1[1 + tanh(z)] (8.47)
1
op(z) =or(x) = +e?
Figure 8.21 shows the sigmoidal function o(z) as defined in Eqn. (8.47)
and its derivative o’ (x). Additionally, the terms (yg — Bgz) and (7 — OBrx)
represent, respectively, the refractory periods of the excitatory and inhibitory
processes in the single neuron. It is worth mentioning that the neural model
in Fig. 8.20 has two outputs that can be computed by

ye(t) = op(z(t)) (8.49)
yr(t) = or(z(t)) (8.50)

where yg and y; are, respectively, the excitatory and inhibitory outputs that
are the functions of the same internal state . Many known models of the

(8.48)

T —T T —T T T

08 -

oul

04 -

02

Figure 8.21 The unipolar sigmoidal function o(z) = %[1 + tanh(z)] and its
derivative o’(x) = 1[sech’(z)], Eqn. (8.47).
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dynamic neural units (DNUs) may be considered as special cases of this
general model.

8.3.2 Positive—Negative (PN) Neural Structure

The two parts in the excitatory—inhibitory neural structure described above
and shown in Fig. 8.20 have a similar dynamic structure but different feed-
back parameters from each other. A different type of neural structure has
been developed (Gupta and Knopf 1992) which introduces the notion of the
positive neuron (corresponding to the excitatory portion of the neuron) and
the negative neuron (corresponding to the inhibitory portion of the neuron).
This neural model has been referred to as a positive—negative (PN) neuron,
and is expressed by the following coupled nonlinear differential equations

d:rjt(t) = —agrp(t) + (v — Beze(t))(weeyr(t) — wery(t) + vE)
dl’ét(t) —_ —a[II(t) + (’)’I — )81$](t))<w[EyE(t) — wIIyI(t) + vy)
(8.5
and
ye(t) = oe(zp(t))
yit) = or(z1(t))

where g and zj are respectively the excitatory (positive) and inhibitory
(negative) states; yg and yr are respectively the output from the excitatory
and inhibitory parts; vg and vy are respectively the inputs to the excitatory and
inhibitory parts of the single neuron; and all the synaptic weights ugg, wEgr,
wyg, and wyy are positive. The terms (vg —Bgz ) and (y; — Brx 1) represent,
respectively, the excitatory and inhibitory refractory periods. Equations (8.51)
and (8.52) represent a two-state nonlinear dynamic system. We introduce the
following notations:
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(a) Block diagram of a PN neuron (b) Signal flow in a PN
neural structure

Single neuron

Excitatory part (positive)

Inhibitory part (negative)

Positive (excitatory) part

Negative (inhibitory) part

(c) Details of the PN dynamic neuron

Figure 8.22 Schematic representations of a PN neural structure containing
both positive (excitatory) and negative (inhibitory) dynamics,
Eqns. (8.51)—(8.53).
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Equations (8.51) and (8.52) may then be rewritten in the following compact
form

d—mdg_t) = —Az(t)+(C - Bz(t)(Wy(t)+v)  (8.52)

y = o(x) (8.53)

Mathematically, the PN neuron consists of two individual neurons with full
internal synaptic connections, as shown in Fig. 8.22. Since a PN neuron,
which is a two-input/two-output system, is treated as a basic neural unit or
building block in the computational neural network, it might provide more
properties such as transient behavior, hysteresis phenomena, and limit-cycle
oscillations to the network structure than those of a simple single-neuron
structure.

8.3.3 Further Extension to the PN Neural Model

As shown in Eqn. (8.51), the PN neural structure is formed by using a set
of two coupled nonlinear differential equations. The PN neuron can also be
formed by using different types of nonlinear differential equations such as we
have used in forming the dynamic neural units (DNUs) earlier, in Sections
8.1 and 8.2. For example, by taking the model of the dynamic neural unit
DNU-1, Eqns. (8.20) and (8.21):

drg(t —w + Vg

d (8.54)
dry{t — —+
__It( ) = —arzi(t) + wipye(t) — wiryr(t) + v

and
ye(t) = op(ze(l))
yr(t) = o1(z1(t))

A circuit implementation that contains two nonlinear operational ampli-
fiers and a block diagram of the above PN neuron are given in Fig. 8.23.
The oscillatory and excitable behaviors of the simplified PN neuron model
presented above when agp = oy = 1 were studied by Sakaguchi (1988).
Some applications in the neurocontrol and neurovision fields have also been
reported by Gupta and Rao (1994a) and Gupta and Knopf (1994).
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(b) Block diagram of a PN neuron

Figure 8.23 The simplified PN single neuron which contains both the excitatory
and inhibitory parts with different dynamics, Eqns. (8.54) and (8.55).
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8.4 NEURON WITH MULTIPLE NONLINEAR FEEDBACK

As discussed earlier, the simplest model of the dynamic neural structures,
the DNU, involves only a single nonlinear activation function that has a
nonlinear feedback of the neural state. A more complicated model of the
DNU that contains multiple nonlinear feedback operations is achieved by
neural activation functions and is introduced now. The mathematical model
of such a dynamic single neuron, as shown in Fig. 8.24, is represented as

dz(t)
dt

n
= —azx(t) + Z a;0(bz(t) +¢) +v (8.55)
=1
where a;, b;, and ¢; are the parameters associated with the ith nonlinear feed-
back function. The neural model given in Eqn. (8.55) increases the capabilities
of the dynamic single neuron for storing information, and for approximating
an arbitrary nonlinear dynamic system as a universal approximator.
After introducing the notations

a = [al as - an]T
= [bybg - bn]T
= [e1cp - Cn]T
Eqgn. (8.55) may be rewritten as
dz(t
—Zi—) = —az(t) +alo(bz+¢) +v (8.56)
where the vector-valued sigmoidal function is defined as
o(biz + 1)
obz+c)= :
U(bnx + Cn)

The following description shows that the dynamic properties of the neural
model given in Eqn. (8.56) may be described by n dynamic single neurons
that are fully connected to each other. In other words, the neural model given
in Eqn. (8.56) can be represented by a dynamic neural network that contains
n neurons. At this point, a new vector is introduced

y=bx+c
which yields

dy;(t) Y dz(t)

dt i = Cow)+ > wio(y;) + (8.57)

J=1
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(b) Circuit implementation of DNU with multiple nonlinear feedback

Figure 8.24 Block diagram and circuit implementation of the dynamic neural unit
(DNU) with multiple nonlinear feedback, Eqns. (8.55) and (8.56).
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where
Wij 4 biaj, 2 pv +
Or, in a compact form, Eqn. (8.57) can be expressed as

W) _

P — —ay(t) + Woly(t) + (8.:58)
where the weight matrix
biar bas - blay, 1
T baar boan -+ boan, V2
W =ba" = : . s =
bpar bpas - bpan, Un,

If a dynamic neural network with the form of Eqn. (8.58) is defined with a
synaptic matrix

wn wig - Win
w1 W22 - Wop
W =
Wp1 Wn2 - Wnn
and a threshold vector

vy

D= .

Un

it is not necessary that the neural model given in Eqn. (8.58) be transformed
equivalently into the dynamic single-neuron model given in Eqn. (8.56), ex-
cept when the following relationship between the weights is satisfied

Wy w; L,
=k 1<l k<n
wy; o Wik
and
Ui = U; + o
with
?, Wy .
== 1<il,j<n
U1 Wi
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where ¢; are constants. In this case, let

21
b = 28 9<i<n, 1<j<n
Wy
and
v o= 51
a; = wi;, 1§z§n

Then, the dynamic model of the dynamic neural network (DNN) given in
Eqn. (8.58) is equivalent to the model of the dynamic neural unit (DNU)
given in Eqn. (8.56).

8.5 DYNAMIC TEMPORAL BEHAVIOR OF DNN

As pointed out in Chapter 2 on biological neurons, stimulus information is
encoded by a single neuron as spike trains that typically have a constant
spiking amplitude or potential and the information contents of the stimulus
are encoded in the form of frequency modulation. The temporal phenomena
generated by an isolated DNU with multiple steady states exhibit not only the
dynamic characteristics of the state trajectory of the DNU before it reaches
an equilibrium state but also an encoding capability for the external signal.
For a slowly time-varying external input signal, the temporal dynamics are
primarily the switching action between the stable equilibrium points as shown
in Fig. 8.25. For a rapidly varying external input signal, the DNU produces
a specific state trajectory that is the result of encoding the time-varying input
signal as shown in Fig. 8.26. These temporal responses generated by a
DNU are very useful for control systems, vision systems, and, in general,
for information processing. Some mathematical processes of such temporal
dynamics are as follows.
Consider a general model of an isolated DNU described by

Tda;—it) = —az(t) + f(w, z(t),v) (8.59)
where « > 0. Let the external input v be a time-dependent stimulus v = v(¢).
Then, for the arbitrary initial state value z(0) the solution of Eqn. (8.59) is
given by

o) = a0 17 [ T, s( OO (B60)

0
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Figure 8.25 The temporal response of an isolated DNU-1 with the parameters
a = 1 and w = 1.5 for a narrow pulse stimulus input v{¢).
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Figure 8.26 The encoding capability of an isolated DNU-1 with the parameters
o = 1 and w = 1.5 for a rapidly varying stimulus input 2 (¢).

For a sufficiently long time ¢ = ¢*, if

. _a _ Qg%
lim e ~t=e" 7" =0

t—ot*

one may deal with the limitation for both sides of the equality in Eqn. (8.60),
yielding

lim z(t) = tli_xg*x(O)e‘%t+tli_I¥%*%/Ot6_%(t_<)f(wa$(C),U(C))dC

t—t*

— im L /te‘%(t‘C)f(w,iv(C),v(C))dC
4]

t—st* T
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On the other hand, without loss of generality, let the activation function f be
a continuous function for both the variables z and v. Then

t o t %C : , d
Jim_~ /0 50 f(u,2(0), o(¢))d¢ = tim, 0 f(wag(f) HOx

= lim — f(w, 2(t), ()

t

=~ flw,2(t"),v(t))

where
3(t) £ lim a()
v(t*) = tm*v(t)
Hence
2(t%) = = f(w, 2(t°), o) )
or simply denote
2(t*) = z(t*, v(t")) 8.62)

This relationship shows that for a time-varying input signal v(¢) the neural
state’s response eventually converges to a solution of a static algebraic equa-
tion at each time £. This algebraic equation is the equilibrium equation of
the DNU for the stimulus input at time ¢, and its solution is independent of
the initial state value. If v(t) is a slowly varying signal within an interval
t € [t*,t* + At], then

v(t) = v* = constant
and Eqn. (8.61) can be rewritten as
—az* + f(w,z",v") =0 (8.63)
where

* A .
=1 t
w0 e
In this case, within a time interval where the stimulus remains approximately
constant, the state trajectory reaches a steady state 2 that satisfies the equi-
librium given in Eqn. (8.61). This process is shown in Fig. 8.25, where an
isolated DNU-1 is considered.
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If v(¢) is a rapidly varying signal compared with the function f, the solution
z given in Eqgn. (8.62) is an encoded representation of the input signal. In this
case, v(t) appears linearly on the right-hand side of the DNU model:

f(w,z,v) = f(w,z) +v

The neural state response at time ¢ > t* may be determined by the following
equation:

—ox(t) + f(w,z(t)) +v(t) =0 (8.64)

08 / 1 08 /

06 q 06+

(Time £) (Time )
(a) Input signal v(t) (b) Neural state x(t)

Figure 8.27 The temporal response of an isolated DNU-1 with the parameters
a =1 and w = 1.5 to an impulse stimulus v(%).
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Figure 8.28 The damped oscillatory temporal response of an isolated DNU-1 with
the parameters o = 1 and w = 0.05.
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In this case, the solution of x in the above equation is almost a linear function
of v, and the shape and frequency of the stimulus input signal, which contains
the most information, can be perfectly retained by the neural activity.

From this analysis it is observed that this important class of temporal
behavior is the transient activity that is generated around a single stable
attractor. A variety of neurons in the nervous system generate transient activity
in response to an impulse or narrow pulse stimulus. On the initial application
of a stimulus, the activity exhibited by a neural element corresponds to a
rapid rise, leading to a steady state value. After the stimulus is removed,
the neural activity returns to its original rest state. An example of the neural
state response to an impulse stimulus input is shown in Fig. 8.27. The
characteristics of the transient activity generated by a DNU are a function of
the parameters employed. In certain circumstances, the damped oscillatory
phenomenon is induced by small synaptic weight parameters as depicted in
Fig. 8.28.

8.6 NONLINEAR ANALYSIS FOR DNUs

8.6.1 Equilibrium Points of a DNU

Let us consider a DNU having the form described by the nonlinear differential
equation

dx
dt
where z € R, a # 0, w # 0, and v are the scalars. The special properties of
the sigmoidal function o(z) provide the possibility that we may analytically

exploit the equilibrium points of the DNU. The equilibrium points 2* of the
DNU, Eqn. (8.65), are given by the roots of the equation dz/dt = 0, that is

= —az +wo(z) +v = f(x) (8.65)

x . w * v_ *
¥ = - o(x*) + - g(z™) (8.66)
where

9(z) = (w/)o(z)+(v/a)

Obviously, the equilibrium points * may be determined by considering di-
rectly the roots of the nonlinear function f(z), or indirectly by the intersection
of the curve y = (w/a)o(z)+ (v/) and the line y = x in the z—y plane. The
former approach will now be used for determining the number and locations
of the equilibrium points.
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Note that for all x € R, the function g(z) satisfies
LRl se@ <[+ ]2
o o o o
that is
1< 22 2] — -2 2ol o
o al’ o o o al’ o a

Hence, g(z) is a continuous nonlinear function that maps a closed interval
[(v/a) — |(w/e)], (v/a) + |(w/a)|] onto itself. Using Brouwer’s fixed-point
theorem, there is at least one equilibrium point 2* of the system in the interval

[(v/@) = |(w/e)], (v/a) +|(w/a)]]
e g lalarlGl

Thus, z* is located in an interval with the center (v/«) and the radius |(w/a)|
as shown in Fig. 8.29. The equilibrium point 2* may be placed anywhere in
the range (—o00, +00) by adjusting the parameters «, w, and v. The function
f(z) is a continuous and differentiable function, and satisfies f(z) — oo as
x — oo. If v = 0, the fact that f(—xz) = — f(z) shows that the curve of f(x)
is the skew—symmetric with respect to the axis z = 0 in the z—f(z) plane.
In this case, the system has a unique equilibrium point, or an even number
of equilibrium points. According to the sign and values of the parameters
o, w, and v, we may discuss the number and location of the roots of the
nonlinear function f(x) = —ax + wo(x) + v, which are the equilibrium
points of the system given in Eqn. (8.65). It can be further shown that a DNU
with a sigmoidal activation function has at the most three, and at the least one
equilibrium point in the interval |2* — (v/a)| < [(w/a)|.

y - Region of equilibrium points y

12 w
Q— —
0 2>0 z L 0| =z

Figure 8.29 Region of the equilibrium point for DNU, Eqn. (8.65).
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8.6.2 Stability of the DNU

An asymptotically stable equilibrium point, also called a state attractor, can
be used for storing information in the associative memories. Following the
results obtained in the last section, two questions immediately arise:

(i) Which of these equilibrium points are stable (or unstable) in the sense
of Lyapunov?

(ii) How is the stability (or instability) affected as the parameters are varied?

To answer these questions, the asymptotic stability of these equilibrium points
under the choice of the parameters of the single dynamic neural unit is now
briefly addressed.

For convenience, assume that the maximum slope of the sigmoidal function
o’(x) is 1. Then, the nonlinear sigmoid function o (z) satisfies

-1<o(z)<1, and 0<o(z)<1, VzeR

Next, one may test the exponential stability of z* using the Lyapunov
function method. Let z = x — z* be a new variable of the system. Then

dz(t)
dt

= —oaz(t) + wf(z(t)) (8.68)

has a unique equilibrium point at z = 0 and the function f(z) = o(z + ) —
o(x*) satisfies

0
f(2)

To investigate the Lyapunov stability of the equilibrium point, let us choose
the function

o IA

fl(z) <1
220

V(z) =122
Then, foraa > 0and w < 0
av(z) z@
dt — Tdt

{l

2(—oz +wf(2))
—az? +wzf(z)
—o2?

—2aV (z) (8.69)

IA
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Therefore, if & > 0 and w < 0, since V(2) > 0 and dV(z)/dt < 0, then
z = 0 or equivalently & = z* is a globally exponentially stable equilibrium
point. On the other hand, if & > 0, w > 0 with (w/a) < 1, then

dV (z)
dt

= —az’ +wzf(z)

< —az? + w2’

= 2(a—-—w)V(z) (8.70)

Hence, z = 0, or equivalently, x = z* is a globally exponentially stable
equilibrium point.
In case of o < 0, w > 0, we have
dV(z) _ Zdz
dt  “dt
Therefore, the equilibrium point o* is unstable. Also, if & < 0, w < 0 with
w > a, then

dVv(z)
dt

= —az2 -+ wzf(z) >0 (8-71)

= —a2? +wzf(z) £ —a2? + w2 >0 (8.72)

Thus, z = 0; that is, x = 2* will be an unstable equilibrium point. For other
combinations of the parameters o and w of the DNU, the equilibrium stability
of the DNU can also be studied using the same analysis procedure.

8.6.3 Pitchfork Bifurcation in the DNU

The phenomenon of the appearance and disappearance of equilibrium points,
accompanied by changes of the stability properties when some parameters in
the differential equation are varied, is known as bifurcation. In other words,
bifurcation describes the process of quantitative changes of the parameters
leading to qualitative changes of the system properties such as the number of
equilibrium points and their stability. We now discuss the bifurcation phe-
nomenon in a single DNU whose properties of the equilibrium points were
addressed in the previous sections. Several kinds of equilibrium point bifur-
cations have been discussed in the literature. Kelly et al. (1993) reported that
a pitchfork bifurcation exists in the dynamic neural unit (DNU) of Eqn. (8.65).
To study bifurcation in a single dynamic neuron, some preliminaries of bifur-
cation theory are discussed first.
Consider a single-variable first-order differential equation

C(li—fzf(x,u), zeER, peR (8.73)
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where p is a constant parameter. We assume that the right-side function in
this equation satisfies

f(0,0) = 0 (8.74)
af B
5,(0.0) = 0 (8.75)

Equation (8.74) is simply an equilibrium condition. Thus, Eqn. (8.74) implies
that for 4 = 0, z = 0 is an equilibrium point. Equation (8.75) provides the
nonhyperbolic equilibrium condition, which is one of the necessary conditions
that (z, x) = (0,0) is a bifurcation point and 4 is a bifurcation value.

Without loss of generality, let the nonlinear function for a DNU be a
sigmoidal function, o(z) = tanh(z), and a € R be a fixed constant in the
following discussion. Let the DNU be described by the following differential
equation

—% = —oaz + wtanh(z) + v (8.76)
By defining w = (u + ), this equation can be rewritten as
Eg— = —azr+ (p+a)tanh(x) +v

= fla,mv) ®.77)

The state z(¢) of the DNU as described in Eqn. (8.76) is dependent on the
two variable parameters w and v. Alternatively, by defining w = (1 + «), the
state z(t) of the DNU of Eqn. (8.76) is expressed in Eqn. (8.77) with another
set of two variable parameters g = (w — «) and bias v. It can be shown
that the preceding differential equation of the DNU has pitchfork bifurcation
when the bias v = 0 and the bifurcation is broken when v # 0.

8.6.3.1 Case (A) with zero bias, v = 0

In the case of a zero bias, that is, for v = 0, Eqn. (8.76) has a pitchfork
bifurcation at the origin in the z—4 plane, that is, at (z,u) = (0,0), or
equivalently at x = 0 and w = « in the z—w plane, that is, at (z, w) = (0, a).
Hence, (z,w) = (0, ) is a bifurcation point through which more than one
curve of the equilibrium point passes through this point in the w—z plane.
The stability of the locus of the equilibrium point z = 0 also changes when
passing through the point (0, ) as discussed in the last subsection. As well,
there are three equilibrium points, two of which are stable and one unstable
for w > a > 0, and two unstable and one stable for w < o < 0. The
bifurcation diagram for the DNU is shown in Fig. 8.30, where the dashed
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(continuous lines): locus of stable equilibrium points
— — — (dashed lines): locus of unstable equilibrium points
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(a) Dynamic neural unit: £ = —ax + wtanh(z), o > 0

(i) Forw < «, the DNU has a locus of a unique stable equilibriumpointat 2 * = 0.

(ii) Forw > a, the DNU has loci of two stable (z] and x3) and one unstable (x3)

equilibrium points.
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(b) Dynamic neural unit: £ = —az + wtanh(z), o <0

(i) For w > «, the DNU has a locus of a unique urnstable equilibrium point at
z* =0.

(ii) For w < «, the DNU has loci of two unstable (x} and x3) and one stable (x3)
equilibrium points.

Figure 8.30 Case (A), with zero bias, v = 0, pitchfork bifurcation in the DNU
with v = 0, Eqn. (8.76).
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(continuous lines): locus of stable equilibrium points
— — — (dashed lines): locus of unstable equilibrium points

o v=10
/ b00s
//
0 /’,:::::' w

(a) For a > 0 with increasing w, sudden appearance of two equilibrium
points

(b) For oo < 0 with increasing w, sudden disappearance of two equilibrium
points

Figure 8.31 Case (B), DNU with bias v, the equilibrium curves of the single DNU,
Eqn. (8.78). When v # 0, the pitchfork bifurcation disappears.
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lines represent the locus of the unstable equilibrium points and the continuous
lines represent the locus of the stable equilibrium points. Obviously, when
w > a, the equilibrium point z* = 0 loses its stability for all values of « as
shown in Fig. 8.30a for o > 0, and in Fig. 8.30b for o < 0.

8.6.3.2 Case (B) with bias v,v # 0
For the case of v # 0, the dynamic neural system is described as

dzx

5 = et (1 + w) tanh(z) + v

= f(l', s U) (8.78)

The pitchfork bifurcation of the single dynamic neural unit at (z, u,v) =
(0,0,0) isbroken forv # 0. Figure 8.31 shows the behavior of the equilibrium
points of the dynamic neural system in Eqn. (8.78) for the DNU with bias v,
and a > 0 and @ < 0. We make the following observations on the dynamic
behavior of equilibrium points with increasing w.

(i) InFig. 8.31a, for « > 0 and w > 0, when the parameter w is increased,
two equilibrium points suddenly appear; one is stable and the other one
is unstable.

(ii) In Fig. 8.31b, for @ < 0, when w is increased two equilibrium points
suddenly disappear.

8.7 CONCLUDING REMARKS

In this chapter we introduced the basic concept of feedback phenomenon
in neural units, thus laying the basic foundation for dynamic neural units
(DNUs). In contrast to static neurons, the output of a dynamic neural unit
depends on the present inputs as well as the past neural states. This concept of
a dynamic neural unit (DNU) gives rise to some very important characteristics
such as equilibrium memory and the dynamic temporal behavior of a DNU.

The input—output behavior of dynamic neural units as described in this
chapter is characterized by nonlinear differential or difference equations. Af-
ter introducing the basic equations of the dynamic neural units, we studied
various types of dynamic neural units, including neurons with excitatory and
inhibitory dynamics. The phenomena of multiple equilibrium points and their
stability characteristics are discussed. The concept of pitchfork bifurcation,
which can be found in certain parameter conditions in dynamic neural units
(DNUs), was also explored. The dynamic neural units studied in this chapter
provide a basic understanding for a further study of dynamic neural networks
(DNNs) in the following chapters.
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Problems

8.1 Given a nonlinear dynamic system of the form

2 < fao,u),  =(0) =20

where € R” is the state vector, u(¢) € R” is the external input
vector, and f : R" x R™ — R is a nonlinear function.

(a) Can dynamic responses of such a nonlinear dynamic system
with respect to a specific external input u(¢) be used to
emulate the phenomenon of short-term memory?

(b) Can steady states of such a dynamic system with respect
to an specific external input u(¢) be used to emulate the
phenomenon of long-term memory?

(¢) Compare biological memory systems with that of the mem-
ory associated with this type of nonlinear dynamic system.

8.2 Show that the DNU model

dy
dt
has the identical set of equilibrium points and the identical set of
asymptotically stable equilibrium points as that of the following sys-

h(y) [—ao ™' (y) + wy + ]

tem
dy _ -1
o = o (y) + wy +v
where
do(x
n(y) = 22
T la=0=1(y)

8.3 Let all the parameters in the models of the Hopfield (DNU-1) and
Grossberg (DNU-5) be 1 and the initial values of the state (0) = 0.
Give the numerical solutions of the states of both neurons.

8.4 Consider a two-neuron dynamic network described by
dl‘l
dt
d.rg
dt

= —azx1 + fwio(xr) + frwao () + frv

= —aza+ Powro(z) + Pawao (z2) + Bav



340

8.5

8.6

8.7

8.8

8.9

DYNAMIC NEURAL UNITS (DNUs): NONLINEAR MODELS AND DYNAMICS

Prove that this system is equivalent to the following single-neuron
structure with the two nonlinear activation operations

d
d—i = —ay +w10(B1y) + weo(Boy) +v

where y = z1 /01 = 22/ 2.

Consider a nonlinear system described by the following differential
equation:

gfl_(tt)_ —ax(t) + o(wyz(t) + waz?(t) + v)

y(t) = o(z(t))

Give a block diagram of this system and compare the difference
between the model described above and the Hopfield neuron (DNU-

1).

Let the external input v(¢) be a square-wave function with the ampli-
tude —1 and 1, and period 0.1 second. Using computer simulation,
design an isolated DNU such that the error between the input v(t)
and the temporal neural state response x(t) is less than 0.2 at any
time ¢.

Consider a dynamic neural unit (DNU) with the following form:

@(—i(ti) = —0.6z(t) + 1.5 tanh(2z(¢)) + 1.7

(a) Determine all the equilibrium points of the above system;
(b) Discuss the stability of the equilibrium points.

Determine the parameters ¢, w, ¢, d, and v such that the following
neural equation

dz(t)
dt

has three asymptotically stable equilibrium points.

= —az(t) + w [tanh(c(z + d)) + tanh(c(z — d))] +v

For the continuous-time dynamic neural unit (CT-DNU)

d:(vigt) = —az(t) + wo(z(t)) +v

use the first-difference approximation expression of dz/dt as
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dt |,pp T T

dx(t) _ z((k+1)T) —z(kT) _ z(k +1) — z(k)

where 1’ is the timestep.

(a) Obtain the discrete version of the CT-DNU model;

(b) Draw the block diagram of the discrete-time DNU model;
(¢) Determine the stable regions of the equilibrium points;

(d) Discuss the effect on the stability of the equilibrium points
for a different sampling period 7.

8.10 Consider an isolated CT-DNU model of the form
d_m
dt

(a) Show that the equilibrium points are given by

= —az + (y - o) (wo(z) +v)

_ qywo(z) +qv
a4+ Bwo(z) + Bu

(b) Discuss the number and location of these equilibrium points;
(c) Discuss the stability of these equilibrium points.

8.11 Consider an isolated CT-DNU model of the form
dx
dt

Discuss the number and location of the equilibrium points of the
DNU for the following choices of parameters:

= —qaz + wtanh(z) + v

@ a>0w>0
(b) a<0,w<0,(w/a)<1
() a<0w<0,(w/a)>1

8.12 Discuss the stability of the equilibrium points of the CT-DNU given
in Problem 8.11 and having the parameters given in (a), (b), and (c),
respectively.

8.13 Consider a linear differential equation

dx

E:——a:v-f-wa:-l-v

(a) Determine the solution of the above system;
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(b) Discuss the asymptotic stability condition of the equilibrium
point in terms of the parameters «, w, and v;

(¢) Leta=1,w=0.5 and

S_[ 1 for 0<t<10
10, otherwise

Obtain the response of the system for the zero initial condi-

tion, z(0) = 0.
8.14 Consider an isolated DNU of the form
d
d_:tc = —az + wtanh(z) + v

where —2 < v < 2.
(a) Select the parameters o and w such that the system has a
unique stable equilibrium point *(c, w, v);
(b) Let
v = 0.5, for 0<t<10
1 1.5, otherwise

Obtain the response of the system for zero initial condition.

8.15 Give a definition of the equilibrium bifurcation for a one-parameter
family of a one-dimensional differential equation.

8.16 Give two types of equilibrium bifurcations that exist in nonlinear
dynamic systems that are different with the pitchfork bifurcation.

8.17 Find a two-dimension nonlinear system

d:E]_ _

E = f1($1,172)
d

% = fo(z1,22)

such that the system has at least one nonhyperbolic equilibrium point;
that is, at least one of the eigenvalues of the Jacobian

oh 8f2

8.1;1 81:1
v =

o 0f2

322 6.’1:2

has a zero real part at the equilibrium point.



8.18

8.19

PROBLEMS

Consider a differential equation

d_m_ .’L‘—:E2
a P

where z € R is the state and p € R is the parameter.

(a) Determine the equilibrium points of the system;
(b) Show that z = 0 is a nonhyperbolic equilibrium point;

343

(c) Analyze the change of the stability of the equilibrium for

u=0.
Consider a differential equation

dx 9
@ he

where z € R is the state and p € R is the parameter.

(a) Determine the equilibrium points of the system;

(b) Show that z = 0 is a nonhyperbolic equilibrium point;

(¢) Analyze the change of the stability of the equilibrium at

p=0.
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As seen in the previous chapters, a neural network consists of many inter-
connected simple processing units, called neurons, which form the layered
configurations. An individual neuron aggregates its weighed inputs and yields
an output through a nonlinear activation function with a threshold. In artificial
neural networks there are three types of connections: intralayer, interlayer,
and recurrent connections. The intralayer connections, which are also called
lateral connections or cross-layer connections, are links between neurons in
the same layer of the network. The interlayer connections are links between
neurons in different layers. The recurrent connections provide self-feedback
links to the neurons. In interlayer connections, the signals are transformed in
one of the two ways: either feedforward or feedback.

From the computational point of view, a dynamic neural structure that con-
tains the state feedback may provide more computational advantages than a
static neural structure, which contains only a feedforward neural structure. In
general, a small feedback system is equivalent to a large and possibly infinite
feedforward system (Hush and Horne 1993). A well-known example is that
an infinite number of feedforward logic gates are required to emulate an arbi-
trary finite-state machine. Also an infinite order finite impulse response (FIR)
filter is required to emulate a single-pole infinite impulse response (IIR). A
nonlinear dynamic recurrent neural network structure is particularly appro-
priate for system identification, control and filtering applications because of
its distributed information processing ability as in biological neural systems.
In fact, a class of dynamic neural mechanisms has been exploited for learn-
ing, information storing, and using knowledge that might be found widely
in the brain. In these new neural machines the physics of the machines and
algorithms of the computation are intimately related.

The introduction of feedback in neural networks produces a dynamic neu-
ral system with several stable equilibrium points. A universally agreed-on
definition of neural network models does not exist, but for purposes of theo-
retical analysis and applications it is useful to define the most general features
of the dynamic neural systems that are to be considered in this book. The
entire discussion in this chapter, unless otherwise specified, will be limited to
systems that have continuous valued states and equations of motion that can
be expressed as differential equations.

9.1 DYNAMIC NEURAL NETWORK STRUCTURES:
AN INTRODUCTION

Consider a continuous-time dynamic neural network structure defined as
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State equation: diZ—Et) = f(z(t),u(t), w) 9.1)
Output equation: y(t) = h(m(t),w) (0.2)

where £ € R”™ represents the state vector, u € K™ is the external input
vector, and w € Rf is the neural parameters vector, which contains the
synaptic connection weights and somatic operational parameters; f(.) is a
function that represents the structure of the neural network, and A(.) is a
function that represents the relationship between the state vector = (¢) and the
output vector y(t) € R¥.

Equivalently, a discrete-time dynamic neural structure can be defined as

State equation: x(k+1) = f(x(k),u(k),w) (9.3)
Output equation: y(k) = h(zk),w) (9.4)

These dynamic neural structures possess three general characteristics as
pointed out by Pineda (1988):

(i) First, they generally have many degrees of freedom. The human brain,
as a basis of these dynamic models, is believed to have between 101
and 10'3 biological neurons. The state of each of these neurons can
be modeled by different dynamic equations. It is generally believed
that the computational power and fault tolerance capabilities of the
neural systems result from the collective dynamics of the neural net-
works. Collective effects account for the properties of many physical
systems including magnetism, superconductivity, and fluid dynamics.
These static neural networks are trivial in some respects. They can
all be characterized by only one or two coupling constants. Dynamic
neural systems, on the other hand, are characterized by many synaptic
connecting weights.

(i1) The second general characteristic is that the dynamic neural structures
are nonlinear. Linear dynamic systems are characterized by the fact that
any two solutions of the system may be added together to produce a
third solution. Accordingly, linear dynamic systems can perform linear
mappings only and, therefore, are limited in their computational ability.
In fact, nonlinearity is a required property in associative memories if
they are to distinguish between two stored patterns.

(iii) The third characteristic of dynamic neural systems is that they are dis-
sipative. A dissipative system is characterized by the convergence of
the flow onto a manifold of lower dimensionality as the system evolves.
General dissipative systems, as shown in Fig. 9.1, can exhibit compli-
cated behavior. For example, they may converge onto manifolds with
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(a) Attractors A;, Ao, and As (b) Biological neural network

Figure 9.1 A two-dimensional (2-D) illustration for the orbit of a dissipative sys-
tem.

fractional dimensions (attractors) or onto a one-dimensional manifold
with periodic orbits.

Parallel to the development of static feedforward neural networks, dynamic
recurrent neural networks were first proposed in the context of associative or
content-addressable memory (CAM) problems (Hopfield 1982, 1984; Koho-
nen 1988) for pattern recognition. The uncorrupted pattern is used as a stable
equilibrium point and its noisy versions as its basin of attraction. In this way,
a dynamic neural system associated with a set of patterns is created. If the
whole working space is correctly partitioned by such a content-addressable
memory (CAM), then a system should have a steady-state solution corre-
sponding to the uncorrupted pattern for any initial condition which represents
a sample pattern. The neural network dynamics of such a classifier serve as a
filter.

A well-known model of dynamic recurrent neural networks with some
useful collective computational properties is due to Hopfield (1982, 1984).
This dynamic neural structure consists of a large number of the dynamic
neurons that were introduced in Chapter 8. A continuous-time model of an
analog neural network can be described by the following system of nonlinear
differential equations

. dx;(t
State equation: C;t( ) = —ouxi(t) + j;wijyj () + s
i=1,2,....n 9.5)

Output equation:  y;(t) = oi(zi(t)), i=1,2,...,n (9.6)
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Figure 9.2 A basic dynamic neural network structure, Egns. (9.5) and (9.6).

where z; represents the state of the ith neuron, g is the output of the ith
neuron, w;; is the synaptic connection weight from the ith neuron to the jth
neuron, s; is a constant external input, the constant ¢ is a positive constant,
and o;(.) is assumed to be a monotonic sigmoidal function as discussed in the
previous chapters.

Figure 9.2 shows a single-layer dynamic neural structure as described by
Eqgns. (9.5) and (9.6). Each dynamic neuron receives three types of input:

s;(t) : an external input signal for its dynamic processing
x;(t) : self-connection: a state feedback signal
y;(t) - inter-layer connections: an output signal from each
neuron including the ¢th neuron
The accomplishment of both recurrent and interlayer connections involves
synaptic operations. From the system’s perspective, the model of this dynamic
neural network is a continuous deterministic nonlinear dynamic system and

is illustrated by the block diagram in Fig. 9.3. More detailed studies about
this type of DNN will follow in the later sections of this chapter.
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Figure 9.3 Block diagram of a continuous-time dynamic neural structure,
Eqns. (9.5) and (9.6).
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9.2 HOPFIELD DYNAMIC NEURAL NETWORK (DNN) AND ITS
IMPLEMENTATION

This dynamic neural network (DNN), as introduced in Eqns. (9.5) and (9.6),
has evolved from the original work of Hopfield (1984), who used an electronic
circuit implementation of such a network.

In this section, we describe the Hopfield neural network and its electronic
circuit implementation. Some of its important properties, such as the stability
and equilibrium points, will be discussed. An extensive study of some of the
other dynamic characteristics that are useful in the design and applications of
these DNUs is addressed in the following sections.

9.2.1 State Space Model of the Hopfield DNN

A continuous-time dynamic neural network containing n dynamic neural
units (DNUs), introduced by Hopfield (1984), is described by the following
nonlinear differential equations

. d:l?z(t) xI; (t) -
State equation: C’i—dt— = ~R + ; wi;y;(t) + s:(t)
i=1,2,...,n 9.7)
Output equation: yi(t) = oi(z:(t)) 9.8

This nonlinear system can be implemented by an analog RC' (resistance—
capacitance) network circuit. As shown in Fig. 9.4, such a circuit contains a
RC network at the input of each amplifier. The capacitance ¢ > 0 and the
resistance p; > 0 represent the total shunt capacitance and shunt resistance
at the input of the ith amplifier. Since the intrinsic delay exhibited by any
physical amplifier is modeled by an input resistance g and C;, which are
drawn as external components in Fig. 9.4, an actual operational amplifier can,
therefore, be assumed as an ideal amplifier without delay. Furthermore, let
R;; be the resistor connecting the output of the jth amplifier to the input of
the ith amplifier, and s; the fixed external input current.
Let

u; = x;:  input voltage of the ith amplifier
Vi=o0;(w;) . output of the ith amplifier, where each operational
amplifier has two output terminals each providing
V;and — V;

One may write the current equation at the input node of the ith amplifier using
Kirchhoff’s current law as follows
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dup wp (FV - w) (£Vj—w)
Czdt‘l"pi = Rit + ...+ R, + 8
1 "L (£V5)
= —uiz +Z L2+ s
R =L
or
du; 1 1 "L (V)
C; +u; | —+ — ] = RN 8; (9.9)
dt At R;; ; R;;
and

By introducing a new parameter F; defined as
1 1 &1
—_ =4 _
Ry p ; Ry;

the dynamic neural network given in Eqns. (9.9) and (9.10) may be rewritten
in a compact form as

dul (79 B "~ (ﬂ:V’) )
Czdt+Ri B Z R;; M
7=1
= ) Gi(xV)) +si (9.11)

1

.
1l

where, G;; = 1/R;;.
Moreover, by defining the neural weighting function w;; as

1
+E;’ if R;; is connected to the V;
———, if R;; is connected to the —V;
Ry
the DNN in Eqn. (9.11) may be rewritten as
du; 1 n
Ciﬁ = ~RpY + Z wi;y;(t) + s4(t) 9.12)
7 j—1
where
yi = oy(u;) (9.13)

These equations are the same as those given in Eqns. (9.7) and (9.8).
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(b) A simplified DNN circuit structure, G;; = 1 / R;;

Figure 9.4 Circuit representation of continuous-time dynamic neural network
(DNN) structure; Eqns. (9.12) and (9.13).
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The product E;C; = 7; is often referred to as the time constant of the ith
neuron. An identical time constant for each neuron would require G = C'
and R; = R for all ¢. The latter condition might be difficult to achieve in
practice if the parallel combination of the synaptic weights in Eqn. (9.11)
results in different values for each neuron. In this case, each individual value
for p; would have to be chosen in such a way that it compensates for these
variations and keeps R; the same for each neuron. It is also important to
note that the time constant 7; describes the convergence of the neural state ;.
Because of the potentially very high gain of the transfer function, the output
V; might saturate very quickly. Thus, even if state v; is still far from reaching
its equilibrium point, output V; might appear as if the circuit had converged
in merely a fraction of the time constant 7.

An electronic circuit consisting of operational amplifiers, capacitors, and
resistors should be able to operate as a Hopfield network. This circuit can
be designed by reconstructing the stable states that have been designed using
the proper value of w;;, and as long as w;; is symmetric; that is, w;; = wj;,
and the amplifiers are quick compared with the characteristic of the neural
time constant K;C;. In this case, the neural system converges to stable states
and will not oscillate or display chaotic behavior. The novel concepts and
implementations of a single-chip electronic neural network along the lines
just discussed have been reported by several groups using very large-scale
integration (VLSI). Many details on the topics of electronic implementations
of dynamic neural networks may be found in the literature.

9.2.2 Output Variable Model of the Hopfield DNN

The Hopfield DNN model given in Eqgns. (9.7) and (9.8), or equivalently
expressed in Egns. (9.12) and (9.13), is in the form of a state space model.
These models can also be transformed into the output variable model form as
described below.

To rewrite the state space model of the Hopfield DNN expressed in Eqns.
(9.7) and (9.8) using the output variable y; = o;(x;),% = 1,2,...,n, we have

dyi _ doi day
dt - d.’IJZ dt
do; 1 {L‘(t) 7
L4 i
T dm G| R +;wijyj(t)+3i(t) (9.14)
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0 0
-1 . T . 0 r )
(@) y = o(x) b)z =0"(y)
hz) = o'(z)

(©) h(z) = do(x)/dx

Figure 9.5 Sigmoidal function y = o(z), its inverse x = o ~!(y), and its deriva-
tive o' (z) = h(z) = do(z}/dz.
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Figure 9.6 Block diagram of the output variable model of the Hopfield dynamic

neural network, Eqn. (9.18).
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Define

(9.15)

Then Eqn. (9.14) can be rewritten as

% = %hi(yz‘(t)) —é—v{ Yw(®) + ;wijyj(t) rsM| .16

2

for ¢ = 1,2,...,n. Note that, as shown in Fig. 9.5, due to the sigmoid
characteristic of ;(y;), the function h;(y;) = do;/dz; satisfies
hi(y;) >0,  yi € (=1,1) 9.17)

Hence, the Hopfield dynamic neural networks can be written using the output
variable y;(t) as

Cdyl(t) hi(wi (1)) ‘éo_l(yi(t))+zwz'jyj(t)+Sz’(t) ©.18)
=1

This output variable model of the Hopfield DNN shown in Fig. 9.6 has
the same equilibrium points as the original state space model of the Hopfield
DNN defined in Eqns. (9.12) and (9.13).

9.2.3 State Stability of Hopfield DNN

The Hopfield dynamic neural network (DNN) is a nonlinear dynamic system
that has the potential for exhibiting a wide range of complex behaviors.
Depending on how the network parameters are chosen, the systems behavior
may be stable, oscillatory, or even chaotic. In fact, most applications of
the Hopfield DNN require that the network be a stable system with multiple
asymptotically stable equilibrium points. In this section, we will study the
stability behavior of its equilibrium points.
Consider an energy function E defined as

= ﬂ_zzwwylyj_{—z:m/h (y)o™ l(y )dy — Zslyl

i=1 j=1
9.19)

which is also referred to as the computational energy function of the system by
Hopfield (1984), and describes the macroscopic characteristic of the network
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behavior. It is easy to verify that for a symmetric weight matrix W

OF . -
e — Z wigyy + hi(yi)oy (v) — s
yl j:1
_ _g, % (9.20)

Hence, the time derivative of the computational energy function ¥ is

dE OF dy;
dt Z Oy dat

- EaE)®
- _an (:) (d””) ©.21)

Since y; = o(x;), a substitution for (dx;/dt) in Eqn. (9.21) yields

dE_n.—1,/dyi2
— == _Ci(o7 (w)) (?ﬁ") (9.22)

i=1

Since o;(y;) is a monotonically increasing function, its derivative is positive-
definite and so is C;. Hence, each term on the right-hand side of Eqns. (9.21)
and (9.22) is nonnegative. Therefore

dE
— <0 23
dt — ©23)

and

%=0 — %=O, and%=0foralli 9.29)
This means that the dynamic neural system moves from any initial point in the
state space in the direction that decreases its energy E and comes to a stop at
one of the many local minima of the energy function. Hence, F is a Lyapunov
function for the system. Because of the existence of the multiple equilibrinm
points in the system, the energy function ¥ converges to the nearest stable
equilibrium point from the initial starting position, as will be seen in the later
discussions.
Equations (9.20) and (9.22) indicate that the convergence of the neural
state of the continuous deterministic Hopfield model to its stable equilibrium
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points is based on the existence of an energy function that directs the flows in
state space. Such a function can be constructed as a continuous deterministic
model when the weight matrix W is symmetric. The importance of this simple
symmetric system lies not only in its state convergence but also in its potential
as a computing device for applications to systems such as content-addressable
memory (CAM).

Example 9.1 Consider the Hopfield DNN described by Eqns. (9.7) and (9.10)
with the following set of parameters:

n=2C=Co=1 Ri=Ry=1
'w11=U)22:1, w12:w21=1.5, and81282:0

The DNN equations are, therefore, described as

d
% = —z +o(x1) + 1.50(x3)
(9.25)
d
% = —I2 + 150‘((11']_) + 6(1'2)

The equilibrium points are defined as the solution of Eqn. (9.25) for dz /dt =
dxo/dt = 0:

z1 = o(z1)+ 1.50(x9)
(9.26)
zg = L1.b5o(z1)+ o(x2)

The solution of these equations yields two stable equilibrium points

2l = [z} a3]T = [2.4641 2.4641]7
2? = [z 23T =[-2.4641 —2.4641)T

which correspond to the two minima of the energy function E(x;, x3) as
described in Eqn. (9.19).

There is also another solution of Eqn. (9.25) and this solution lies at the
unstable equilibrium point

m*3 - [0 O]T

Figure 9.7 shows the surface of the computational energy function I with
two stable and one unstable equilibrium points.

Figure 9.8 demonstrates an energy contour for this two neural system
showing both the stable (z*!, 2*?) and unstable (x*3) equilibrium points. W
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Figure 9.7 Example 9.1: the surface of the computational energy function E. A
two-neuron system with the parameters C; = Cs = 1, Ry = Re =1,
w11 = W = 1.0, w12 = wo; = 1.5, and 81 = 59 = 0. The system’s
two stable equilibrium points are at z*! = [2.4641 2.4641]7 and
x*? = [-2.4641 —2.4641)T, which correspond to the two minima of
the energy function E(x1, x2). Also, the unstable equilibrium point is
atxz™3 =0 0]7.
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Figure 9.8 Example 9.1: an energy contour map for the two-neural system.

9.2.4 A General Form of Hopfield DNN

A general form of the Hopfield dynamic neural network can be expressed as

da:z(t) i
pranie —a;z;(t) + ; w05 (x5(t)) + s (9.27)
or
dyi(t) -
o = ) |~ ) + @ s 029)
]:
where
. dO’i _ ‘
hz(yz) = dz; s ) y Y = Uz(wz)

and «; > 0 is the inverse of the time constant governing the rate of change of
the ith neuron. Moreover, a vector form of the system given in Eqn. (9.27)
can be expressed as

dx(t)

= —Az(t) + Wo(z(t)) + s (9.29)
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Figure 9.9 A general form of the Hopfield DNN.
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where, = [z; --- x,]7 is the state vector of the network, s = [s; -+ 8,]7
is the input vector, y = o(x) = [o1(21) -+ on(zy)]T, is the output vector,
A = diag[ag -+ a,]T, and
wiy o Wi
W =
Wp1 -+ Wnn

is the synaptic weight matrix. The block diagrams of the individual neuron
given in Eqn. (9.27) and the neural system given in Eqn. (9.29) are shown in
Fig. 9.9.

If W is symmetric, the energy function of the system expressed in Eqn.
(9.28) is defined as

Yi

n n n
E = -1 Zwijyiyj+zai o; Hy)dy — Zszyz

i=1 j=1 i=1

0
v
= —iyTWy -y s+Zaz / o (9.30)
0

=1

9.3 HOPFIELD DYNAMIC NEURAL NETWORKS (DNNs) AS
GRADIENT-LIKE SYSTEMS

The state stability of the Hopfield DNN may also be referred to as the conver-
gence to its equilibrium points. This topic is explored in more detail by using
the energy function method in this section.

The continuous-time Hopfield dynamic neural network discussed in Sec-
tion 9.2 was represented by

da;l(t)
017 = +Zwuyz +Sza
9.31)
Yi = oi(zi(t))

where s; are the constant inputs, R; > 0 and C; > 0, and w;; = wj; satisfies
the symmetric condition. In matrix form, this system can be rewritten as

d:Z—?E) = —R7'z(t) + Wy(t)+s (9.32)

y(t) = o(z(t)) (9.33)
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where C = diag[Cy, ..., Cy],and R™! = diag[1/R;, ..., 1/R,]. Also,
as in Eqn. (9.16) using the output y; as the state variables, Eqn. (9.31) can be
rewritten as

dy;i(t)
dt

1 1 n
= S hiwi®) |- 507 W) + D _wigyi(t) +si|  9.34)
2 i =

or in matrix form as

dy(t) _
dt

where the function o, L(y;) is the inverse of the sigmoid function and

C'h(y(t)) [-R o7 y() + Wy(t) +s] (939

hz(xz) = > 0, Vyi € (-—1, ].) (9.36)

Uilgi=or ()

It is seen that the range of the state y in Eqn. (9.35) is an n-dimensional
hypercube

H={yeR":-1<y <1} =(-1,1)"

The computational energy function E(y) for this neural network may be
written as

E(y) = ~—ZwayzyJ +Z 7 / s)ds—Zslyz (9.37)

i=1 j=1
or in vector form as
AT
E(y)=-1y"Wy—s"y+ R 6(y) (9.38)

where R = (R -+ Ry T andd(y) = [JY o7 H(s)ds -+ JI" o7 (s)ds]”.
This function is continuously differentiable, but not pos1t1ve deﬁmte From
the symmetric property, it is easy to verify that
9E(y)
oy
Hence, the dynamic equation of the Hopfield neural network can also be
expressed in the form of the energy function as

=VE(@y)=-R o' (y) + Wy+s (9.39)

Cda;—it) = —VE(y()) (9.40)
yt) = o(xz(t)) (9.41)
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or
dy(t -
U _ hiy(e)vEw®) ©0.42)

where, h(y) = diaglh1(y1), ..., hn(yn)] is a positive-definite and invertible
matrix. Equation (9.42) describes a gradient-like system (Hirsch and Smale
1974). Some basic properties of the system in Eqn. (9.42) are now discussed.

Theorem 9.1 dE(y)/dt < 0foranyy € H™, and dE(y)/dt = 0 if and only
if y is an equilibrium point of Eqn. (9.40). Thus, the set of critical points of
E(y) is identical to the set of equilibrium points of the system in Egn. (9.31).

Proof: The derivative of E(y) along the trajectories of the system is given by

dE(y) _ OE(y)dy

d oy dt
= < VE(y),-C 'h(y)VE(y) >
= —(V (y))T[C 'h(y)IVE(y)
- OE(y)
= -y —h(y < .
; o hilw) ( B, ) <0 (9:43)
where C_lfz(y) > 0 by assumption. Furthermore,
dE(y) _ dy
o _O<:>VE(y)_0<=>E 0
Hence, dE(y)/dt = 0 only at the equilibrium points. [

Theorem 9.2 Ler y* be an isolated local minimum of E(y). Then y* is a
locally asymptotically stable equilibrium point of the system in Eqn. (9.32).

Proof: For the isolated local minimum y*, one may define a function

V(y) = E(y) - E(y")

forvVy € Q = {y : |ly — y*|| <4, for 0 < § < 1}. Then, the expansion
about the equilibrium point y* yields

Viy) = V(y*)+<§%g!—*),(y—y*)>

2
- - y*faaggw (w—v") + Oy — 1"

365
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Since for the isolated local minimum y*

V(y") _ OE(y")

oy dy 0
and
2 * 2 *
PV _ B
Oy? Oy?
Hence

V(y) >0, for yeQ and y#y"

Therefore, V (y) is a Lyapunov function of the system in Eqn. (9.32), and this
proves the theorem. [ ]

Theorem 9.3 The cigenvalues of the Jacobian of the system in Eqgn. (9.32)
are real.

Proof: Note that

52E(y)}

~V?E(y) = ~ [
(y) 9.0y,

is symmetric. n

Theorem 9.4 All trajectories of the Hopfield dynamic neural network in
Egn. (9.32) converge to one of the equilibrium points.

Proof: Consider a globally positive-definite function
V(z) = 2" RCx (9.44)

where RC = diag[R;Ch, ..., R,Cy] is a diagonal positive definite matrix.
Then, along the trajectories we have

d‘;iw) = 2TRCa
zTR(-R 'z 4+ Wy +3s)
2T+ 2T R(Wy + 5)
< —zTz+ 2T R(Wy + s)|
< —li=llz + Nzl Rl (/W ll2llyll2 + [s]l2)

I

~lellz [ llllz ~ 1Rl (W lallgll2 +1s]l2)]
< 0 (9.45)
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forallz € @ = {a : |lallz < \RI[(1WIls/ly|l2 + [|s]l2)}. Consequently,
all solutions must converge to the closed set{2. Additionally, using the results
given in Theorem 9.1, all the equilibrium points of the Hopfield dynamic
neural network in Eqn. (9.53) must be inside the set Q. Since ) consists
of isolated equilibrium points, it can be shown that a trajectory approaching
) must approach one of these equilibrium points. Thus, for all the possible
initial conditions, the trajectory of the system will always converge to one of
the equilibrium points. This ensures that the system will not oscillate. |

It is to be noted that the proof of Theorem 9.4 is independent of the
symmetry of the synaptic weight matrix W; it can be applied for any weight
matrix W, Thus, the conclusions drawn from Theorem 9.4 are beyond the
results derived by Khalil (1992) using LaSalle’s well-known theorem.

In the following example, we will show that even if the trajectories of a
Hopfield dynamic neural network always converge to the equilibrium points
for all the possible initial conditions, the system may still contain isolated local
unstable equilibrium points. In other words, the trajectories will converge only
to the asymptotically stable equilibrium points.

Example 9.2 Consider a DNN with two-neurons without the self-feedback
connections described by

drq(t
‘% = —a:l(t) + w12 tanh(xg(t)) + 81
(9.46)

dxy(t

—fjf—) = —xa(t) + woy tanh(z1(t)) + 32

The Jacobian of the system in Eqn. (9.46) is given by
-1 wiosech? (z2)
J(z) =
warsech? (1) -1

The eigenvalues of J(x) are
—1 + sech(zq)sech(z2)/wi2wa
—1 — sech(z; )sech(zz) /w12wa1

Obviously, if the weight w2 has the opposite sign to that of the weight up;,
the system eigenvalues are complex conjugate with negative real parts, and the
system in Eqn. (9.46) has a unique global asymptotically stable equilibrium
point. Otherwise, the system may have unstable equilibrium points.

A12(x) =



368 CONTINUOUS-TIME DYNAMIC NEURAL NETWORKS

Stable equilibrium points (e@)
z*! = [3.0940 —1.1918]T

x? = [-22763 2.7658]%

T2 o

Unstable equilibrium point (X)
z* = [0.3808 0.0732]%

Figure 9.10 Example 9.2: phase plane diagram of the neural system in Eqn. (9.46).
wip = —3, wgy = —2, and s;7 = 0.6, s = 0.8, where
the equilibrium points *!' = [3.0940 —1.1918]7 and =*? =
[-2.2763 2.7658]T are locally stable, and the equilibrium point
z*® =[0.3808 0.0732]7 is unstable.

For example, if wiz = —3.0, wa; = —2.0, and 57 = 0.6, s2 = 0.8, the sys-
tem in Eqn. (9.46) has three equilibrium points *! = [3.0940 —1.19179]7,
x*? = [-2.3763 2.7658]7, and z*3 = [0.3808 0.0732]”. Then the eigen-
values of the Jacobian J(z) at the equilibrium points 2*!, £*? and z*3 are
respectively,

. —0.8769
Ma(@™) { ~1.1232
. ~1.0566
Ma@®) = {—0.9434
. 1.2759
Mia(@?) = { —3.2759

Hence, using the Lyapunov’s first method (Khalil 1992), we find that the
equilibrium points *! and «*? are only locally stable, not globally stable,
and z*3 is unstable. This fact is shown in the phase plane diagram of the
system in Eqn. (9.46), given in Fig. 9.10. ]
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9.4 MODIFICATIONS OF HOPFIELD DYNAMIC NEURAL
NETWORKS

9.4.1 Hopfield Dynamic Neural Networks with Triangular
Weighting Matrix

The symmetric connection weighting matrix assumption in the Hopfield dy-
namic neural network is useful from a design viewpoint, especially for prob-
lems that can be described in terms of the minimization of a quadratic function.
Nevertheless, the existence of many equilibrium points for the energy function
FEimplies that, in general, a global asymptotically stable equilibrium point that
corresponds to a global minimum of the energy function £ is not guaranteed;
that is, the network will compute the local stable equilibrium states that are
associated with the local minima of the energy function E. It follows, then,
that the Hopfield dynamic neural network has many equilibrium points and,
thus, it has the potential capability for implementing neural associative mem-
ories. Some applications demand that the network computing have a globally
optimal solution. For example, in the neuron-based analog-to-digital (A/D)
converter proposed by Hopfield and Tank (1986), the existence of many equi-
librium points for £ requires in a practical implementation the use of separate
electronics to impose zero initial conditions before each conversion. Essen-
tially, this is due to the fact that for nonzero initial conditions, the network
may stop in a spurious state; that is, at an equilibrium point that corresponds
to a locally optimal solution and does not correspond to the correct digital
representation of the analog input signal.

To guarantee the uniqueness of the equilibrium point in the Hopfield dy-
namic neural network, the simplest structure is described by a strict lower
(upper) triangular weighting matrix, as will be seen in the following discus-
sion.

Consider a trivial network structure where the weighting matrix is strictly
a lower triangular matrix with w;; = 0, for all 7 > i

[0 0 0 0 0]
wer O 0 0 0
W=| w1 w2 0 0 0 (9.47)
| Wnl Wn2 Wp3 ' Wpn-1 0 ]

In this case, the neural network contains interlayer connections as shown in
Figs. 9.11 and 9.12.
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L1
5 5 } Y1
Direction of
inter-layer connections T2

So "??k Y2

Sn Yn

Figure 9.11 Hopfield dynamic neural network with a lower triangular weighting
matrix, Eqn. (9.47).

81 AA A

®

S2
>

sn
—

1 R, |Rfy Ry |RY

2 7~ ’L v

Figure 9.12 Circuit representation of the continuous-time Hopfield dynamic neu-

ral network with a lower triangular connection weighting matrix.
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Using the lower triangular weighting matrix, the dynamic neural networks
equations can be expressed as

dl’l(t) _ )
pranie anz1(t) + 51
dzo(t
d2t( ) = —a2m2(t) + wglal(xl(t)) 4+ 59 3
dan(t .
;t( ) = —an&n(t) + wn101(z1(2)) + Wnn—-10n—1(Zn-1(t)) + $n )
(9.48)
or
dml(t) _
dt = a1 (t) + $1
, (9.49)
dx; (t) izl .
o —a;zi(t) + Y wijoi(x(t) +8, i=2,...,n
7j=1
The equilibrium equations of the dynamic neural network are defined by
dz; )
E—O, 2—2,...,77,
that is

—ax]+51 =0

and i—1 > (950)
—azf + Y0 wijoi(z]) +8i=0, i=2,...,n
Jj=1 J

The analytic solution of the steady state of this system is given by

 _ 51 )
x} = o
. ’ 9.51)
1 |éi=t .
;= — | Y wyoi(z])+si|, i=2,...,n
@ | j=1 )

Furthermore, the general solution of the DNN system in Egn. (9.49) for an
arbitrary initial condition z;(0) is derived as

¢
z1(t) = xl(O)e_o‘lt+/e_°‘1(t_7)sld7'
0
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and

t
zi(t) = et /e i(t=7) Zw”a] zi(T)) + 55 | dr
0 j=1

t

Si — 8 —
B (m"(o) - ;) N / ea"z“’”"’ w(T
(] ?

0
i1=2,...,n (9.52)
It is easy to verify that
¢ 1 i—1
tlirglo e_a“'/e"”z:wwa] z;(T))dr = tEToa;Zwijaj(xj(t))
0 J=1
=
= — ) wijoi(ze) (9.53)
Q4
7j=1
Therefore
lim z;(t) = x¢;, 1=1,2,...,n
t—oo

This implies that this type of Hopfield dynamic neural network has a unique
asymptotic stable equilibrium state @, for any arbitrary inputs s. The same
result can be obtained for the Hopfield DNN with a strict upper triangular
weighting matrix.

9.4.2 Hopfield Dynamic Neural Network with Infinite Gain
(Hard Threshold Switch)

The Hopfield dynamic neural network represented by the system of equations
da(t) _
d

can be realized by electronic circuits in which each nonlinear activation o(.)
is implemented by a nonlinear operational amplifier with an input voltage x,
output voltage y; = o(x;), and gain \. In practice, A is a very large positive
number. It is of interest to know what happens when A becomes arbitrarily
large. In this case, the nonlinear amplifiers may be viewed as hard threshold
switches. For instance, let o(z;) = tanh(Az;). Then

~R'z(t) + Wo(z(t)) +s (9.54)

1, if ;>0

o(z;) = Ali—>n<>lo tanh(Az;) = { -1, if z;<0

(9.55)
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lim lim tanh(Az;) = 1

z;—0t A—o0
(9.56)
lim lim tanh(Az;) = -1
z;—0~ A—00
Hence, for a sufficiently large enough gain ), the sigmoidal function o (.)
becomes discontinuous and can be replaced using the sgn(.) function defined
by

1, if z; >0
sgn(z;) = ¢ -1, if z; <0 9.57
undefined, if 2; =0

To understand the dynamic behavior of the neural network with this type of
activation function, we need to study an ideal mathematical model described
by the equation

C%Q =R 'z(t) + W sgn(x(t)) + s (9.58)
where sgn(x) = [sgn(z1) --+ sgn{z,)]”.

9.4.3 Some Restrictions on the Internal Neural States of the
Hopfield DNN

The Hopfield dynamic neural network discussed in the previous section is
a continuous-time analog information processor in which the internal states
may lie in a large range as a function of the variable parameters. However,
the external behavior described by the neural outputs are bounded because of
the characteristics of the sigmoidal activation function. The advantage of this
model lies in its capabilities for dealing with temporal information processing
and steady-state memory problems even if there are some difficulties associ-
ated with the analysis and electronic implementation, as will be seen in the
following discussion.

(i) In the electronic implementation of Eqn. (9.58), since the internal state
variable ® = [z1 22 --- ,]7 of the network varies in ®*, z; (1 <
i < m) may assume very large values, and scaling may pose problems
in implementation. Furthermore, whenever the value of R;; is altered
to adjust the corresponding value of w;; in Eqn. (9.54), the value of R;
also changes;

(ii) Because of the complicated nonlinearity of the sigmoidal function, the
analysis and determination of the equilibrium points from the equilib-
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rium equations

n
T
——1+Z'w¢j0i(.’5j)+3¢:0, i=1,...,n
R j=1
JA.
are difficult and, hence, it is difficult to check the performance of the
system;

(iii) The integrator term involved in the energy function

Yi
1 n n 1 B n
By 3w+ Y g [0 wdv-Y s
=1 0 =1

i=1,j=1
may cause some difficulties in the synthesis procedure of the system.

To overcome such drawbacks, some modified versions of the Hopfield dy-
namic neural network have been proposed. We now present two modified
versions.

9.4.4 Dynamic Neural Network with Saturation (DNN-S)

A simple modification for the Hopfield dynamic neural network, as introduced
by Li et al. (1989), is to restrict the internal state of the network in a closed
hypercube. This modified version of DNN is given by

“% TR +) wizi() +s, i=1,2,...,n

j=1
with the constraints
-1<x<1, i=12,...,n (9.59)

This dynamic neural network, given in Eqn. (9.59), will be named as a dynamic

neural network with saturation (DNN-S). As discussed by Li et al. (1989), the

main difference between the DNN-S and the usual linear system is that the

former is defined on the closed subset of 3?, while the latter is defined on the

open subsets of ™. The dynamic neural system in Eqn. (9.59) may also be
expressed in the following vector form

de(t

C—Z&—) =R lz(t) + Wx(t) +s (9.60)

where z = [z1 -+ z,)T € [-1,1]", C = diag|cy,...,cq), R = diag[r1,

e sTn)y W = [Wijlnxn, and 8 = [s1 -+ s,]7. An energy function for the
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above system may be defined as

n

E = —% Z Wi ;T + Zix —X:sza:z

j=l,i=1
= —% "Wz + %:L'TR_l:n -sTx 9.61)
For a symmetric weight matrix W, it is easy to verify that

C?E da(t ) 1

Hence, the convergence of the dynamic neural system given in Eqn. (9.60) is
ensured.

Figure 9.13 shows the block diagram of the DNN-S expressed by Eqn. (9.60).
The dynamic neural system in Eqn. (9.60) can be easily implemented using
the electronic circuit given in Fig. 9.14. There are n identical operational
amplifiers in this circuit. Let »; and V] be the input and output voltages of the
ith amplifier, respectively, and let =V, denote the power supply voltage. The
input—output relation of the ith operational amplifier is, therefore, given by

4
Vie,  if  w > VT
U; = ﬁ Aug, if —% < < % (9.63)
Ve

L _Vcc, if u; < ——)\—

where A is the gain of the operational amplifiers. By employing a feedback
capacitor C;, the ith operational amplifier becomes an integrator. If we assign

R—l
_ Sat()
== o =
-+
w

Figure 9.13 Block diagram of the dynamic neural network with saturation (DNN-
S), Eqn. (9.60).
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RZ_n R;n R’Z_Z R;z R2_1 R;l

———/W\/\_.Bn
u——| r——tgn
3y, Voo
() 1. e
>

R;, | Rt R, | R}, R, | RS

nn nn ‘nl nl

A

Figure 9.14 The circuit implementation of the dynamic neural network with sat-
uration (DNN-S), Eqn. (9.60).

= ~ ~

<«
Y

I

]

the values of unity to the gain A and voltage V.., then each component V; can
vary from —1 to 1. In this case, the circuit can be described by a set of linear
differential equations as

dVi(t) V(t
Yt Z

N+s;, 1=12,...,n (9.64)

R;;

with the constraints
-1<V; <1, i=12,...,n
]T

Furthermore, letx = [V; ... V;]T, 8 =[s1 ... s,]%, and

+——, if R;;isconnected to the Vj

———, if R;;is connected to the — V
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Then, Eqn. (9.64) may be transformed into the form of Eqn. (9.62). Without
loss of generality, if the first term B~ 'x(t) in Eqn. (9.60) is absorbed in the
second term W x(¢), the modified version of the DNN-S is

dx(t)
dt
The system in Eqn. (9.65) may be implemented by the block diagram shown
in Fig. 9.15.

An electronic implementation of the circuit may also be expressed by the
equations

=Wz(t)+s, =zel-1,1" (9.65)

dvi(t) 1 J= 1 .
R ]2:; .j(chJ(t))Jrsz , i=1,2,...,n  (9.66)

with the constraints
-1<V;,<1, i=12,...,n

If,weletC; =1, (1<i<n),z=[Vi ... Vp]f,s=[s1 ... sp)7, and
W = [Wij]nxn, Where w;; = 1/R;;, then Eqn. (9.66) may be written in the
same form as the DNN-S in Eqn. (9.65). Also, for the DNN-S in Eqn. (5.65),
the stability of the equilibrium points may be investigated by considering the
energy function defined as

n n
1
E = —3 E wijarixj—g 8;T;
j=1

j=li=1
= —la™Wx—-sTz, xzel[-1L1" 5.67)

Further analysis for the stability of equilibrium points can be conducted as
was done before.

Sat(.)

/=0

N
!

w

Figure 9.15 Block diagram of the modified DNN-S, Eqn. (9.65).
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9.4.5 Dynamic Neural Network with Integrators

If at the output stages the nonlinear amplifiers in the Hopfield dynamic neural
network are replaced using integrators with saturation, then the dynamic
neural network is described by

dz;(t)

Ci# = + Z wmyJ )+ 8

(9.68)
dt
or equivalently
C___dc;it) = —Rl'z(t)+ Wyt) +s

(9.69)

dy(t) . n

sl x(t), xel[-1,1]

Obviously, this is an integrator with decay to z;. An additional integrator may
seem meaningless, but in an analog neural network of this type the decaying
term in the dynamics provides a mechanism for avoiding unnecessary local
minima of the energy function of the Hopfield dynamic neural network.

For the DNN described in Eqn. (9.70), and depicted in Figs. 9.16 and 9.17,
we may define the following energy function

E = ——szjyzyj+ Z_m +ZSJyJ

t,y=1
1 & 1o 1 [dy\?
= 3 X w32 g (@) v
i,j=1 7=1 =1
1 7 1 (dy\T i (dy\ | ¢
= —Ey Wy+ (7) R~ <E>+S Yy (9.70)

The time derivative of F is
dE _ [0B]"de _ [0B]"dy
dt Oz | dt oy| dt

dy|” dy
=< 71
[dt] a =0 ©.71)
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Cy
1|—| }—4
s Vee
1 u Vi AA
_’ 9 - - ® 9 9
Lt L z i
o ! Tree -V A
R, | Ri, T Rp R, Rn | Rf Cz
1»—{ }—4 A
8o Vee
YT N :
_ — *— _ -Ve -V
R;, | Bi, | Bxn R Ry | Ry “ :
‘ C |
s Sy
Sn Vee
Un Va
S g
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Figure 9.16 The circuit implementation of the dynamic neural network,

Eqn. (9.70).

R—l

o =

Sat()

v

w

F 3

Figure 9.17 Block diagram of the dynamic neural network, Eqn. (9.70).
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which guarantees the stability of the equilibrium points.

As seen from the previous discussion, the Hopfield dynamic neural network
is a nonlinear dynamic system with many individual subsystems or elements
with parallel computational capabilities. It has many attractors in the neural
state space that make possible the information patterns that are stored in
these attractors. For the modified DNN-S given in Egn. (9.63), which is
a linear system defined in a closed-unit hypercube, the analysis procedure
presented by Li et al. (1989) provides a perfect understanding for the dynamic
properties, such as the set of asymptotically stable equilibrium points, the set
of unstable equilibrium points as well as the domains of attraction for the
elements of the former set of the DNN-S as a dynamic neural processor. The
synthesis procedure also proposes an efficient algorithm for a given pattern
vector storage.

9.5 OTHER DNN MODELS

As discussed in the beginning of this chapter, a dynamic neural network can
be described by either a set of continuous-time differential equations or a set
of discrete-time difference equations. The Hopfield DNN is a widely studied
model of DNNS, as it has very attractive nonlinear dynamics. Moreover, we
will present some other types of DNNs that may also show some interesting
and useful nonlinear behaviors.

9.5.1 The Pineda Model of Dynamic Neural Networks

The next model that we now discuss is very similar to the Hopfield network.
This model, called the continuous-time recurrent neural network, was first
studied by Pineda (1988). Like the Hopfield dynamic neural network, this
network consists of a single layer of neurons that are fully interconnected
and contains recurrent connections and intra-layer connections as shown in
Fig. 9.18. The dynamics of the network are described by the differential
equation

dai(t) _ S A
e o zi(t) + Bigi ;wmyj B+s],i=1,....n (9.72)
or
di;—it) = —Ax(t)+ Bg(Wx(t) + s) 9.73)

where, all a; #0,i=1,...,n.
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The topological structure and the block diagram of this dynamic neural
network are shown in Figs. 9.18 and 9.19, respectively.

Letall ; = 1 and 3; = 1, and s be a constant input; that is, matrices A
and B are unity matrices. It is easy to see that if the weighting matrix W
is invertible, then the preceding model is an equivalent form of the Hopfield

dynamic neural network expressed in Eqn. (9.5). Inthis case, letu = Wx+s.
Then

du(t) dx(t)
o - Va

= —Wz(t)+ Wg(Wz+s)
= —u(t)+Wg(u)+s 9.74)

From the nonlinear system dynamics point of view, if the number of inputs
for the recurrent neural system is smaller than that of the neural states, then we
can introduce an input weight matrix such that the equation of the recurrent

$1 T

v

Sg T2

g

Sn Tn

Figure 9.18 Topological structure of the continuous-time recurrent neural net-
work, Eqn. (9.72).
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SN 9O B [ 5 o
L
Wk

Figure 9.19 Block diagram of the continuous-time recurrent neural network.

w08 e e
+

T =

Figure 9.20 Continuous-time recurrent neural network, Eqn. (9.76).

neural network becomes

n {
dz;(t
wdzz,E ) - —a;zi(t) + Bigi Z wg):cj (t) + Z wz(;)sp
j=1 p=1
t=1,...,n ©.75)
or
_dflit) = ~Ax(t) + Bg (W®a(t) + Ws) 9.76)

where W) is a weight matrix associated with the neural state vector x and
W) is awei ght matrix associated with the external input vector s. The block
diagram of this network is given in Fig. 9.20. The dynamic neural model in
Eqgn. (9.76) has some advantages for control applications because most of the
control systems involve different numbers of inputs, outputs, and states.

9.5.2 Cohen-Grossberg Model of Dynamic Neural Network

From the absolute stability point of view, Cohen and Grossberg (1983) at-
tempted to represent a class of dynamic neural systems using a competitive
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dynamic system described as
dx; -
d—tz = a;(z;) | bi(2) — Zw,-,-dj(xj) . i=1,...,n 9.77)

The following hypotheses were made for the above neural model in Eqn. (9.77):
(i) Symmetry: w;; > 0 and w;j = wy;

(ii) Continuity: a;(€) is continuous for £ > 0; function () is continuous
for £ > 0;

(iii) Positivity: function ¢;(§) > 0 for & > 0; function d;(§) > 0 for
§ € (—00, 00);

(iv) Smoothness and monotonicity: function (&) is differentiable and
monotonically nondecreasing for £ > 0.

Obviously, condition (i), in which w;; > 0, is astrong condition. Furthermore,
Cohen and Grossberg assumed that

) lign[b,-(f) —wi;95(8)] <0, foralli =1,2,...,n

(vi) And either

limg g+ b ( ) <0 and
JE de fa;(£) = oo for some & > 0.

Let us define a Lyapunov function for the neural system in Eqn. (9.77) as
n
Z / bi ()} (z;)d(z;) % Z wirdj(x;)di(zx)  (9.78)
=19 k=1
and its time derivative satisfies

dv ()

T = —Zaz .Tzd(.'Ez [b 171 wa

< 0 9.79)

This Lyapunov function guarantees the stability of the equilibrium points.
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9.6 CONDITIONS FOR EQUILIBRIUM POINTS IN DNN

As stated earlier, equilibrium points are an important notion in dynamic
neural networks, which are essentially the steady-state points of a nonlinear
dynamic system. In this section we will study some existence conditions of
the equilibrium points for two different dynamic neural networks: DNN-1
and DNN-2.

9.6.1 Conditions for Equilibrium Points of DNN-1

First, let us consider the dynamic neural network, DNN-1, described earlier
by Eqn. (9.29):

dx(t
% — —Ax(t)+ Wo(x) + s (9.80)
Given a set of nonzero vectors {a:l, ,x™) = {a:l} that represent some

specific information, we will now study the conditions for which the vectors
{z*} are the equilibrium points of the dynamic neural network in Eqn. (9.80).
For convenience, assume that the input or bias s = 0 and {af} are the
equilibrium points of the system in Eqn. (9.80). Then, for each vector &
at the equilibrium points, dx'/dt = 0, and, the following equality is thus
satisfied

0=—-Az'+ Wao(z') (9.81)
That is
Azl .. 2™ =Wle(z!) --- a(x™)] (9.82)
or
AX = WX (9.83)
where X = [z! --- 2™]and ¥ = [o(z!) - - - o(x™)]. Furthermore, assume
that m > n, and rank[o(x!),...,a(x™)] = n, where n is the number of
neurons. Then Eqn. (9.83) leads to
W =AXxxT(zx?)! (9.84)

Since W is a symmetric matrix, the right-hand side of this equation is equal
to the transposition of itself, that is

AXTT(EET)! = (AXET(EET) )’
(=x=h)-lzxTA
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which is equivalent to
STAXST =2 xTaxyT (9.85)

The preceding equation is satisfied if

TTAX = XTAx (9.86)
that is
[o(a') --- o(@)]Alz! - & =[z! - ™" Alo(e!) - a(z™)]
or
ol(@) Azt = aT(x)Ax?, i,j=1,2,...,m (9.87)

Consequently, Eqn. (9.87) is a sufficient condition that the set of nonzero
vectors {x!,... 2™} are the equilibrium points of the system of Eqn. (9.80)
for the nonlinear vector function o (.).

In fact, the sufficient condition in Eqn. (9.87) is also necessary for all m.
To verify this, using Eqns. (9.82) and (9.87), we obtain

ol (x)) Azt = o7 (/) Wo () (9.88)
Using the same procedure, we obtain
ol () Az’ = oT () ) W (a) (9.89)
Then, the symmetry of the matrix W gives
ol (e Wa(zh) = o7 (') Wo(2!) (9.90)
Therefore
ol (x)Ax? = oT(x)) Az, i,j=1,2,...,m (9.91)
These calculations are summarized into the following theorem.

Theorem 9.5 Let s = 0 in the systemdescribed in Eqn. (9.80)and <, . .., ™
be a set of nonzero constant vectors in H". Then

(i) The condition given in Eqn. (9.82) is necessary for 2%, . .. ,.x™ to be the
equilibrium points of the system in Egn. (9.80),

(ii) If m > n and rank[o(z?),...,o(x™)] = n, the condition in Egn.
(9.82) is also sufficient for x!, ..., x™ to be the equilibrium points of
the system in Egn. (9.80).
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Proof: We only need to prove the sufficient part; that is, if m > n and
rank[o(x'),...,a(z™)] = n, then there is a symmetric matrix W such that
x!, ...,z™ are the equilibrium points of the system in Eqn. (9.80). In this
case, we construct

W = {o@@) - o )][a(wlz Co(@™)F )

[o(z!) - o(@™)fc’ - ™7
= (== '=x7A (9.92)

Then, using the condition in Eqn. (9.84), it is easy to verify that W is a
symmetric matrix. Multiplying both sides of the equality above by ¥ =
[o(x!) --- a(x™)] yields the equilibrium equations

wxe = (D) 1zxTAx
= (zxT)lzxTAx
AX
that is

Wio(z!) - o(x™)] = Alz! .. 2™ (9.93)

Hence, <!, ... ,&™ are the equilibrium points of the system in Eqn. (9.80). B

9.6.2 Conditions for Equilibrium Points of DNN-2

Next, we consider the conditions that {z'} are the equilibrium points of the
following DNN-2 neural system

da(t)

T —Ax(t) + Bo(Wz(t)) (9.94)

where B > 0 and W is symmetric. Let {a:l} be the equilibrium points of the
system in Eqn. (9.94). Then each vector o' satisfies

0= —Az'+ Bo(Wx') (9.95)
By denoting o1 (.) as the inverse of o(.), we have
0=-o0}Y(B'Az)+ Wz (9.96)
that is

[c~Y(B'Az") --- o7} (B 1Az™) = W[z! --- 2™  (9.97)
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Furthermore, if m > nand rank[z!,...,x™] = n, using the same derivation
procedure as for DNN-1, we obtain the following condition:

@)Te (B 1Ax)) = ()T Y (B 1Az, 4,j=1,2,...,m
(9.98)

These results may be summarized in the following theorem.

Theorem 9.6 Let x!,..., ™ be a set of nonzero constant vectors in H".
Then

(i) The condition in Egn. (9.98) is necessary for =*,...,x™ to be the
equilibrium points of the system in Eqn. (9.94),

(ii) If m > n and rank(z!,...,x™] = n, the condition in Egn. (9.98) is

also sufficient for x', ... ,&™ to be the equilibrium points of the system
in Eqn. (9.94). |
If m > n and rank[z!,... ™| = n, and the condition in Eqn. (9.98) is
satisfied, the weight matrix is calculated as follows:
w = {z' - 2! 2T} 2! 2™

e~} (B lAz!) - o7 (B 1Az™)TA (9.99)

9.7 CONCLUDING REMARKS

Dynamic neural networks, for both continuous and discrete time, are a very
important topic. Since these dynamic neural networks form complex nonlin-
ear dynamic equations, the study of their properties such as the equilibrium
points and their stability, are important notions. These notions lead to the
design of frameworks for the dynamic neural networks for specific tasks. In
this chapter we introduced basic mathematical models of continuous-time dy-
namic neural networks and their analog circuit implementations. In particular,
we discussed at length the model of the Hopfield DNN and its variations. We
also studied the state stability and the convergence properties of the equilib-
rium points for some important classes of dynamic neural networks.

Problems
9.1 Consider a system with the form
= Az +g(x) (9.100)

where A = [a;;] is an n x n constant matrix with a;; = 0 for i < j,
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x € R" is a n-dimensional state vector, and g: ®* — R™ is a
continuous vector function g = [¢ g2 ... gn)? such that

g1(x) =k (constant)
gi(x) = gi(x1,...,25-1), 1=2,...,n

Prove that if the matrix A is stable, then the system in Eqn. (9.100)
has only one equilibrium point that is globally asymptotically stable.

9.2 Consider a nonlinear system of the form
&= f(x), f: R —®

Let y = T'(x) with T'(0) = 0 be a diffeomorphism in the neighbor-
hood of the origin, that is, the inverse map T“l() exists, and both
T(.) and T1(.) are differentiable. The transformed system is

-1

i=Fw) wih F@)= 5 f@)
z=T""(y)
(a) Show that & = 0 is an equilibrium point of & = f(x) if and
only if y = 0 is an equilibrium point of §y = f(y);
(b) Show that x = 0is stable (asymptotically stable, unstable) if
and only if y = 0 is stable (asymptotically stable, unstable).

9.3 Let the nonlinear sigmoidal function in the continuous-time Hopfield
dynamic neural network be chosen as y;, = o;(Az;), where A > 0 is
an activation gain and the neural output y is used as the state variable
in a continuous-time system. Analyze the changes of the minitna of
the continuous-time energy function due to the changes of the gain
\. [Hints: y; = o;(\x;) implies z; = (1/\)o] (y:).]

9.4 Show that output variable model of the Hopfield DNN has the same
equilibrium points as that of the original state space model of the

Hopfield DNN.
9.5 Let the Hopfield DNN have a strict upper triangular weighting matrix
of the form
0 w2 wiz -+ Wip-1 Wip
0 0 wag -+ wyp-1 Won
w=|0 0 0 - wygn_1 w3py

o
=]
[=EE
(=]
o
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Show that this type of Hopfield DNN has a unique asymptotic stable
equilibrium state for an arbitrary input.

9.6 Consider a general class of neural networks with the following form

d:ré;t) = —ai(t) + i wioi(zi(t)) +v, 1=12,...,n
i=1
or
El‘adigl =—-Az(t)+ Wo(z(t)) +v

where W € R™*™. Show that for any given connection weight
matrix W and input v, there exists at least one equilibrium point
e H"={z: ||z — V||l < ||W]|oo, z € R"} such that

¥ =Wo(z*)+v

9.7 Consider a general class of neural networks with the following form

da;(t - :
20 — —aiai(t) + ;wwj(wj(t)) to, i=12..n
(9.101)
or
W) — —A2(t) + Wola(t) v 9.102)

where A = diag[oy,...,on] and W € R™*", Letall a; # 0,1 =
1,2,...,n1in Eqn. (9.101) and o = max{|1/&| : ¢ = 1,2,...,n}.
Show that for any given input v and the connection weight matrices
W, there exists at least one equilibrium point &* € H" = {z : ||z —
V|loo < @||W||oo, € R"} of the dynamic system in Eqn. (9.102);
that is, Az* = Wo(x*) + v.

9.8 Show that for any given connection weight matrix W and input
v, there exists at least one equilibrium point &* € [—1,1]" of the
dynamic neural system

dx(t)
dt
that is, * = o(Waz* + v).

= —z(t)+o(Wzx+wv)

9.9 Consider a general class of recurrent neural network of the form
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diCi t - .
d; ) - —oizi(t) +Bioi | > wymit) +vi |, i=1,2,...,n
j=1
(9.103)
or, equivalently, in vector form
t
d‘fi—i) _Az(t) + Bo(Wa(t) +v)  (9.104)

where B = diag[B1,B2,-..,0s]- Letallay #0,i=1,2,...,nin
Eqn. (9.103) and 8 = max{|4;/c;] : i = 1,2,...,n}. Show that for
any given input v and the connection weight matrix W, there exists
at least one equilibrium point * € [—/3, 3]" of the dynamic system
in Eqn. (9.103); that is, Az* = Bo(Wx* + v) will have at least
one solution z* € [—3, 8]".

9.10 Consider a general class of recurrent neural network of the form

9.11

dzi(t) -
= fios ;wijxj(t)+vi . i=1,2,...,n

or, equivalently, in vector form
dx(t)
dt

where B = diag|f1, 32, ..., 0. Show that the dynamical neural
system has at least one equilibrium point ¥ € R" if and only if the
given input v and the connection weight matrix satisfy

rank[W: —v]=n

= Bo(Wx(t) +v)

Furthermore, show that the system has a unique equilibrium point if
and only if the weight matrix W is invertible, and this equilibrium
point is &* = —W ~lo.

For the dynamic neural network (DNN)

de(t)
— = —Ax(t) + Wo(x(t))
if
a=||All+(W][ <1
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then f(x) = —Ax + Wo(x) is a contraction. Show that

(a) The system has a unique equilibrium point * that is globally
asymptotically stable;

(b) For any z° € R", the sequence {z"} defined by z"t! =
f(z™) satisfies

a’fb
e - || < T2 - 2|

that is, the sequence {x"} converges to =* at an exponential
rate.

9.12 For the neural system given in Problem 9.11, we may consider the
possibility of using the equilibrium point Z* of a linear network
dz(t
7)(:—) =-Az+ Wz
as an estimation of the equilibrium point &* of the nonlinear neural
network, Let

a;(0) =0, a;(()) =1, |a}'(3:j)l <oy

Show that

. s YW
l|z* — 2| Sm

The simple observation is that if the equilibrium of the linear network
is within a region in which o(x) is well approximated by x. In other
words, if * is in a small neighborhood of the origin, then the equi-
librium point of the nonlinear network will be in that neighborhood.

9.13 (Multimodal Sigmoidal Function) A symmetric multimodal sig-
moidal function is given by

1 m
om(z) = o ;[U(Ci(x —d)) + oz +di))]
1=
where the constants ¢ and d; determine, respectively, the slope and
the positions of the inflation points of a,,,(z). Show that a dynamic
neural network (DNN) with such a multimodal sigmoidal function
may have more equilibrium points than that with nonmodal sigmoidal

function o (z).
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9.14 Consider a two-neuron system with the external inputs described by

% —z1 + 3tanh(z1) + 0.5tanh(z2) + 0.7
dzs
- T o + 0.5tanh(z;) + 2 tanh(z2) + 0.5

(a) Show that the system has only four equilibrium points;
(b) Give solutions of those four equilibrium pints;

(c) Show that three of those four equilibria are asymptotical
stable while another one is unstable.

9.15 Consider again a two-neuron system with the following form:

d
% = —a171 + wy tanh(zs)
dd% = —agz2 + watanh(z)

Show that the number of equilibrium points and their stability of this
dynamic neural system.

9.16 Consider again a two-neuron system with the following form

dx
d_tl = —$1+2tanh(wg)
d
% = —x3+ tanh(z;)

(a) Show that the system has only three equilibrium points;

(b) Give solutions of those three equilibrium points;

(¢) Show that two of those three equilibria are asymptotical
stable while another one is unstable.
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As a demonstration of a simple dynamic neural architecture, some struc-
tures and essential dynamics of a single dynamic neuron which is a basic
computing unit of dynamic neural networks (DNNs) were discussed in Chap-
ter 8, and other earlier chapters. Generally speaking, a single dynamic neuron
is designed as a nonlinear and dissipative system, where the nonlinearitics
ensure that the multiple equilibrium points occur in the steady state of the
neuron, and the dissipative property provides the convergence of the state
flow and exhibit some behaviors such as stable equilibrium points, periodic
orbits, and state attractors. Usually, discussion of dynamic neural systems is
confined to systems whose only behavior is to converge onto state attractors
for given ranges of neural parameters and initial conditions. As we discussed
earlier, the notion of state attractors is an important dynamic property in dy-
namic neural computing because the corresponding state values can be used
to represent specified patterns such as memories, data structures, or rules.

Apart from the complicated inherent architecture of the single dynamic
neuron, another important characteristic is the capability of learning from the
external environment. From the biological perspective, the phenomenon of
the general dynamic neural unit described in earlier chapters can be exploited
to construct filters. Here the term “filter” refers to an architectural component
that performs a nonlinear mapping operation from the input (receiving port)
to the output. The architecture of a processor, the design of a program,
or the organization of the brain can be described as a hierarchy of filters.
A single dynamic neuron, which is an intelligent processor when learning
algorithms are introduced, changes its nonlinear mapping operation. From
the systems point of view, if suitable learning algorithms are adapted, a single
dynamic neuron is capable of dealing with the processing of either time-
independent analog patterns or time-dependent continuous-time trajectories,
where the former is represented by steady states and the latter correspond to
temporal or state trajectories. Therefore, we conclude that dynamic neural
networks possessing the same structure but distinct learning algorithms can
exhibit different dynamic behaviors. In other words, the neural system is
a composition of two dynamic systems: the signal transmission and the
parameter adjusting systems. The overall input—output behavior thus is a
result of the interaction of both.

Roughly speaking, there are two general concepts of dynamic neural learn-
ing. Equilibrium point learning is designed for the purpose of implementing
neural associative memories and is aimed at making the system reach the
prescribed equilibrium points or perform steady state matching. The require-
ments of this dynamic learning are the stability of the equilibrium points with
decaying transients. Dynamic temporal learning performs an adjusting pro-
cess for the parameters of a neural system such that the state or output of the
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system follows the desired trajectory in time. In particular, when the time
becomes long enough, it will also reach the prescribed steady state, so the
latter algorithm can be considered as a generalization of the equilibrium point
learning algorithm.

In this chapter we introduce temporal learning methods for dynamic neural
units (DNUSs) and dynamic neural networks (DNNs). These methods may be
expanded further; but, we will limit ourselves to some new notions and new
concepts of learning.

The temporal learning process, which represents the capability of dynamic
neural units for continuous and discrete-time processes, is discussed in Sec-
tions 10.2 and 10.3. Finally, in Section 10.4, we present dynamic backpropa-
gation (DBP) for dynamic neural networks. Hopefully, an exposition to some
of these advanced topics presented in this chapter will lead the readers to
some new directions in the field of neural network, memory, and processing
of signals and images.

10.1 SOME OBSERVATION ON DYNAMIC NEURAL FILTER
BEHAVIORS

As seen in the previous chapters, a universally agreed-on definition of dynamic
neural networks does not exist, but for purposes of analysis and applications
of DNN:g, it is useful to define their most general features that are capable
of emulating biological neural behavior and, thus, providing some useful
tools for practical applications. With respect to the dynamic property, Pineda
(1988) pointed out that, in general, a successful model of dynamic neural
networks should involve the following important features:

(i) Collective or population effects due to many degrees of freedom: 1t is
generally believed that the computational capabilities of neural systems
result from the collective dynamics of the system. The number of
neurons in the human brain, for example, is believed to range between
10! and 10'®. The state of each of these neurons can be modeled by
one or more dynamic variables.

(ii) Nonlinear characteristics of dynamic neural dynamics: Nonlinearity is
a basic property in associative memories since it is required to store
multiple patterns and is thus capable of distinguishing between two
stored patterns. The conventional linear mechanisms fail to accomplish
such complicated tasks.

(iii) Dissipative dynamic property: A dissipative nonlinear dynamic system
is characterized by the convergence of the state flow onto a manifold of
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lower dimensions as the system evolves. Point attractors are important
in dynamic neural computing systems because the corresponding state
vector values can be used to represent specified computational tasks
such as associative memories and knowledge representations. Also,
from the biological cognitive perspective, chaotic attractors can be used
for knowledge representations (Skarda and Freeman 1987, Honma et
al. 1999b).

A general model of the continuous-time dynamic neural networks (CT-DNNs)
may be presented by the following set of nonlinear differential equations
d—%ﬂ = F(x(t),W,s), =(0)=x’ (10.1)

where « is an n-dimensional internal state vector, W is an n X n synaptic
weighting parameters matrix, and s represents the set of the external control
vector or external bias. It is assumed that trajectories of this system converge
onto point attractors for some values of W and s, and an initial state vector
value x¥ in some operating region. The concept of an operating region of the
system means the set of , W, and s that are permitted by the dynamics of
the external environment.

Quantities evaluated at equilibrium points will be denoted by a superscript
. In particular, the point attractors will be denoted by &, which are solutions
of a set of nonlinear algebraic equations:

%if- =0 — F(zf,W,s)=0 (10.2)
For a given W, s and the set of initial state vectors x(0) = 2, the basin of
attraction B(x°) that evolves into a particular equilibrium point &' is defined
as

B(z% = {mo : tlim x(x°,t) = a:f} (10.3)

where x(x°, t) represents a state trajectory of the system in Eqn. (10.1) with
an initial state £(0) = z°. Obviously, the locations of the equilibrium point
and the basin boundaries are inexplicit functions of W and s. Figure 10.1
shows a typical diagram for the points of attractors 2 and the attraction basin
B(z°) with initial condition z°.

Information processing in the basin of attractors of the dynamic neural
system described by Eqn. (10.3) may be exploited to construct neural filters.
The term filter in this context refers to an architectural component that per-
forms a mapping operation from some input to some output. The architecture

of a conventional computer that processes the input information through the
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z/. the points attractors

B
: the ‘attraction basins

Figure 10.1 Attraction basin B(z°) of the attractor z/: From a set of initial
state vector «?, the solution of the system in Eqn. (10.1) with initial
condition «° converges to the attractor = .

External input  Neural filter =~ Equilibrium state

s & =F(z,W,s) zf(W,s)
0
x- = fixed

(a) Continuous-time mapper: In this type of filter the input of the filter is the
external environmental signal s, and the output (W, s) is an implicit
continuous function of s.

Initial state Neural filter Equilibrium state
0
20 & = F(z,W,s)| 2/(W,B(z°)
s = fixed

(b) Autoassociative memory: For this second type of filter, the input to the
filter is the initial state 2, and the output =¥ (W, B(z’)) depends on
the basin of attraction which contains the input state, 2.

Figure 10.2 Structures of two possible types of dynamic neural filters.
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designed program, or the organization of the human brain, can be described
as a designed filter under such a meaning. A dynamic neural network that
involves some adaptive weight learning algorithms deals with the mapping
operation not only on the current input signals but also on the past history of
the inputs. Thus, it forms an adaptive filter structure.

If the filters are considered only in the steady states, there are two general
approaches of exploiting the dynamic neural filter structures for the system.
In both cases the steady states of the network are the outputs of the filters.
As shown in Fig. 10.2a, the first filter structure uses the bias s that represents
the external environment signals as the external input of the filter. The initial
states of the system are set to some constant vector & for all external inputs.
In the second case, which is shown schematically in Fig. 10.2b, the initial state
20 of the dynamic neural system represents the external input to the filter,
and the bias s is set to some constant vector for all initial condition vector 2?
as external inputs. The first filter is also called the continuous-time mapper,
while the second type of the filter is termed an autoassociative memory.

In fact, there are two well-known examples of these two types of filter
structures. As explored in the previous chapters, the continuous-time Hopfield
neural network is an example of the second filter, the autoassociative memory.
In a Hopfield network, information patterns are stored by attractors in the state
space that correspond to memories. The system will converge to a complete
memory attractor even if an incomplete memory or state vector is presented
as an initial state. The details of associative memory are discussed in later
chapters. On the other hand, the multilayered feedforward neural network
proposed by Rumelhart et al. (1986) is a limiting case of the first filter. In this
case, the bias s represents an input to the network.

10.2 TEMPORAL LEARNING PROCESS I:
DYNAMIC BACKPROPAGATION (DBP)

Since the late 1980s, there has been much interest in developing learning algo-
rithms that are capable of modeling time-dependent phenomena. In particular,
considerable attention has been devoted to capturing the time-dependent dy-
namics of dynamic neural systems embedded in some known or observed
temporal sequences. Note that this temporal learning can be applied for
providing time-independent equilibrium neural outputs for time-independent
inputs. The problem of temporal leamning can typically be formulated as a
minimization of an appropriate error index function over an arbitrary but finite
time interval. The gradients of the index with respect to the parameters of the
neural system are essential elements of the minimization process. We discuss
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the basic framework of temporal learning in a dynamic neural unit (DNU) in
Sections 10.2.1 and 10.2.2.
10.2.1 Dynamic Backpropagation for CT-DNU

Consider a continuous-time dynamic neural unit (CT-DNU) with multiple
nonlinear operations described by the nonlinear differential equation

dx i
i + ; a;o(bix(t) + ¢;) + s(t)
= —ax(t)+ alo(bz(t) + c) + s(t) (10.4)
where @ = [a1 ag -+~ az])T,b=1[b1 by -+ by )T, ande = [c; ca -+ ).

The theoretical studies provided in a later discussion will show that for any
trajectory of a given nonlinear system defined on a compact set D with the
form

where the function on the right-hand side is Lipschitz; that is, with an initial
value z(0) € D and an arbitrary small number € > 0, there exist an integer n
and an appropriate initial state of the CT-DNU given in Eqn. (10.4) such that

lz(t) —y(t)] <e

These results show that the CT-DNU described by Eqn. (10.4) is capable
of approximating an arbitrary nonlinear system or a nonlinear continuous
function with a desired accuracy.

To simplify the description, Eqn. (10.4) is represented in the following
compact form

dz(t
20— alt) + flalt),w) + s(0) (105)
where w is a 3n-dimensional parameter vector defined by
w = [wl st Wp Whyl - Wop Wop4l " w3n]T
= [al...anbl...bncl...cn]T
= [aT b7 )T

and

flz,w) = z": a;o(biz + ¢;) = aTo(bz + ¢)
i=1
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Let z4(t) be a known time trajectory in the interval [fy, ¢7]. Usually, the time-
dependent external input s(¢) is used to encode the target temporal pattern
via the expression s(t) = z4(t). To proceed formally with the development
of a temporal learning algorithm, we will consider an approach based on the
minimization of an error function, I, defined over the fixed time interval
[to, tf] by the following expression

ty
E = ealty) ~alt)P +} [ (malt) — a(t) Pt
to
ty
= %ez(tf)—i-%/ez(t)dt (10.6)

where e(t) = z4(t) — z(t) represents the difference between the desired and

actual value of the neural state.
We may use the variational principle to study this fixed time optimization
problem in dynamic systems. Introducing the Lagrangian L as

ty

L= 3ty + [ { eat) - =)

to

— 2 [E(E) + ax(t) — f(z(t), w) — s(t)] } dt

= 1e2(ty) + /{ 1e2(t) — z()[E(t) + az(t) — f(z(t), w) — s(t)] }dt

to

(10.7)
where 2 € R is the Lagrange multiplier. Now, the first variation in L yields

tr
5L = e(ts)dx(ty) + / { e(t)ox(t) — z(t)[0(t) + adz(t) + z(t)da

to

— (Fulz@t), w) 6w ~ fo(x(t), w)dz(t)] }dt

ty
= eltpialty) + [ { felt) - 2t + 2 fulalt) w)sa(t)

— 285(t) + 2(t)z(t)0e + 2(t) (f, (z(t), w))Tow } dt  (10.8)
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where §z € R, & € R, da € R, and dw € R3" are the first variations of z,
&, o, and w, respectively; fz(z,w) = 9f/0x is a scalar; and f, (z,w) =
0f /0w is a 3n-dimensional vector.

Defining the adjoint equation

dz_it) = o= fo(2(2), w)]2(1) — e(?) (10.9)

it follows that
¢
6L = e(ty)dz(ty) + /f{[—z':(t)&c(t) — 202(t)]
— z(t)z(t)da i 2(8) (£ u(2(t), w)T sw)dt
= Z(tot)M(to) — (2(tf) —elty))dx(ts)
+ /f {—z(@t)z(t)da + 2(t) (F(x(t),w)) T sw}dt  (10.10)
to

Since the initial condition z(%)) does not depend on the parameters adapted,
dz(to) = 0. If, additionally, one chooses the boundary value

2(t)) = elty) (10.11)
then
ty
5L = / (=2(O)x()5a + 2(8)(f,, (2(2), w))TSwdt
ts ts
- / _a(t)z(t)dt | So + / 2(8)(f o (2(t), w))Tdt | 6w
to to
(10.12)
Therefore
ty
OF
9B _ _ [t (10.13)
da Eo/
OF i

e = [0fuG0,wa (10.14)

to
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Finally, the parameter updating equations are

do oF

dw OF

o _ % 10.1
dt M G (10.16)

where 1, > 0and ,, > 0 are the learning rates associated with the parameters
o and w, respectively. Note that the partial derivatives involved on the right-
hand side of Eqns. (10.15) and (10.16) are constants. Hence, the algorithms
for the parameter adaptations for o: and w are

oFE

Upew = Oold — na(tnew - told)% (10.17)
OF

Wnew = Woid — Tho(tnew — told)a—w (10.18)

When the state equation, given in Eqn. (10.4), has an initial condition
z(tg) = zo, the adjoint equation involves a final condition z(#) = 0. This
means that the state and adjoint equations must be integrated forward and
backward, respectively. Hence, the resulting formulations form a classi-
cal nonlinear two-point boundary-value problem (TPBVP) (Bryson and Ho
1969). Although much attention has been paid to this interesting compu-
tational problem, these iterative calculations should be performed off line,
even though, there exists the theoretical possibility of an online algorithm
(Williams and Zipser 1990), but the calculations would have to be performed
at every step, requiring unlimited memory and computational power.

The difference between the TPBVPs arising from optimal control processes
and the parameter optimization problems is that the forward state equations
contain backward adjoint variables that are used to represent the optimal
control variables in the former TPB VP and the forward state equations involve
only the parameters in the latter. Hence, in the procedure of iterative learning
computing, first the forward state equation, given in Eqn. (10.12), may be
integrated from the initial time f; to the final time ¢; to obtain the final
state value z(tr) for a set of given values of the parameters. Afterward, the
forward and backward equations may be integrated together from the final
time ¢y to the initial time fg because the adjoint equation contains both the
state and adjoint variables. Meanwhile, to update the parameters, the partial
derivatives OE/Oa and OE/Ow in Eqns. (10.13) and (10.14) need to be
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computed in the backward process:

0

%g - /Z(tf—T)l’(tf—T)dT (10.19)
tr—to
0

%ED‘ = - / 2(ty —T)fu(z(ty —7),w)dr  (10.20)
ty—to

Of course, the history of z(t) (fp < t < ty) may be memorized during
the forward integration for the utilization in the backward integration. The
updating could be finished, when the difference between the old and new
values of the performance index becomes as small as desired. This learning
algorithm is referred to as dynamic backpropagation by Williams and Zipser
(1990).

10.2.2 Dynamic Backpropagation for DT-DNU
Using Euler’s method, the first-order derivative is approximated as

dz _x((k+1)T) — z(kT)
dt gy T

(10.21)

where T is the sampling period and % is the sampling instant. If T' = 1, this
derivative can be approximated to

dx
— = 1) —z(k
= b+ 1) - a(k)
Thus, for a continuous-time dynamic neural unit (CT-DNU)
% = —ax(k) +wy(t) +s

y(t) = o(z(t))
the equivalent model of the DNU in discrete time (DT-DNU) is given by
2k+1) = —(a-1zk)+wylk)+s
y(k) = o(z(k)) (10.22)

The block diagram of the above discrete-time model is given in Fig. 10.3.
Usually, the discrete-time representations of dynamic neural systems may
provide some computational advantages on digital computers.
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Figure 10.3 Block diagram of a discrete-time dynamic neural unit DT-DNU,
Eqgn. (10.22).

Given a finite length discrete-time sequence zy(k), k = 1,2,..., N, we
wish to design a discrete-time temporal learning algorithm such that the state
of the following discrete-time dynamic neural unit (DT-DNU)

zk+1) = —(a—1)z —FZaZ (bix(k) + ;) + s(k)

= —(a-1)z(k) +a’a(bz(k) +c) + s(k)
= —(a—Dz(k) + f(z(k),w) + s(k) (10.23)

will asymptotically track the sequence z4(k). Here
n
flz,w) =Y a;o(biz + ¢;) = aTa(bz + ¢)
i=1

In this case, an error index with quadratic form is defined by
E(k) = j(za(N)~z(N))*+3 Z z4(k) — z(k))?

N—
= Lle(N)+] Z e2(k) (10.24)

where e(k) = z4(k) — z(k) and e(N) = z4(N) — z(N). Using the discrete-
time variational principle, a discrete-time Lagrangian is defined by

N-1

® = (@) —z(N))P + Y {§(@alk) —2(k))?
k=0
—z(k + Dz(k + 1) + (a — Da(k) — f(z(k), w) — s(k)]}
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N-1
= 3N+ D {36(N) — z(k + D[x(k +1)
k=0
+ (@ — Da(k) — f(z(k), w) — s(k)]} (10.25)

The reason that the discrete time (k + 1) is associated with the Lagrange
multiplier is due to the simplicity of the final condition, as will be apparent in
the following discussion.

Like the method used for the continuous-time case, the first variation of ®
may be represented as

N-1
5@ = e(N)§z(N)+ Y _{e(k)sx(k)
k=0
—z(k + 1)[0x(k + 1) + (o — 1)dz(k) + z(k)dc

— fa(a(k), w)sz(k) — fo,(z(k), w)T dw]}

= e(N)éz(N) + Z{[e (k) — (@ = Dz(k + 1)
+ folz(k), w)z(k + D]6z(k) — z(k + 1)dz(k + 1)

— 2(k + Da(k)da + z(k + 1)(£,(x(k), w))Tsw}  (10.26)

Let the Lagrange multiplier z(k) satisfy

2(k) = e(k) + [fo(@(k), w) — (@ — 1)]2(k + 1) (10.27)

or

(k+1) (k)_e( )

fo(z(k),w) — (o — 1) (10.28)

Then
N-1

60 = e(N)dz(N)+ Y [a(k)dz(k) — z(k + 1)dz(k + 1)
k=0

— 2(k + Dax(k)da + 2(k + 1)(F, (x(k), w))T sw]
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= 2(0)62(0) — [2(N) — e(N)]6x(N)

+ Y [—z(k + Da(k)do + 2(k + 1)(£,,(z(k), w))" sw] (10.29)

Since the initial value z(0) does not depend on the parameters, dz(0) = 0. If
we choose additionally the final condition of the Lagrange multiplier

2(N) = e(N) (10.30)

then

i

b = [—2z(k + Dz(k)da + z(k + 1)(£,, (x(k), w))T sw]
=0

N-1 N-1
= (Z —z(k + 1)w(k)) oo+ (Z z(k + 1)(fw(g:(k),'w))T) dw
k=0

k=0

Therefore, the partial derivatives of the error index with respect to the param-
eters are given by

N-1
Z_E = =3 2k + Da(k) (10:31)
« k=0
OF N-1
2 S k4 1) f (k) w) (10.32)
ow pard

and the incremental terms of the parameters are

N-1
Aalk) = ~MaZp— =Tl z(k + 1)z (k) (10.33)
k=0

Aw(k)

N-1
2 aw = T Z 2k + 1) f,(z(k),w)  (1034)

that is, the updating equations are obtained as

N-1
ak+1) = ak)+n. Y z(k+Dz(k) (10.35)
k=0

N-1

wk+1) = wk)—n Y 2(k+1)f,(z(k),w) (10.36)
k=0
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The learning algorithm given above for such a fixed time sequence learning
problem involves a discrete-time two-point boundary-value problem (TPBVP)
that can be solved, in general, by reiterative technique. Here, the initial
condition z(0) of the state is known, and the final condition z(NN) of the
Lagrange multiplier is a linear function of the unknown final condition z (V)
of the state.

10.2.3 Comparison between Continuous and Discrete-Time
Dynamic Backpropagation Approaches

Having discussed both the continuous and discrete-time dynamic backpropa-
gation (DBP) learning algorithms for the models of the dynamic neural units
(DNUs), we will now compare the two approaches. It is only natural to expect
that both the continuous and discrete-time backpropagation algorithms will
yield either very similar solutions, or the same solution to a given problem.
Obviously, there are two discrete-time backpropagation approaches. One
may be obtained directly from the results of the continuous-time backprop-
agation algorithm discussed in the previous section using the first-difference
discretization. The other was given in the last subsection using the discrete-
time variational principle for a DNU with the first-difference approximation.
We will show in this subsection that the two approaches that we have pro-
posed earlier are somewhat different. For some sample periods, however, the
computational solutions for the two approaches will be essentially the same.

Consider the continuous-time backpropagation using the first variational
calculus. We wish to minimize

ty
E = Haulty) —5(t)P+} [(@alt) - o0
ty

= 1) + / ¢2(t)dt (1037)

to
subject to the equality constant

dz(t)
dt

= —az(t) + f(z(t),w) + s(k), x(tg) =g (10.38)

where e(t) = z4(t) — z(t) and e(ts) = z4(ty) — z(tf). The continuous-time
dynamic backpropagation learning algorithm, which involves the two-point
boundary-value problem (TPBVP), is obtained from the variational principle
as follows. The adjoint equation and associated boundary conditions are
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dil—gt) = [a = fa(a(t),w)]2(t) —e(t),  z(ty) =e(t;) (10.39)
The parameter updating equations are determined by
ty
Z—(: = "o / z(t)a(t)dt (10.40)
to
ty
(fi_z: = _"w/z(t)fw(m(t),'w)dt (10.41)

to

Hence the continuous-time DBP problem to be solved is given by Eqns.
(10.37)—(10.41), where the neural state equation given in Eqn. (10.38) has
an initial condition and the adjoint equation given in Egn. (10.39) has a final
condition. Using the first-difference approximations

dx z((k +1)T) —2(kT) _ z(k +1) — z(k)

i - = 7 (10.42)
dz _2(k+DT) — 2(kT) _ 2(k+1) — 2(k)
- - — T = T (10.43)

and discretizing the integral in the parameter updating equations using an
infinite summation, the resulting discrete-time DBP becomes

{ z(k+1) = —(aT —1)x(k) + Tf(z(k), w) + Ts(k)
(10.44)
z(0) = =x9
{ z2(k+1) = [(aT +1)—Tfu(z(k), w)]z(k) — Te(k)
(10.45)
z(N) = e(N)
N-1
Aa(k) =Tn, Z z(k)x(k) (10.46)
k=0
N-1
Aw = =Tny Y z(k)fo(z(k), w) (10.47)
k=0

The alternate approach, using the discrete-time variational principle as seen
in the last subsection is now given. The first-difference approximation to the
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equality constraint yields
zk+1) = —(oT —1)xz(k) +Tf(z(k),w) + Ts(k) (10.48)
z(0) = =z
A direct discretization of the continuous-time integral error index yields
E = Z(za(N)-z(N Z(md ) — z(k))?

N-1

2(NY+T ) e*(k) (10.49)

[
o

where e(k) = z4(k) — z(k) and e(N) = z24(N) — z(N). Thus, the adjoint
equation with a final condition is given by

2k) = Te(k)+ [Tfi(a(k),w) — (Toa—1)z(k+1)  (10.50)

z(N) = e(N)
or
z(k) — Te(k)
4D = T k), w) - (Ta—1) (105D
z2(N) = e(N)
The parameter updating equations are easily obtained as
N-1
Aalk) = Tno Y z(k+1)a(k) (10.52)
k=0
N-1
Aw(k) = —Tny Y 2(k+1)f,(z(k), w) (10.53)

Equations (10.48)—(10.53) constitute the discrete-time two-point boundary-
value (TPBV) nonlinear difference equations to be solved. The state and
adjoint equations with the boundary conditions are Eqns. (10.48) and (10.51)
together with updating equations, Eqns. (10.52) and (10.53). It is immediately
apparent that these equations are not the same as those obtained when we
discretized the continuous nonlinear TPBVP consisting of Eqns. (10.38)—
(10.41). The discrete-time state equations given in Eqns. (10.38) and (10.48)
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of the DNUs and their initial conditions, are the same as the final conditions
of the adjoint equations. However, the parameters updating equations and
the adjoint equations are different, although similar. If the z(k + 1) term
in Eqns. (10.52) and (10.53) is replaced by z(k), the two sets of parameters
updating equations are the same. For a sufficiently small sampling period, this
is not an unreasonable approximation since the change in z(k) from instant &k
to instant (k + 1) will be small.

Moreover, for a sufficiently small sampling period T', a Taylor series ex-
pansion yields

1 1
Tfo(z,w) — (Ta—-1) 1+ (folz,w) —a)T

= 1 - (fo(z,w) — )T + O(T?)

= (T +1) = Tfe(z,w)+O(T?)  (10.54)

where O(T?) includes the terms of T higher than the first. Hence, if O(7%)
terms are neglected, we obtain

2(k+1)=[(Ta+1) = Tf(x(k),w)]z(k) — Te(k)

This is identical to Eqn. (10.45), the discretized adjoint equation for the
continuous-time dynamic backpropagation algorithm. Therefore, as previ-
ously stated, the computational results for the two approaches will be es-
sentially the same for small sampling periods. However, the sensitivity ef-
fects of the sampling periods are considerably important for discretization of
continuous-time dynamic neural systems.

The essential difference between the two approaches lies in the manner in
which the discrete approximation is made. The discrete-time DBP algorithm
yields a TPBVP in the form of a set of nonlinear difference equations whose
solution is precisely the solution that optimizes the stated discrete temporal
learning problem. The continuous-time DBP algorithm yields a TPBVP
in the form of a set of nonlinear differential equations whose solution is
precisely the solution that minimizes the stated continuous-time temporal
learning problem. The solution of a discrete version of this continuous-
time DBP yields a temporal state trajectory that does not optimize either the
continuous-time problem or a discrete-time version of the continuous-time
problem. For most situations, this creates no difficulties.
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10.3 TEMPORAL LEARNING PROCESS IIi:
DYNAMIC FORWARD PROPAGATION (DFP)

10.3.1 Continuous-Time Dynamic Forward Propagation
(CT-DFP)

The dynamic backpropagation through time discussed in the last section is
inherently an off line technique due to introducing an error index on the
fixed time interval. The following algorithm, which is a slight modification
of the algorithms proposed by Robinson and Fallside (1987) and Williams
and Zipser (1989), overcomes the difficulty associated with the two-point
boundary-value problem (TPBVP).

Let us consider a dynamic neural unit (DNU) of the form

dx(t

7552 = —az(t) + f(z(t), w) + s(k) (10.55)
where o and w are adjustable parameters. Define a time-varying error function
E over the time-varying interval [f, t] by the following expression:

E(t) = %ft(md(T) —z(7))%dr = %fte2(7')d7 (10.56)

to to

In this case, the error index is a function of time. Usually, learning algorithms
are constructed by invoking Lyapunov stability arguments; thatis, by requiring
that the error index be monotonically decreasing during the learning time 7.
This requirement may be translated into

dE _9Eda (OE\T dw
& " Badr T (%) ar (10.57)
One can always choose
do OF
dw OF

Equations (10.58) and (10.59) implement the learning algorithms for the
adjustments of the parameters o and w in terms of an inherently local mini-
mization procedure. Attention should be paid to the fact that the state equation
and the learning equations may operate on different timescales with parame-
ter adaptation occurring at a slower rate. Integrating the parameter adaptive
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equations given in Eqns. (10.58) and (10.59) over the time interval [7, 7+ A7,
one obtains

T+AT

a(tT+AT) = oT) — Mo g—fd’f (10.60)
7'+A7'8E

w(r+ A7) = w(r)— Ny / —a—ad‘r (10.61)

s
These equations imply that, in order to evaluate the system parameters, one
must calculate the “sensitivity” or the gradient of £ with respect to the pa-
rameters adapted. Using the error index equation, one can obtain

i

i
2L = [t -2 i = - [ % ar o6

Ba Ja Ja
to to

oE | oa(7) [ o)

o —/(.’l:d(T) —z(7)) gg dr = —/E(T)%dT (10.63)
to to

The derivatives on the right-hand side of these equations may be evaluated
from the original state system as follows:

g [dzx ox ox

%(Zﬁ) = Tage T L@wlE (1064)
0 [dx ox ox
a—w(az) = o5y @ T hEwg (1065

Note that the derivative with respect to the time and the partial derivatives
with respect to the parameters on the left-hand side of these equations are

commutable:
O (dz\ _ d [0z
da \dt) ~ dt\da
O (de) _ d (0w
ow \dt)  dt\ow
Hence, let
a Oz
Za = 50 R
PA— oz e R
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Then the partial derivatives of z with respect to the parameters may be gener-
ated by the following new dynamic system:

%" —z + [fo(z, w) — aza (10.66)
dzy,
o fu(@,w) + [fa(z, w) — o]z (10.67)

Since the initial condition 2(0) does not depend on the parameters « and w,
the initial conditions of Eqns. (10.66) and (10.67) are set to

24(0) = 0, 2,(0) =0

Equations (10.66) and (10.67) are referred to as equations of sensitivity systems
associated respectively with the parameters o and w (see Fig. 10.4). The

T —e e [T] %a
E L)

) 4
—@

w fe(z, )

(a) Partial derivative 2, = dz/0a, Eqn. (10.66)

2w

X fulz, W)

w %fz(l”:w)

(b) Partial derivative z,, = dx /3w, Eqn. (10.67)

Figure 10.4 Block diagrams for the sensitivity functions for the partial derivatives
2o = Oz /00 and z,, = Oz /Ow.
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replacement of the final condition of the adjoint equation in the dynamic
backpropagation (DBP) algorithm discussed in the previous section with the
initial conditions of the above mentioned sensitivity systems allows online
calculations in the updating process.

10.3.2 Discrete-Time Dynamic Forward Propagation (DT-DFP)

For a given discrete-time sequence z4(i), ¢ = 1,2,..., we are given the
discrete-time model of the DNU
z(k+1) = —(a— Dx(k) + f(z(k), w) + s(k) (10.68)
Define a time-varying error index over the interval [0, k] as
k
Ek) = 5 lza(i) — ()
=0
k
= 3D ) (10.69)
=0

where e(2) = z4(7) — z(¢). Using the gradient descent method, the incremen-
tal terms of the parameters « and w are obtained as

Ba(k) = 6az—naz( Z9) aom

Aw(k) = —nwaw = _nwz ( ) (10.71)

On the other hand, the partial derivatives of x with respect to the parameters
may be dealt with using the state equation as follows:

0 0
gtk +1) = —ak) + [folz(k), w) — (& — 1)l 5 ~a(k)

0

D alk+1) = folelk),w)+ alolk),w) - (@ Dlrk)

By introducing the sensitivity parameters z, and z,, defined as

a Oz

= 72
- (10.72)

Zo
a Oz

Y (10.73)
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the parameter sensitivity equations may then be rewritten as in the following
form:

za(k+1) = —a(k)+ [fa(z(k), w) — (@ — 1)]za(k)
2%(0) = 0 (10.74)

zwk+1) = f,(z(k),w)+ [folz(k), w) — (o — 1)]zy(k)
zy(0) = 0 (10.75)

Hence, the updating equations for the parameters may be written as

k

ak+1) = alk) =Y e(i)zli) (10.76)
=0
k

wk+1) = IINOF (10.77)
=0

Example 10.1 Let the desired discrete-time signal 24(k) be a square wave
with a period of 10 iterations and an amplitude of —1 and 1. Using the discrete-
time sequence learning algorithm presented above, we adapt the discrete-time
DNU model such that the sequence z(k) of the state of the DT-DNU with a
simple form

dx(t)
dt

= —ax(t) + w tanh(z) + s(t) (10.78)

will approach the given sequence xz(k).

Using the parameter sensitivity equations, Eqns. (10.74) and (10.75), the
parameter adaptation equations for the DT-DNU described in Eqn. (10.78)
are given by (see also Fig. 10.5)

Za(k+1) = —z(k)+ [wsech®(z(k)) — (a — 1)]za(k)
za(0) = 0 (10.79)

zw(k+1) = tanh(z(k)) + [wsech®(x(k)) — (o — 1)]zy (k)
z2(0) = 0 (10.80)

The updating equations of the parameters are

k
alk+1) = olk) =10 Y _ e(i)za(i) (10.81)
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z(k)

O Z( k+1 T Zalk)

"
®

[

(a) Partial derivatives z, = dz/d«, Eqn. (10.79)

of.)

z(k 5 2wk +1) = z(k)
o BT
*HJbﬁ

(b) Partial derivatives z,, = 0z /0w, Eqn. (10.80)

Figure 10.5 Example 10.1: block diagrams for the sensitivity functions for the
partial derivatives z, = 0z/0« and z,, = 8z /0w.

k
wk+1) = wk) - Z e(1) 2 (1) (10.82)

The initial values of the parameters « and w were chosen randomly in the
interval [—1,1]. Assume that the external input of the DT-DNU is s(k) =
z4(k). Using such a learning process, the parameters were adapted as o =
—0.22837, and w = —0.29986. The simulation results of the state z(k) of
the DT-DNU, the desired z4(k), and the error e(k) between z4(k) and z(k)
are shown in Fig. 10.6 for two different learning rates: (i) n, = 1, = 0.008,
and (ii) 7, = 7170 = 0.04. The convergence process of the parameters was
very fast for the higher learning rate of 0.04, and the smaller learning rate of
0.008 causes the convergence speed to decrease. |
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Learning rate; 1= 0.008

Learning error: e(k) = z(k) — z4(k)
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(a) Learning error during the
learning process with a
smaller learning rate 7, =
Ny = 0.008

(c) Learning error during the
learning process with a larger
learning rate 7, = 1y =
0.04
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(b) State of the DT-DNU and
the desired state x4(k) dur-
ing the learning process with
a smaller learning rate n, =
1y = 0.008
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e

(d) State z(k) of the DT-DNU
and the desired state z4(k)
during the learning process
with a larger learning rate
Na = Ny = 0.04

Figure 10.6 Example 10.1: simulation results with two different learning rates.
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Example 10.2 In this example we consider the problem of identification of
an unknown nonlinear discrete-time system described by

Tmk+1) = fulzm(k),s(k))

1+ z2,(k)
where z,, € R is the state variable and v € R is the input to the unknown
system. The DT-DNU used for this system identification problem, as shown
in Fig. 10.7, is described as

zk+1) = f(z(k),ulk))
= —(a—1)z(k) + a1 tanh(biz(k) + 1)
+ ag tanh(byz (k) + c) + u(k) (10.84)

= —0.25z,(k) + (10.83)

Using the identification procedure, parameters « and w were updated so
that

klim (xm (k) —2(k)) =0 (10.85)

In other words, the DT-DNU of Eqn. (10.84) becomes an approximate model
of the system given in Eqn. (10.83) with an acceptable error between the states

Unknown system

ulh | o
'L Tmlk+ 1 11 | an(k) (
~fm(Tm, u) 1z :
k L L
Input signal wk) | - D :rf ]_)_I\_TU ,,,,,,,, . @ .
generator EL E _ e(k)
{ (=2 e Efv(k)I

Learning | e(k)
algorithm |

Figure 10.7 Example 10.2: system identification of an unknown discrete-time
nonlinear system using a discrete-time dynamic neural unit (DT-

DNU).
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Figure 10.8 Example 10.2: simulation results for identifying an unknown non-
linear dynamic system given in Eqn. (10.83) with a DT-DNU model,
Eqn. (10.84). After 50,000 iterations for system identification, sim-
ulation results were obtained for a square-wave input signal.
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Figure 10.9 Example 10.2: simulation results with sinusoidal inputs. After
50,000 iterations were carried out for identifying a unknown non-
linear system, Eqn. (10.83), using a DT-DNU, a sine-wave input
signal u(k) = sin(kw/10) was applied to both the unknown system
and the DT-DNU.
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of the unknown system and the DT-DNU adapted for an arbitrary input signal
u(k).

During the learning phase, the input signal u(k) was designed to be random
in the closed interval [—1, 1], the initial values of the parameters o and w were
chosen randomly in the closed interval [—1, 1], and the initial values of both
the unknown system and DT-DNU were set at zero. After 50,000 learning
iterations, the parameters converged to the following values

~ 0; = —0.39846
a = 1.15433, { az = 0.34944,

by = 0.01169 ¢y = 0.28653

by = 0.00838, ¢y = 0.18433

At this point, the learning phase was stopped and a binary square-wave with an
amplitude of [—1, 1] and a period of 60 iterations was applied simultaneously
as the inputs to the unknown plant and the DNU model. Simulation results
are shown in Fig. 10.8. It is to be noted that the error during the transient
period is high; otherwise the DNU model is able to adapt the nonlinear plant
fairly well.

Figure 10.9 shows the simulation results for this system with a sinusoidal
signal of amplitude (—1,1) and a period of 50 iterations applied as inputs to
both the unknown plants and the DT-DNU model. These simulation studies
show that the DT-DNU model was able to identify fairly well the unknown
plant.

Such DT-DNU models with higher-order dynamics may be used for better
approximations of complex nonlinear and time-varying plants. Such analytic
tools provided by the neural processes may be useful for both the analysis and
design of the complex feedback control systems. n

10.4 DYNAMIC BACKPROPAGATION (DBP) FOR
CONTINUOUS-TIME DYNAMIC NEURAL NETWORKS
(CT-DNNs)

10.4.1 General Representation of Network Models

Consider a general form of a continnous-time dynamic neural network (CT-
DNN) shown in Fig. 10.10 and described by a continuous-time nonlinear
system of the following form

dz(t)

— = A=)+ f(=(t),W,0) e R



422 LEARNING AND ADAPTATION IN DYNAMIC NEURAL NETWORKS

A

@ =
3]
<

> h(x) —

W———»

Figure 10.10 Block diagram of the continuous-time dynamic neural network (CT-
DNN), Eqn. (10.86).

f; — +, T [ 1 z; l Yy
w; __,‘fi(a’a w;, 0;) ' 5 rhilz)—

Figure 10.11 Block diagram of the ith neuron of the model given in Eqn. (10.87).

(10.86)
y(t) = h(=z(t) eR™

where © = [z1 - z,]7 € R™ is the state vector of the dynamic neural net-
work, x; represents the internal state of the ith neuron, A = diag{m, ..., a,)
with all oy > 0, W = [wyj]nxn is the real-valued matrix of the synap-
tic weight matrix, 8 = [6; --- 9n]T is a threshold vector (somatic vector),
y=[y - ym]T is an observation vector or output vector, f: R x R"*™ x
R" — R" is a continuous and differentiable vector-valued function, f£(.)
and Jf;/0x are respectively bounded and uniformly bounded, and h(x):
R” — R™ is a known continuous and differentiable vector-valued function.

The dynamic neural network consists of both the feedforward and feedback
connections between the layers; thus, these neurons form a complex nonlinear
dynamic system. In fact, the weight w;; represents a synaptic connection
parameter between the ith and jth neurons, and 6§ is a threshold at the ith
neuron. An arbitrary neuron in the network may have synaptic connections
with itself and all the other neurons. Also, the output of a neuron is not
only a function of its own state but also a combination of states of the other
neurons in the networks. Hence, as shown in Fig. 10.11, the nonlinear vector-
valued function on the right side of the system given in Eqn. (10.86) may be
represented as
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Table 10.1 Three continuous-time dynamic neural models

Neural Dynamic Neural Models
Model . Region of
No. Network Equations Equilibrium
dz;f ) = —oyxz;i(t)
I + Bios (Z: wi;x;(t) +9> (=18l 18:(]™
y;(t) = z;(t)
dz;(t) B
o = —oats(t)
| + o (Zl Wis T (t)) +0; (16:] — 1, 10:] +1]™
Jj=
y;(t) = z;(8)
dCL'i t
dt( ) —azi(t) (16 = W3, 16| + Wi]"
n where
11 + ; w;;y;(t) + 0; n
= W= [wy]
j=1
(1) = 05z (1)) ’
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dxc;ft) = —ozi(t) + filw(t), w, 6;),  i=1,...,n
(10.87)
yi(t) = hi(=(t), j=1,...,m
where
w11 Win, w'{
W= o= (10.88)
Wn1 Wnn wl
and
w1
wi=o | i=1...,n (10.89)
Win

Equation (10.87) indicates that the dynamics of the ith neuron in the net-
work are associated with all the states of the network, the synaptic weights
Wi, - - -, Wip, and the somatic threshold parameter 6.

The three main types of continuous-time dynamic neural models are given
in Table 10.1. These neural model describe the different dynamic properties
due to the different neural state equations. Models 1 and II are defined
by nonlinear differential equations. Model III, however, is defined by the
seminonlinear equations, which contain the linear terms on the right side of
the model and nonlinear terms in the output equation. In these neural models,
W = (w;;]nxn is the synaptic connection weight matrix, 3 is the neural gain
of the ith neuron, 0 < ¢; < 1 is the self-state feedback gain of the ith neuron,
and 0; is a threshold at the ith neuron. The neural activation function o (.) may
be chosen as the continuous and differentiable nonlinear sigmoidal function
as used in the previous sections.

10.4.2 DBP Learning Algorithms

The dynamic backpropagation (DBP) algorithm for a class of continuous-
time recurrent neural networks was first proposed by Pineda (1988). A
DBP learning algorithm for a general class of dynamic neural systems with
nonlinear output equations will be developed in this section for the purpose of
analog target pattern storage. Lett = [t; - - - tm]T be an analog target pattern
that is to be implemented by a steady state output vector that is a nonlinear
vector function of an equilibrium point ' of the neural system given in
Eqn. (10.86); that is, t = h(x/). The purpose of the learning procedure
is to adjust the synaptic weights w;; and the somatic threshold parameter §;
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such ¢; can be realized by the nonlinear function k; (7). Note that, however,
we can derive the learning procedure for two-point boundary-value problems
(TPBVPs) instead of steady state pattern.

Define an error function as

m

E = 33 [te—ho(xh)? =3 (Jf(z]))

T
= 1 (Jf (zf )) Jf () (10.90)
where
I (@l) = A (2!) - TN e
whose components are defined by
Ji@) =ty — he(2h), ¢=1,....m

and =/ is an equilibrium state vector of the system, which satisfies the fol-
lowing equilibrium equation
dxt
%— =0 — —Azf i faf,W,0) =0

that is
Azt = f(zf, W, 0) (10.91)

Next, we discuss the learning formulations of the synaptic weights and
somatic parameters. After performing a gradient descent in F, the incremental
change of the weight wj; ; is given by

dw,-j _ )
dt - Tho 8wi 7
. OEN\T ozf
= T\ 5af Owy;

) 856{;
= - E 10.92
T =1 8.’L‘pf 8wz~j ( )

where 7,, is a learning rate associated with the synaptic weights. On the other
hand, for the somatic parameter §;, the incremental formulation is

dé; OF

ar _770597



426 LEARNING AND ADAPTATION IN DYNAMIC NEURAL NETWORKS

_ (9B o=
N o ail:f Bwij

B " OF 0z}
= —m) 52,7 D (10.93)
p=1

where 7 is the learning rate associated with the somatic parameters.
Using Eqn. (10.90), one may easily obtain

OE n 9]
of = i
Tp = Ozp

dwij _ OF
dt - nwawij
© = Ohy(x?) Oxy
= N [te — he(x/)]
;Z‘: 61’1); 61112]
nom f
= Yy Y JI—— (10.95)
p=1£=1 Oaj  Owy
and
o _ _ OF
i~ "3,

p=1 /=1
7 Zn: i i Ohal@") Oz (10.96)
p=1f=1 &c{: 891

On the basis of the equilibrium point equation given in Eqn. (10.91), the
partial derivative of 1{ with respect to w;j, results in the following expression

0% _ g, Ob i 04y Orf (10.97)

o —2 . 2P —P
14 L,p
3’U.Iij awij = 83;{ Bwij
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where d; ; is the Kronecker delta function:

0, i#y
51,_] - { 1’ Z :]
Moreover, let us denote
Bmg - ozt
=Y §,p—2 (10.98)
610,7 ; P, 6wz~j

Then, Eqn. (10.97) can be represented as

n

of, | 8zf )
Sl il oo
14

le
— 8w1~ 7 8w,~ 7

For convenience, let the matrix M be introduced whose elements are defined
by

9]
Mpe = Qplp g — 8—:{? (10.100)
2

Then, Eqn. (10.99) can be rewritten as

Zmpga 12/ (10.101)

5p8 @J

Let M~ = [Mig]nxn be the inverse of the matrix M. Then (%Lf /Ow;; may
be solved as

ozl 8f

=My 10.102

Hence, the updating equations for the weight w;; and threshold 6; are ex-
pressed as

dw” = > [Jfah‘ 2 ) ] Of; (10.103)

p=1 £=1 8101']'
Using the same procedure, one obtains

azf __ af

50, "o,

(10.104)
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Hence

dGi i f (9hg (il:f) 8f,
sk i | = 10.105
Furthermore, let us introduce a new n-dimensional vector
=F AT

whose components are defined as

o = iiﬂahf(ﬂ)m L i=1,....n (10.106)
S ¢ 6mf DL =y, .
p=1 E:l 7

It can be shown that

k(3 m 5
> [%% - gif] o =y, Jj 2P (10.107)
=1 i =1 T3
that is
n m f
f_ Afp f fahé(w )

aiz; = ) —z+ ) J, (10.108)

z =1 axzf ? ; ¢ 9 zf

Hence, Eqns. (10.103) and (10.105) can be represented, respectively by

dwij f 6f1
e 10.1
dt Mo ow; (10.109
and
d9; _ ;Of
i =% 5 (10.110)

Equation (10.108) is said to be the steady adjoint equation associated with
the equilibrium point equation given in Eqn. (10.91) of the dynamic neural
system given in Eqn. (10.87). It is easy to define the adjoint equation for the
adjoint vector z(t) as follows

dz;it) = —a;z (t) + pz_:l afp(m(g);zwp7 op) Zp(t)
+y Jg(m(t))%@ (10.111)

=1
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or, in a more compact form

T T
dzit) _ _Az(tH[?W] z(t)+[6h_g’iﬂ} J(z) (10.112)

where J;{x(t)) = t; — h;(x(t)). Equation (10.111) is said to be the adjoint
equation associated with the dynamic neural systems given in Eqn. (10.86).
The updating rules given in Eqns. (10.109) and (10.110) are not able to
guarantee the stability of both of the systems given in Eqn. (10.86) and its
adjoint, Eqn. (10.112), and a checking procedure for the stability of both
equations is needed in such a dynamic learning process. The first approach is
to verify that the stability condition of the equilibrium may be carried out after
the dynamic learning process has been completed. In this case, if the network
is unstable, the learning phase must be repeated, and the steady states '
and z/ must be solved using the nonlinear algebraic equations, Eqns. (10.91)

Table 10.2 Four discrete-time dynamic neural models

Model Dynamic Neural Models
No. State Equations Region of Equilibrium
n
I zi(k+ 1) = Bio: (Z Wi;T; t)+9> =18, 16"
II .I‘i(k-i—l):m (2 ’LUUIL']( )) +6; [|0i|—1,|6,-|+1}"

zilk+ 1) = euzi(t) + (1 — o)

il n [-1,1]"
(E t)+9>
O<ay <1
zi(k+ 1) = oz (t) n
v n 1o | B | 14| B
+ Bioi | X wijz(t) + 6; 1—a;l’ 1—o04
j=1

O<ai <1
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and (10.108), at each iterative instant. The second approach is to verify the
known stability of the network at each iterative instant. When the network is
unstable, [i.e., when Eqns. (10.91) and (10.108) do not converge to the stable
equilibrium points / and 2/], the iterative process must be repeated by
adjusting the learning rates 7,, and 74, until the solutions of Eqns. (10.91) and
(10.108) converge to some stable equilibrium points as time & becomes large.

LEARNING AND ADAPTATION IN DYNAMIC NEURAL NETWORKS

Both of these methods for studying the stability are very time-consuming.

For the discrete-time dynamic neural models given in Table 10.2, the DBP
learning algorithms for the synaptic weight w;;, and the threshold ¢; are
respectively summarized in Table 10.3. The steady state adjoint equations

corresponding to these neural models are also summarized in Table 10.3.

Table 10.3 DBP learning algorithms for the models given in Table 10.2

Model DBP Learning Algorithms
No. Updating Laws Steady Adjoint Equations
T
Aw; ;= 1]zifﬂ,'a’(ufif):r;.c 2 = Zl Boo’ (u)wp,: 23
1 =
dhy (=
A8 =mnezfo (uf) + 3 I
f NN R f
L z = o Wp,iT5 | Wp,iZ
I Aw;; =nzlo’ (321 ’UHJJ:;) mf t p;l J;l p.gT5 | Wp,isp
= m .
Ap;  =mez] + lz—:l Jf )
! Xn: [ S
z] = apby i
Awi ;=11 — au)z] U'(u{)z']f B =1
mm + (1~ )0’ (wfJwp. | 2
- 1 — a)o' (uf
Ab; =mez] (1 — as)o'(u]) + i Jlf Bhamga?f)
=1 *
f i S
L= 5 [ant
Aw,—,j = nzfﬁ,a'(u{)xjf : p=1
v ; ; + Bpo (“£)'wp i ] Zz{
A8 = nez] fic’ (u]) T i”: J ahéfc;f)
=1 4
where wf =3 w”a:f +6;
j=1
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The preceding iterative process for updating the parameters toward a target
set is the adaptive learning process of the parameters. During this learning
phase, the parameters are adjusted according to the error between the equilib-
rium point of the current system at each learning instant and the target point.
In other words, the error is propagated into the neural system as a function of
supervision for updating the parameters. This is why this approach is called
error backpropagation. From the systems point of view, a system which
consists of the forward state equation and backward learning equations forms
a closed loop feedback system in which the error is a basic feedback signal.
From the biological point of view, the forward state equation of the neural
system describes a process of information receiving and transmission, and the
backward learning equations emulate a thinking process. Itis evident that this
two-way information propagation exists in many human cognitive processes.

It is important to stress that this system evolves both in the space of ac-
tivations (state space) and in the space of weights (weight space or param-
eter space). The evolution in the state space is determined by Eqn. (10.86)
whereas the evolution in the parameter space is determined by Eqns. (10.109)
and (10.110). The iterative learning algorithm can be implemented online by
computing a set of differential equations. This will bring potential benefits
for applications to problems such as neurovision systems, real-time control
systems, and identification.

10.5 CONCLUDING REMARKS

Learning and adaptation are the two keywords associated with the notion of
neural networks. We have studied in detail dynamic backpropagation methods
for the temporal learning process for both continuous-time and discrete-time
dynamic neural networks. These learning algorithms provide a special at-
tribute for the design and operation of the dynamic neural network for a given
task such as in the processing of signals and images and their storage, and in
the design of controllers for complex dynamic systems.

This discussion will expose the readers to certain innovations in the field of
neural network learning and adaptation. Indeed, some of the advanced learn-
ing methods can make the neural network perform chaotic state trajectories
(Principe and Kuo 1995, Deco and Schiirmann 1997, Honma et al. 1999a).
Also, some of the new learning methods such as the decomposed extended
Kalman filter (DEKF) and recursive least squares (RLS) approaches may
lead to a better design of learning algorithms for many practical applications
(Haykin 1991, Xu et al. 2002).
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Problems

10.1

10.2

10.3

104

10.5

10.6

10.7

Using the dynamic backpropagation (DBP) learning method devel-
oped in Section 10.2, train a dynamic neural unit with the following
form

dx(t)

—(ﬁ_ = -—x+wtanh(:v(t))+s

to store an analog pattern, v = 6.0.

Derive a dynamic backpropagation learning algorithm for
continuous-time dynamic neural networks (CT-DNNj5) to solve two-
point boundary-value problems (TPBVPs).

Consider the following CT-DNN with six dynamic neural units and
two neural outputs of the network given as

6
—:ci(t)+tanh Zwijxj(t) ,t=1,2,...,6
j=1

yk(t) = l‘k(t), k=1,2

dac,- (t)
dt

Train the CT-DNN to follow a circular trajectory by using the dy-
namic backpropagation learning method developed in Problem 10.2.

Determine the region of equilibrium points for discrete-time dynamic
neural models given in Table 10.2.

Prove the DBP learning algorithms given in Table 10.3 for the neural
models given in Table 10.2.

Design a discrete-time dynamic neural network for the time series
prediction of the Logistic or Feigenbaum map

z(k+1) = da(k)(1 —z(k)), k=0,1,...

Design a continuous-time dynamic neural network to model the
Mackey—Glass system (Mackey and Glass, 1977) described by the
following delay-differential equation

dy(t) 0.2y(t — Tu)

s = TR (U 1y(
dt 14+ 9100 — Ty) y(t)

with T, = 30, sampled at 1/6 Hz.
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Design a continuous-time dynamic neural network to model the
Lorenz attractor whose dynamics are described by a coupled sys-
tem of three nonlinear differential equations (Haykin and Principe,
1998)

didit_). = —oz(t) + oy(t)
d%t_) = —a(t)2(t) + va(t) — yt)
O~ atote) - et

where o, v, and b are dimensionless parameters. Typical values for
these parameters are ¢ = 10, v = 28, and b = 8/3.

Consider a dynamic neural network with the following differential
equation

z(t) = —z@)+o(We(t))+1

where z ¢ R", W ¢ R"** T ¢ ®*, and o: R" — R".
Let d(t) = [d1(t) da(t) --- dn(t)]T be a differentiable trajectories.
Define an error function of the form

E(t) = zll=@®)-d) |
Derive the learning equation for the weight matrix W by minimizing

JW) = /0 " Bt
T

-1 /O | @(t) ~ det) |2 dt

10.10 (Universal Approximation of Nonlinear Systems) Consider a

discrete-time dynamic neural network of the form

z(k+1) = -—owx(k)+ Ac(x(k)+ Bu(k))
y(k) = Cux(k)

where z € RV, u € R™, and y € R are the neural state, input,
and output vectors, respectively. A € RV*N, B ¢ RV*", and
C € R™ ™ are the connecting weight matrices associated with the
neural state, input, and output vectors, respectively. « is a fixed
constant for controlling state decaying and is chosenas —1 < a < 1.
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10.11

10.12
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o(x) is a vector neural activation function.

Let S C R™and U C R™ be open sets, D; C Sand D, C U be
compact sets, Z C D;beanopen set, and f: S x U — K" be
a continuous vector-valued function. For a discrete-time nonlinear
system of the form

zk+1) = f(z(k),u(k)), zeR", ueR™

with an initial state z(0) € Z, whose solution z(k) € D, show
that for an arbitrary £ > 0 and an integer 0 < I < 400, there exist
an integer N and an appropriate initial state 2(0) such that for any
bounded input u: Rt = [0+,00) — D,

o8, | z(k) —y(k) |I<e

(Universal Approximation of Nonlinear Functions) Consider a sim-

plified version of the discrete-time dynamic neural network in Prob-
lem 10.10 of the form

zk+1) = —ox(k)+ Ao(z(k))
y(k) = Cz(k)

Let f: R — R” be a continuous function, and f(k), 0 < k <
I < 400, be a discrete-time trajectories. Show that for an arbitrary
number £ > 0, there exist an integer N and an appropriate initial
state 2(0) such that

qax || f(k) —y(k) [<e

Define a class of continuous-time dynamic neural network that can
universally approximate a class of nonlinear systems as discussed in
Problem 10.10.
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Complex nonlinear structures of dynamic neural networks (DNNs) used in
computing tasks such as information processing, or in associative memory for
storing patterns, present a challenge in stability investigations. In this chapter,
some stability analysis approaches and stability results for a general class of
continuous-time dynamic neural networks (CT-DNNs) are presented.

The notion of the stability of an equilibrium point of a dynamic system is of
fundamental importance in dynamic neural networks. An equilibrium point
is stable if the state trajectory stays in the neighborhood of the point. It is
asymptotically stable if all nearby solutions not only stay in the neighborhood
but also approach the equilibrivm point. The stability of the equilibrium
points of a dynamic neural network is one of the most basic and important
properties for many engineering applications. It is important to note that we
refer to stability in the sense of Lyapunov (Khalil 1992).

The dynamic behavior and the notions of stability of CT-DNNs described
by a set of nonlinear differential equations have been widely studied since
the early 1990s. A series of local and global stable conditions were derived
using different nonlinear analysis approaches by Cohen and Grossberg (1983),
Guez et al. (1988), Kelly (1990), and Matsuoka (1992) for a general class
of continuous-time dynamic neural networks, which may be considered as
generalized versions of the well-known Hopfield dynamic neural networks.

After discussing some basic results of Lyapunov stability theories, the local
asymptotic stability of the equilibrium points of continuous-time DNNs is
studied in Section 11.1. Using the position estimation of the eigenvalues of the
matrix, some local asymptotic stability criteria that contain the parameters of
the neural network and have simple algebraic expressions are also presented in
this section. On the basis of Lyapunov’s second method, the global asymptotic
stability of neural systems is investigated in Section 11.2 using the Lyapunov
diagonal function approach, and the corresponding conditions are derived.
Also, the exponential stability of dynamic neural networks is studied in Section
11.3, and some explicit estimations formulations of the attraction domains are
given in these studies.

11.1 LOCAL ASYMPTOTIC STABILITY

The trajectories of a dynamic neural network (DNN) for an arbitrary set of
initial conditions are usually required to converge to the equilibrium points
that are asymptotically stable. In addition to the convergence properties of
the solutions, the local asymptotic stability, in the sense of Lyapunov, of
the isolated equilibrium points should be addressed such that the dynamic
orbits around the equilibrium points become clear. In fact, the attraction
behaviors of the asymptotically stable equilibrium points provide a basis for
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neural associative memories and for other applications of the dynamic neural
networks.

11.1.1 Lyapunov’s First Method

Consider a general form of the continuous-time dynamic neural networks
given by

dx(t)
dt

where f : " x R%*" x R® — RN is a continvously differentiable vector-
valued function. Although the convergence of dynamic neural networks
ensures that the trajectory of the system from a given initial condition will
converge to one of the equilibrium points, we are often interested in deter-
mining which equilibrium points are the target points or the convergent points
of the trajectories of the system for all possible initial conditions. In other
words, we need to discuss the stability of the equilibrium points. We study
the stability issue for the equilibrium points that are isolated; that is, if af
is an equilibrium point of the system given in Eqn. (11.1), we may find a
neighborhood B = {x : || — «*|| < r,r > 0} such that there is no other
equilibrium point in B of the system given in Eqn. (11.1).

Definition 11.1 The equilibrium point x* of the system in Eqn. (11.1) is
(i) Stable, if for each € > 0, there is 6 = d(e) > 0 such that

x(0) —x*|| < = ||z(t) —x|| <¢e, VE>0

(ii) Locally asymptotically stable, if it is stable and d can be chosen such
that

||:c(0)—:c*||<5———>tlim||:c(t)—:1:*||=0 [ ]
— 00

We now discuss the local asymptotic stability of an equilibrium point 2
of the system in Eqn. (11.1). If x* is locally asymptotically stable, we may
find a constant § such that any trajectories that start in a § neighborhood of
the equilibrium z* will eventually tend to =*. The region of attraction, or
region of asymptotic stability, of an equilibrium point is defined as the set of
all points a( such that the solution of the system in Eqn. (11.1) satisfies

lim |[(t, o) — ]| = 0

However, determining analytically the exact region of attraction might be
difficult or even impossible for a nonlinear dynamic system (Khalil 1992).
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(a) =* is an asymptotically stable point (a sink)

Im

(b) =™ is an unstable equilibrium point (a source)

Im

(c) =* is a saddle point

Figure 11.1 The domains of the eigenvalues of the Jacobian J(x*).
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Let =* be an equilibrium point of the nonlinear system in Eqn. (11.1). The
Jacobian at this equilibrium point is given by
of(x,W,s)

Ox

Lyapunov’s first method, or Lyapunov’s indirect method, which uses the real
part of the eigenvalues A(J(z*)) of the Jacobin J(x*), states that

J(@") =

r=xr*

(i) z* is asymptotically stable if Re[A(J(x*))] < O for all eigenvalues of
J(x*).

(i) x* is unstable if Re[A(J(x*))] > 0 for one or more of the eigenvalues
of J(x*).

In other words, for the local asymptotic stability of the equilibrium point
x*, the eigenvalues of the Jacobian at the equilibrium point & need to be
examined as shown in Fig. 11.1. If all the eigenvalues of the Jacobian at o*
are in the left-half complex plane, then x* is a locally asymptotically stable
equilibrium point of the system in Eqn. (11.1), and this equilibrium point is a
sink (stable). If all the eigenvalues of the Jacobian at & are in the right-half
complex plane, it is a source (unstable). If some eigenvalues are in the left-half
complex plane and some are in the right-half complex plane, the equilibrium
point is a saddle or unstable equilibrium peint. Lyapunov’s first method has
been used widely in the fields of engineering and sciences. However, when
some of the eigenvalues are located on the imaginary axis in the complex
plane, this approach fails to determine the stability of the equilibrium point.

Example 11.1 Consider a two-neuron system described by

d
% = —a121 + w tanh(zs), a1 >0
(11.2)
d
% = —a9xy+ w tanh(z1), a2 >0

We will consider the location of the equilibrium points for this two-neuron
interactive system. The Jacobian of this system is easily obtained as

—o w sech? () ]

w sech?(z;) - (11.3)

J (CL‘ 1, CL‘2) = |:
The two eigenvalues A; and A2 of J(x1, z2) are the solutions of the following
equation

2
det[ A w sech®(x9) ] _0

w sech?(x1) A+ az (114
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that is
M+ (01 + ag)\ + ayan — wrsech? (21 )sech?(25) = 0 (11.5)

Hence

—(a1 + o) £ \/(al — a9)? + 4w?sech?(xy )sech?(x2)
2

/\112((](:1?1, :Eg)) =

Obviously, if #* = [z z3]7 = [0 0)7 is an equilibrium point of the neural
system in Eqn. (11.2), then sech(0) = 1 is the maximum value of sech(x) for
all z € R. One may observe that

(a1 —ag)? + w? > (a1 — az)? + 4w2sech2(m1)sech2(x2)
for 21,z # 0, which implies
Re()\l,z(J(0,0))) <0 = Re()\l,z(J(l‘l,mg))) <0

for x1,xz2 # 0, where Re(.) represents the real part of a complex number.
Therefore, if * = [z§ z3]7 = [0 0]7 is an asymptotically stable equilib-
rium point, the eigenvalues of the Jacobian always have negative real parts for
all x1, 2 # 0. In this case, the system in Eqn. (11.2) is a contractive system
that has a unique stable equilibrium point £* = 0.

On the other hand, Re();2(J(0,0))) < 0 if and only if

(1 — a@9)? + 4w? < (01 + a9)?

that is
| < \/aros (11.6)
Thus, the condition for the stability of the equilibrium states of the neural
system in Eqn. (11.2) is given by Eqn. (11.6). |

11.1.2 Determination of Eigenvalue Position

A dynamic neural system is usually a large-scale nonlinear dynamic system,
and the direct computation of the eigenvalues of the Jacobian is usually compli-
cated. The development of some indirect test approaches for the eigenvalues
of the dynamic neural network is usually useful. To discuss the positions
of the eigenvalues of a matrix W = [wij]nxn in the complex plane, some
mathematical preliminaries are required, which are given in the following
discussion.
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Let W = [w;j]lnxn be a complex matrix. We can always write W =
U + V, where U = diag[wn1,...,Wny| is the main diagonal part of W
and V represents the rest of the matrix with a zero main diagonal. If we
set W, =U+ eV forany ¢ € C, then Wy = U and W = W. The
eigenvalues of W = U are easy to locate, for they are just the points of the
diagonal elements 21,. . .,Wy,, in the complex plane. We suspect, however,
that if ¢ is small enough, then the eigenvalues of W, will be located in some
small neighborhoods of the points wx1,. . .,wny. There are indeed some easily
computed disks centered at the points wy; that are guaranteed to contain the
eigenvalues. The following theorem makes this observation.

Lemma 11.1 [Gerschgorin’s (1931) Theorem] Let W = ['LUij]an be a
complex matrix and

n
Ri= ) |wyl, i=12...,n (11.7)
J=1,5#i
denote the deleted row absolute value sums of W. Then, all the eigenvalues
of W are located in the union of n closed disks in the complex plane with
the center w;; and radius R;, 1 = 1,2, ..., n. Furthermore, if a union of k of
these n disks forms a connected region that is disjointed from the remaining
n — k disks, then there are precisely k eigenvalues of W in this region. 1

Since W and W7 have the same eigenvalues, one can obtain Gerschgorin’s
theorem for the columns by applying that theorem to WT and obtain a region
that contains the eigenvalues of W which are specified in terms of the deleted
column absolute value sums.

Corollary 11.1 Let W = [w;;]nxn be a complex matrix and

"
Ci= Y |wyl, i=12...,n (11.8)
i=1,i#j
denote the deleted column absolute value sums of W. Then all the eigenvalues
of W are located in the union of n closed disks in the complex plane with
the center w;; and radius C;, © = 1,2,...,n. Furthermore, if a union of
k of these n disks forms a connected region that is disjointed from all the
remaining n — k disks, then there are precisely k eigenvalues of W in this
region. |

Let

GW) = | J{z€C: |z —wyl < Ri} (11.9)
i=1
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and

GWT)=|J{z € C:|z—wy| < Cj} (11.10)
j=1

Then, all the eigenvalues of W lie in the intersection of the regions in
Eqns. (11.9) and (11.10); that is, in G(W)N G(WT).

For the stability analysis of continuous-time systems, we will determine
whether the eigenvalues of the Jacobian are located in the left-half complex
plane. The following corollary provides the sufficient conditions.

Corollary 11.2 Let W = [wjj]nxn be a complex matrix, and R; and C; be
defined by Egns. (11.7) and (11.8), respectively. If

wy +R; <0, i=12,...,n 111D
or

w;i+C; <0, j=1,2,---,n (11.12)
all the eigenvalues of W are then located in the left-half complex plane. N

The proof of Corollary 11.2 is easily obtained from Gerschgorin’s theorem.
The geometric meaning of Corollary 11.2 is given in Fig. 11.2. It is easy to
see that all wy; < 0 are sufficient conditions of the conclusions obtained in
this corollary.

Region of eigenvalues

)

Y

= |
R,or C; [
Wi

Figure 11.2 The positions of all the eigenvalues of a matrix W, where R; and
C; satisfy respectively the inequalities given in Eqns. (11.11) and
11.12).
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11.1.3 Local Asymptotic Stability Conditions

Consider a general class of dynamic neural networks with the following form

da:(;'t(t) = —a;xi(t) + Jz:wijaj(xj) +s, 1=12,...,n (11.13)
or
dfi—it) = —Az(t)+ Wo(z(t) + s (11.14)
where o; # 0, A = diag|ay, . . ., o], and the weight matrix W may not be
symmetric.

For the local asymptotic stability of the equilibrium point 2 of the system
in Eqn. (11.14), the eigenvalues of the Jacobian at the equilibrium point &
must be examined. The Jacobian of the function f(x) = —Az+Wo(x)+s
is given by

J(z) = 3 = flx)=—-A+Wo'(z)=—-A+WZX(z) (11.15)
where X(x) = diag[L11(x), . .. , Zpy(x)] with Z;;(x) = o}(z;). The fol-
lowing theorem gives some local stability conditions that can be used to verify
whether an equilibrium point * is stable.

Theorem 11.1 Let x* be an equilibrium state of the system in Egn. (11.13).

If
—ai +w Zam(m Z 2 (11.16)
L j=1,j X j
i=1,2,...,n
or
o (z* r doj(x
—a; + wjj 5ij7)+ > |wi 5;1) <0 (11.17)
i=1,i#j
i=1,2,...,n

then x* is a locally asymptotically stable equilibrium state of the neural
system in Egn. (11.13).

Proof: This theorem may be proved using Corollary 11.2 to the Jacobian
[Of /0x]. |
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The stability conditions in Theorem 11.1 involve only some algebraic ma-
nipulations about the network parameters such as the time constants, the
synaptic weights, and the elements of the Jacobian at an equilibrium point.
These results provide us with simple procedures for determining the local
asymptotic stability of an equilibrium point. The locally asymptotically stable
conditions given in Theorem 11.1 are derived using Lyapunov’s first method.
It may be more conservative than directly verifying the position of the eigen-
values of the Jacobian; but, it is easier to use. Therefore, these conditions
are the indirect conditions for verifying the local asymptotic stability of an
equilibrium point.

11.2 GLOBAL ASYMPTOTIC STABILITY OF DYNAMIC
NEURAL NETWORK

11.2.1 Lyapunov Function Method

When x* is asymptotically stable and the trajectory x(¢, ay) approaches «*

as ¢ — oo, regardless of how large ||zxg — =*|| is, in other words, for an
arbitrary initial state «(0), the state of the system in Eqn. (11.13) converges
to «* for a given weight matrix W and input s. In this case " is said to be a
globally asymptotically stable equilibrium point, and the system is referred to
as a globally asymptotically stable system. If =* is a globally asymptotically
stable equilibrium point of a neural system, it must be the unique equilibrium
point of the system. If there is another equilibrium point &*, the trajectory

starting at £* would remain at z* for all ¢ > 0. Hence, it would not approach
™, which contradicts the evidence that &* is a globally asymptotically stable
equilibrium point. Therefore, the use of global asymptotic stability is not
applicable to a dynamic neural network having multiple equilibrium points.
The Lyapunov’s second method or Lyapunov function method given below has
been widely used to build some globally asymptotically stable conditions.

Theorem 11.2 (Lyapunov Function Method) Let x* be an equilibrium point
forthe systeminEgn.(11.1). LetV : " — R be a continuously differentiable
function such that

(i) V(z*) =0and V(x) > 0, Vx # x*
(ii) V(x) — oo when ||z|| — o

dV(x)
dt
Then, x = x* is globally asymptotically stable. |

(iii)

<0, Vo # z*
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11.2.2 Diagonal Lyapunov Function for DNNs

The diagonal Lyapunov function method, first proposed by Persidskii (1969)
for studying the absolute stability, is based on the existence of a diagonal
solution of the Lyapunov equation. Kaszkurewicz and Bhaya (1993) used
this approach to discuss the robust stability of a class of continuous-time
and discrete-time nonlinear systems. Matsuoka (1992) derived a diagonal
Lyapunov function for a Hopfield neural network with an asymmetric weight
matrix, and established some absolute stability conditions.

We will now explore the global stability conditions of the system in
Eqgn. (11.14) using a global diagonal Lyapunov function method in this sec-
tion. Let z* = [z} --- 2%]7 be an equilibrium state of this system. We
introduce a new variable z as

z=[n 2| =z —x
Then, the system in Eqn. (11.14) can be rewritten in terms of 2z as

dz

i —Az+Wf(z) (11.18)
where
fi(z1) o1(z1 + 77) — o1(27)
F(z) = : = : (11.19)
fn(zn) Un(zn + 1‘;’;) - Un(x;kb)
Since
O0<oi(z+x)=fl(zx)<1, i=12...,n
we have
zi < fi(z) <0 for 2z <0 (11.20)
0 < fZ(ZZ) <z for z >0 (11.21)
that is
| fi(2:)] < |z (11.22)

Theorem 11.3 Let all o; > 0 in Eqn. (11.13). The system in Eqn. (11.18)
is globally asymptotically stable if, for a positive diagonal matrix P =
diag(p1,-..,pn] with p; > 0, there exists a positive matrix Q > 0 such
that

PW+W'P=_Q+2PA (11.23)
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Proof: We will find a global Lyapunov function for the system in Eqn. (11.18).
Consider the following positive definite function of z

V(z)= Z/pifi(C)dC (11.24)
=1y
where
V(z)=0 onlyat z=0

Differentiating V'(z) with respect to time, we obtain

dV(z) dz
@ = 1P (E)
= fT(z)P{-Az+Wf(2)} (11.25)

where dV (z)/dt = 0 for z = 0. Note, since the inequality in Eqn. (11.22)
implies

|fi(z:)] <2l

fi(zi)z > filz) fi(2)
that the first term in Eqn. (11.25) satisfies

~fT(z)PAz = =) filz)zpics
i=1

- Zfz’(zi)fz‘(zi)piai

i=1

= —fT(z)PAf(z) (11.26)

IA

Hence, the differential of V' (z) with respect to time can be modified as

W) T PAz+ FT(2)PWf(2)

dt
T (2){-PA+ PW}f(z)
Fr(2){-PA+ (PW +WTP)/2}f(z) (11.27)

IA

Therefore, if

—2PA+ (PW +WTP) <0 (11.28)
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then

dV (2)
dt

This implies that V'(2) is a Lyapunov function for the system in Eqn. (11.18)
and the origin z = 0 is the only globally asymptotically stable equilibrium of
the system. |

<0, z#0

Remark 11.1 A limitation of the nonlinear-dependent Lyapunov function in
Eqn. (11.24) is that it is valid only for the diagonal state-dependent nonlinear
function o;(x;).

Remark 11.2 When all o; = 1 in Eqn. (11.13), the result in Theorem 11.2 is
also valid for the dynamic neural model given by

dx(t
-Edi_l =—z(t) + c(Wx(t) + s) (11.29)
Using the coordinate transformation defined as
y(t) =We(t) + s (11.30)
Eqn. (11.29) can be rewritten as
dy(t
WD — 50+ Woly(®) + 1131)

Hence, the global asymptotic stability of the system in Eqn. (11.29) implies
the system described by Eqn. (11.31). The inverse implication needs the
inversion of the weight matrix W.

Furthermore, if all o; > 0 in Eqn. (11.13), then A = diag[ou, ..., an)
> 0. One may set the positive diagonal matrix P = A~! in Eqn. (11.28)
such that

AW+ wTA™!

-U + 2 <0 (11.32)

which is equivalent to

AW 4+ WTA—l)
<0

or

Amac (AT'W + WTA™) <2 (11.33)
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We summarize these results in the following theorem and its corollaries.

Theorem 11.4 If

Amaz (AW + WTA™) <2 (11.34)
then the system in Eqn. (11.13) is globally asymptotically stable. |
Corollary 11.3 If

1/2
wy | wii\
AT W+ WTA = Y (—” + —’) <2 (11.35)
iy 27} ;
then the system in Eqn. (11.13) is globally asymptotically stable. |

Corollary 114 If

Qs n . .
TE Y R < (11.36)
Q; = | Oy o7
J=1,j#i
then the system in Eqn. (11.13} is globally asymptotically stable. |

11.2.3 DNNSs with Synapse-Dependent Functions

We now consider a more general class of dynamic neural models that is
described by the equations

dx; (t)

— aHt)+Zw”aU(:cJ N4s, i=1,....,n  (11.37)

j=1

where o > 0 and o;;(z;) are sigmoidal functions. Equation (11.37) rep-
resents a dynamic neural network (DNN) model with synapse-dependent
nonlinear activation functions. In other words, each neural unit in such a
network structure may have a set of its own nonlinear activation functions.

Since 0 < aéj (z) < 1, using the mean-value theorem, it is easy to verify
that

i (25) — i (y)| < |25 — yjl (11.38)

where £ = [; --- z,)T and y = [y1 --- yn)? are two arbitrary n-
dimensional vectors. Letz* = [z7 - - - z},]7 be an equilibrium state of the sys-
tem in Eqn. (11.37). We will now use the new state variables, z = [z - -- zn]T
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and z = x — x*, such that

dzéit) = —ouz(t) + jz:;wz’jfij(zj(t)) (11.39)
where
fij(z5) = 04j(2; + 25) — 03(x]) (11.40)
satisfies
| fiz (25)] < 121 (11.41)

It is easy to show that z = 0 is a unique equilibrium point of the system in
Eqn. (11.39). Define a Metzler matrix W as

W = [Wij|nxn
_ Wij, 1=]
Y { lwiil, i#J
We then have the following theorem.

Theorem 11.5 The system in Eqn. (11.37) is globally and asymptotically
stable if for a positive diagonal matrix P = diag[p, ..., p,) with p; > 0,
there exists a positive matrix Q > O such that

PW W' P=_-Q+2PA (11.42)

Proof: Define the diagonal Lyapunov function
V(z) =3 pizi = 2" pz (11.43)

Computing dV'(z)/dt along the trajectories of Eqn. (11.37) gives

dvc'liz) _ Z(—piaizz? +Y piwiz fij(zj)) (11.44)

=1 j=1

Using the condition of Eqn. (11.41) gives

d‘;iz) < ;(—piai|zi‘2—}-Zpiu_)iﬂzinzjo (11.45)

=1



450 STABILITY OF CONTINUOUS-TIME DYNAMIC NEURAL NETWORKS

Letz = [21 --- 2,]7, and let the vectorial norm (|.|) be defined as
|21
(el = | 1
2]

Then, the inequality of Eqn. (11.45) can be rewritten in the form

av —
d(tZ) <{|z)T(-PA+ PW + WTP)(]z|) (11.46)
where
~PA+PW+W P <0 (11.47)
that is
L(z)<0, for all z#0
dt
Hence, the global asymptotic stability of the system in Eqn. (11.37) is guar-
anteed. ]

11.2.4 Some Examples

Example 11.2 (DNN with Lotka—Volterra Equations) Consider the nonaddi-
tive network or the generalized Lotka—Volterra equations (Guez et al. 1988)
given by

dz;(t n .
(;t( ) = —Oli.’L'i(t) + ;wijxi(t)xj(t), 1= 1, R ¢ (11.48)
By assuming z;(t) # 0,7 = 1,...,n, these equations can be rewritten as
(4 n
£ =—0i+ ) wya;(t), i=1...,n (11.49)
zi(t) gt

which is equivalent to

d(lnz;(t))

n
7 = —o; + Zwiﬂ' exp(Inz;(t)), i=1,...,n (11.50)

=1

Defining y;(t) = In z;(t), we have

dy(t -
ydiE ) _ —a; + ;wijf(yj(t)) (11.51)
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where f(.) = exp(.). Let y* = [y} -+ y%]T be an equilibrium state of the
system in Eqn. (11.51) that satisfies

n
—ai + Y wiif(y}) =0 (11.52)
j=1
Introducing the new variables z(t) = y;(t) — y; yields

dzi(t =
Zdi ) _ ;wijg(zj t) (11.53)

where g(z;(t)) = exp(zi(t) + y}) — exp(y;). Therefore, g(0) = 0, and
9(z)z; > 0 for z; # 0. Using Theorem 11.2, the global asymptotically
stability conditions for the Lotka—Volterra network in Eqn. (11.48) is one of
the following:

(i) For a positive diagonal matrix P = diag|py, . .., pn] with p; > 0 there
exists a positive matrix @ > 0 such that

PW+wiPp=-Q (11.54)

(ii) The matrix (W 4+ WT) is negative:
W+ WT <0 (11.55)

(iti) The maximum eigenvalue of the matrix (W + WT) is negative:

Mnaz(W + WT) <0 (11.56)
]

Example 11.3 Let us consider a continuous-time dynamic neural network
(CT-DNN) in which the first n; neural units have linear activation functions
and the other 1y neural units have nonlinear sigmoidal functions. Letu € £
and v € R represent the state vectors of the first n; neurons and the
remaining ny neurons, respectively. The dynamic equations of this neural
model are given by

d_u
dt
dv
dt

= —A"u+ W %u 4+ We(v)+ s*

= —Av+W"u+W"o(v)+ s’
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where A* = diag[of, ..., on ], AY = diag[of, ..., ap,], W™ € RrP1x™,
WW ¢ pmixne Wl ¢ R72%71 and WYY € R™2*"2 and s% € R®™ and
s” € R are the input or bias constant vectors.

Without loss of generality, let s* = 0 and s” = 0 in these system. Define
a diagonal Lyapunov function of the system as

V(iu,v) = 2Zp u2+2/pj

.710

where, p}' > 0 for all i € [1,n;], and p} > 0 for all j € [1,n;]. Furthermore,

denote
A’u 0 W’U/LL W’U/U
A - [ 0 A’U } ) W - [ W’U’IL W’U’U ]

Using the same derivation procedure used to prove Theorem 11.3, it can be
shown that one of the sufficient conditions for the global asymptotic stability
of the system is satisfying the Lyapunov equation given in Theorem 11.3. W

11.3 LOCAL EXPONENTIAL STABILITY OF DNNs

The exponential stability of an equilibrium point & guarantees that the state
trajectories of the neural system converge to the equilibrium point with a
specified degree of exponential convergence speed. Sudharsanan and Sun-
dareshan (1991a) studied the exponential stability and instability properties of
the equilibrium points for a class of dynamic neural networks, and provided
an explicit estimation method for the degree of exponential stability and the
regions of attraction of the stable equilibrium points. Moreover, the stability
results were used in the synthesis procedure for associative memories. How-
ever, most results on the exponential stability introduced by Sudharsanan and
Sundareshan (1991a) are local. Obviously, the concept of the exponential sta-
bility is stronger than the asymptotic stability; that is, if an equilibrium point
x* of the system is exponentially stable, it must be asymptotically stable.

11.3.1 Lyapunov Function Method for Exponential Stability

Letaconstant » > O and B = {z : ||z|| < r} C R" be an » neighborhood of
the origin &* = 0.
Consider the dynamic system

d";( ) f@@), £0)=0 (11.57)
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where @ € R*, and f : " — R". Assume that £* = 0 is an isolated
equilibrium point of the above system in B. We have the following definition.

Definition 11.2 The isolated equilibrium point ©* = 0 of the system in
Eqgn. (11.57) is exponentially stable in B with degree 1 if every trajectory
of the system in Eqn. (11.57) starting at any initial condition (%) = xo € B
satisfies the condition

lz(®)|| < 7llzo|| exp(—n(t —to)), Vt>to, V€ B  (11.58)

It should be noted that there is no loss of generality in the discussion of
the equilibrium point at the origin. If &* # 0, a coordinate transformation
y = & — x* will transfer this equilibrium point to the origin, which will be
an equilibrium point of the new system. A basic result for the exponential
stability can be given as follows and will be used in studying the exponential
stability condition for the equilibrium points of dynamic neural networks.

Lemma 11.2 The equilibrium point ©* = 0 of the system in Egn. (11.57) is
exponentially stable in B with degree 1 if there exists a Lyapunov function
V . R* — R satisfying the following conditions:

(i) V(x) has a continuous partial derivative with respect to each element

ofx € R";
(if) V(x) is positive-definite in B; that is, V(x) > 0, and V(0) = 0;

(iii) The time derivative of V (x) along the trajectories of the system in
Eqn. (11.57) satisfies ’

d
%a:) <-2yV(x), VYxeB, Vt>1i (11.59)
|

11.3.2 Local Exponential Stability Conditions for DNNs
Consider a dynamic neural network (DNN) of the following form:

dx(t

—Zi—) =—Ax(t)+ Wo(x(t)) + s (11.60)
Letz* = [z} --- zX]¥ be an equilibrium state of the system in Eqn. (11.60),

for transforming the equilibrium point to the origin. If a new variable z is
introduced as

z=[z - z|T =x —x*
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Then, the system in Eqn. (11.60) can be rewritten in terms of z as

A+ W(2) (11.61)
where
f1(z1) o1(z1 + z7) — o1(=7)
flz)= : = : (11.62)
Fa(2n) onlzn + 23,) — on(z},)

Theorem 11.6 For the equilibrium point x* of the system in Egn. (11.60), let
(WX(x*) — A) be a stable matrix. There then exists a constant r > 0 such
that

1£(2) — Z(x")z]| < K|zl (11.63)

forall z € B = {z : ||z|| < r}. Then, the equilibrium point x* is locally
exponentially stable if

)\min(Q)

Wl < Sorma (P

(11.64)

where Q = QT > 0 is an arbitrary positive symmetric matrix and P =
PT > 0is a unique positive symmetric solution of the Lyapunov function

PWX(z*) — A 4+ (WZ(z*) - A)TP=-Q (11.65)

Proof: Since WX (z*) — A is a Hurwitz, for a given Q = QT > 0, the
Lyapunov equation

PWE(z*) - A)+ (WE(z*) - A)TP=-Q (11.66)

has a unique positive symmetric solution P = P > 0. A quadratic Lya-
punov function may be defined as

V(z) =2TPz (11.67)
which satisfies
Amin(P)||2][5 < V(2) < Amac(P)|2]]3 (11.68)
aV T )
(WE( = Az = -2 Qz < —Xnin(Q)]|2][3 (11.69)

= [[2z7 P||2 < 2[|Pll2ll2]l2 = 2Amaa(P)ll2ll2  (11.70)
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The time derivative of V' (z) along the trajectories of the system in Eqn. (11.61)

is
av(z) = p_dz dz\7
% z PE + (E) Pz

= Z[P(WZ(z*) - A) + (WE(z*) - A)TP|z
—22TPWE(z*)z + 22T PW f(2)

= —2TQz - 22TPWX(x*)z+ 22T PW f(2)

= —27Qz + 2T PW[f(z) — =(z*)z] (11.71)

Using the inequality of Eqn. (11.64), one obtains
dVv(z
W) < rinl @2l + e PYIW B} (1172)
if
_— 11.73
Wiz < 2 hmar (P) (11.73)
Define
)‘min(Q) — 2k/\mam(P)HWH2
= (11.74)
7 2maz(P)
Then Eqn. (11.72) becomes
dV(z
d(t ) = _2"7)‘ma:c(P)Hz||%
< —29V(z) (11.75)
Hence, the origin is locally exponentially stable in B(r). [ |

Remark 11.3 The inequality assumption of Eqn. (11.64) is trivial for nonlin-
ear functions f (z) whose elements satisfy the conditions stated in Eqn. (11.63).
Since a Taylor series expansion around z = 0 is

of(0
1@ = 10+ | 2]z ogizip)
= f(0) +=(x")z +0(||=I[*)
S(z*)z + 0(||2|*) (11.76)
where 0(||z{|?) contains the higher-order terms; that is

_oq=P)

z—=0  ||z||
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then, for any given k it is possible to find a constant » = r(k) > 0 such that
0(]|z||?) = f(z) — B(x*)z is bounded by the linear term k||z|| in the r
neighborhood B = {z : ||z]| < r} of z = 0.

Furthermore, for z # 0, we may rewrite the function f(z) as

_ Filz1) . [ flgl) 0 T “ -
f(z) = : = : : : (11.77)
_fn(zn) | 0 fl’@ L #n |
= F(z)z (11.78)
where
Ffl(zl)/zl 0 i
F(z) = S : (11.79)
I 0 oo Jalzn)/zn |

Theorem 11.7 Let all o; > 0 in the system given in Egn. (11.60). For a
constant v > 0, the equilibrium point x* of this system is locally exponentially
stable in B = {z : ||z|| < r|} if there exists a constant n > 0 such that for
allze Bandz #0

(2nP — Q) — PWF(z) - Fz)WTP >0 (11.80)

where Q = QT > 0 is an arbitrary positive symmetric matrix and P =
PT > 0 is a unique positive symmetric solution of the Lyapunov function

PA+ AP =Q (11.81)

Proof: Note that if the matrix A = diagloa,...,a,] > 0, then —A is a
stable matrix. Hence, for a given Q@ = @ > 0, the Lyapunov equation

PA+AP=Q (11.82)

has a unique positive symmetric solution P = PT > 0. A quadratic Lya-
punov function may be defined as

V(z) =2TPz (11.83)
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For z # 0 and 1 > 0, the time derivative of V' (z) along the trajectories of the
system is

d‘;—gz) = 2T(—PA—- AP)z+2TPW f(z)
—27Qz 4 2:TPWF(2)z
= —m2TPz-27(Q - 2nP)z — 22T PW F(2)z
—V(z) - 2T[(Q — 2yP) — 2PW F(2)]z
= —2V(z) - 2" [ (@-2P)
— PWF(z) - F(z)WTP ] 2 (11.84)
Hence, if
2T[(Q — 29P) — PWF(z) — F(z2)WTP]z > 0 (11.85)
that is
(Q —29P) — PWF(z) - F(z)WTP >0 (11.86)
then
WE) o ggv(a) (11.87)
dt
This proves the theorem. [ |

Lemma 11.3 Let ©* be an equilibrium point of the system in Eqn. (11.60)
and

E(z) = F(z) — X(z*) (11.88)

where E(z) = diagle1(21),. .., en(zn)]. Then for an arbitrary € > 0, there
existsar > 0 such thatforallz € B={z :||z||<r}and z # 0

IE(2)]2 <€ (11.89)
Proof: The Taylor series expansion of the functions f(z;) around z; = 0 is

O Il

0£:(0)
oz

4

2z + 0]z %) (11.90)
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Hence, for z; # 0, one has
fiz)  0fiz) _ 0(l=l)

2 8Zi 23
that is
0(l]=11*)
ei(z) = ———=
() = =
Since
2
1 OUIR)
2;—0 Z;

for an arbitrary € > 0 there exists an r; > 0 such that for all || < 7; and

zﬁéO

lei(zi)] <e (11.91)
Setting » = min{r; : i = 1,2,...,n}, it is easy to show that

IE(2)|l2 < € (11.92)
forallz € B={z:||z|| <r}and z # 0. [

Corollary 11.5 Let «; > 0 in the system described in Egn. (11.60) and x*
be an equilibrium point of the system. If the matrix

M=s-1(AT'WE(@") + Sz )W'A™) >0 (11.93)
then x* is locally exponentially stable in the neighborhood of .
Proof: Denote .
F(z) =X(z*) + E(z)

Then, from Lemma 11.3, for a given € > 0 there exists a constant » > 0 such
thatforallz € B={z:||z|p <r}and 2 #0

|E(2)|]2 < € (11.94)

On the other hand, since all & > 0, A = diag[o,...,a,] > 0, we may
choose Q = s, then the solution of the Lyapunov equation, Eqn. (11.83), is
P=A"! /2. Hence, the purpose of the following proof is to verify that

s —2nP — PWF(z) - F(z)WTP
=s-nA - A7'WF(2) + F(z)WTA™']>0  (11.95)
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forall z € B and z # 0.
Note that
s—nA' - LAT'WPF(2) + F(z)WTA™!]
= s-nAT - J[ATTW(Z(2") + E(2)) + (S(z*) + B(2))WA™]

= Y+Y' - AT'WE(z) + E(z)WA™] (11.96)
where
Y =4s—nA"") - AT'WE(z") (11.97)
Furthermore
Y+Y7T = s-1AT'WXE(z*) + Sz )WTA) - na !
= M-—nA~! (11.98)

According to the assumption of the theorem, M is a positive-definite matrix;
that is, Apner (M) > 0. Hence, if

)‘mm(M) > nAmaw(A_l) = an_ (11.99)
where q;, = min{a; : i =1,2,... n}, then
Y+YT >0 (11.100)

In this case, it can be shown that Eqn. (11.100) is satisfied if
JAT'WE(2) + E(2)WTA Y| < Apin(Y +YT)  (11.101)
or

EIWll2 < Amin(Y + YT) (11.102)

min
which may be ensured by the choice of an appropriate € given in Eqn. (11.92).
Thus, the corollary is proved. u

Theorem 11.8 The equilibrium point * of Eqn. (11.60) is locally exponen-
tially stable if (W X(x*) — A) is a stable matrix and

)‘min(Q)

Wila <
” ||2 4Amaz(P)

(11.103)

where Q = QT > 0 is an arbitrary positive symmetric matrix and P =
PT >0isa unique positive symmetric solution of the Lyapunov equation

PWX(z*) - A)+ (WE(z*) - A)TP=-Q (11.104)
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Proof: Note that in the transformed system in Egn. (11.61) we have

T < f,,(zz) <0 if z <0

0< filz) <z if 2z>0

It is easy to verify that

1F(2)ll2 < llzll2 (11.105)
and
IWf(2)llz2 < [[W]lf(2)ll2
< IW]l2l[zll2 (11.106)

forall t > 0 and ® € R". Since WX(x*) — A is a Hurwitz, for a given
Q = QT > 0, the Lyapunov equation

P(WXE(z*) — A)+ (WE(z*) - A)TP=-Q (11.107)

has a unique positive symmetric solution P = P! > 0. A quadratic Lya-
punov function may be defined as

V(z) =2 Pz (11.108)
which satisfies

Amin(P)||2]3 < V(2) < Amae(P)||2]13

BV *
3, WS -4)z = —2TQz < Aun(Q)l12(}
av T
5|, ~ 122" P||2 < 2||Pi|2]2]2 = 2Amaz (P)]| 2|2

The time derivative of V' (z) along the trajectories of the system in Eqn. (11.61)
is

dV(z) _ pdz, (dz\"
a7 Pdt+(dt> Pz

= ZT[P(WZ(z*) - A) + (WE(z*) - A)T Pz
- 22T PWX(z*)z + 22T PW f(2)
= —27Qz - 22TPWZ(x*)z +22TPWf(z) (11.109)
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Note that
o _ g [0o1(z]) don(z3)
3(x") = diag 9, " oo,
with all
0< agéf") <1
one obtains
[[Z(z")||2 <1
Hence
dV(z
B < Amin( @Il + 2omas (P o211
+ 2Amaz (P)[|W l2ll2ll2] [ £ (2)]]2
< “)‘mm(Q)”Z“% + 4’\maz(P)||W||2Hz”%
if
/\min(Q)
and
- )‘min(Q) - 4)\maw(P)”W“2
" Aoz (P)
then
dV(z
—d(t“)‘ S _277)‘maz(P)||zH%
< -2V (z)

Hence, the origin is locally exponentially stable.

11.4 GLOBAL EXPONENTIAL STABILITY OF DNNs

(11.110)

(11.111)

(11.112)

(11.113)

(11.114)
|

If the r neighborhood of the equilibrium point is replaced by the whole state
space K" in Definition 11.2 and Theorem 11.6, the exponential stability is
then global. In this case, for an arbitrary initial condition (%) = xo € R",
the trajectory of the system will tend to the unique equilibrium point with an

exponential convergence rate 7).
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Theorem 11.9 The system given in Eqn. (11.60) is globally exponentially
stable if (W — A) is a stable matrix and

Wil < ———=¢
” ”2 4)\ma:c(P)

(11.115)

where QQ = QT > 0isan arbitrary positive symmetric matrix and P =
PT >0isa unique positive symmetric solution of the Lyapunov function

P(W—-A)+(W-A4)TP=-Q (11.116)
Proof: The proof procedure is the same as that used in Theorem 11.8. ]

The results given in Theorem 11.9 do not have any restrictions on the sign of
the constants o; in Eqn. (11.79).

Corollary 11.6 Let all o; > 0in Egn. (11.60). The system in Egn. (11.60) is
globally exponentially stable if

W12 < a’;i" (11.117)
where aupin, = min{w; : i = 1,...,n}. Inthis case, the exponential conver-
gence degree is

o
n= ——"2”" —||W |2 (11.118)

Proof: Note that matrix A = diag[ay,...,a,] > 0 and —A is a stable
matrix. Hence, for a given Q = QT > 0 the Lyapunov equation

PA+AP=Q (11.119)

has a unique positive symmetric solution P = P¥ > 0. A quadratic Lya-
punov function may be defined as

V(z) =2TPz (11.120)
which satisfies

Amin(P)|2]13 < V(2) < Amae(P)||2]13

_(_A)z = —ZTQZS‘)\min(Q)HzH%

ov
==l = 11227 Pll2 < 2||P|2]|zll2 = 2Amac(P)]l2]l2

2
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The time derivative of V ( z) along the trajectories of the system in Eqn. (11.61)
is
d
‘;iz) 2T(~PA — AP)z + 2:TPW f(2)

—2TQz + 22T PW f(2)

< Amin(@)12]3 + 2Amax(P)|[Wl2ll2l3  (11.121)
If
Amin
IIW||2<——2A (8,)) (11.122)
and
)\min _2AmaxP W
n= (Q)2A (P() W2 (11.123)
then
VE) < 2l Pl
< —mV(2) (11.124)

Hence, the origin z = 0, that is, * = x* is globally exponentially stable.
Since this condition depends on the choice of @, one may choose @ such that
the ratio Apin(Q)/Amaz (P) reaches the maximum. In this case the optimal
solution is Q@ = s, and P may be solved from Eqn. (11.119) as

P=1A"1 (11.125)
Hence
Amin(Q) =1
Amaz(P) = anlm
where ain, = min{a; : i = 1,...,n}. Then, the global exponential stability
condition of Eqn. (11.124) may be simplified to
W1, < =22 (11.126)
and the exponential convergence rate is
n=%2—iﬁ—[[W|\2 (11.127)
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11.5 CONCLUDING REMARKS

The notion of stability is of fundamental importance in dynamic systems.
Dynamic neural networks (DNNs) form a class of highly nonlinear dynamic
systems, and this chapter was devoted to study of the stability of continuous-
time dynamic neural networks (CT-DNNSs) that are described by a set of
differential equations. In the study of the stability of continuous-time dy-
namic neural networks, we discussed the basic notions of local asymptotic
stability, global asymptotic stability, and exponential asymptotic stability. The
local stability conditions for a general class of DNNs are presented by using
Lyapunov’s first method, while the global asymptotic stability are studied
by the well-known Lyapunov function method. The results presented in this
chapter form a basis for further investigating stability conditions of any type
of continuous-time DNNs with complex nonlinear dynamics.

Problems

11.1 Using Gerschgorin’s theorem (Lemma 11.1), prove Corollary 11.2.

11.2 Using Corollary 11.2 to the Jacobian of the neural network given in
Eqn. (11.13), prove Theorem 11.1.

11.3 Discuss the stability of the following two-neuron network system
using Theorem 11.1:

d
% — —z1 — 3 tanh(zs) + 0.6
d
% = —x9 — 2 tanh(z;) + 0.8

114 Discuss the stability of the two-neuron network system in Problem
11.3 using the following stability condition, which can be derived
using Krasovskii’s theorem (Krasovskii 1963): For an equilibrium
point =™ of the system given in Eqn. (11.13), if

k(2

2wy, —ao-i (:L':) + Z

”5‘71'(95;) 4 do;(z})
0% Fw

Wig Ox; Wi ox;
] 2

< 2&1'

i=1,2,--,n

then x* is a locally asymptotic stable equilibrium point.
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11.8
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Let all o, = « > 0 in the system given in Eqn. (11.13). Show that
the system given in Eqn. (11.13) is globally asymptotic stable if the
weight matrix W is skew—symmetric; that is, W = —W7.

Consider a general class of neural networks having the form

dx; (t = ;
mdi ) — oz (t) +ag‘lwij0j(wj(t)) +vi, 1=L2,....n
(11.128)
or
ﬂ%ﬁ) = —Az(t) + Wo(z(t)) + v (11.129)

where A = diagloy,...,0,) and W € R™*™. Let W be a sym-
metric matrix and o (x) be a monotonical sigmoidal function. Show
that if * is an asymptotically stable equilibrium point of the sys-
tem in Egn. (11.129), there is then no other asymptotically stable
equilibrium point ¢* that satisfies

lyr| = |zi|, sgn(y]) = sgn(z}), forallisuchthat zf #0
or

lil < lzil,  sgn(yf) = sgn(zf), foralli

For the dynamic neural network given in Problem 11.6, show that

(a) x = 0is an equilibrium point of the system if and only if the
threshold v = 0;

(b) If the origin is an asymptotically stable point of the neural
system, then there are no other asymptotically stable points
of the system.

As pointed out by Kelly (1990), even though simplicity and the
theoretical tractability of a linear system is obvious, and the general
conclusion is that nonlinearity is an essential feature of biological
neural processes. The linear case can still be used to explain the
first-approximation model of the neural processing of input by the
primary sensory cortex. Give a stability analysis of a linear neural
network shown in Fig. 11.3 with the following form
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A
o
+
w

Figure 11.3 Problem 11.8: block diagram of the linear neural network.

dx
= = Az +Wzx+v
where A = diag[ay,. .., ay).

11.9 Show that the linear neural system given in Problem 11.8 has a
unique global asymptotically stable equilibrium point & if and only
if for any given positive-definite symmetric matrix Q there exists
a positive-definite symmetric matrix P that satisfies the Lyapunov
equation

—2PA+PW +WTpP=—_Q

Moreover, if (A— W) is a stable matrix, then P is the unique solution
of the Lyapunov equation.

11.10 Letall o; > O or all o; < 0 in the linear neural system. Show that
the system is globally asymptotically stable if

Maz(A" W +WTA DY <2 fore; >0, i=1,...,n
or

Amin(ATTW +WTA™ ) > 2 fore; <0, i=1,...,n

11.11 Letall o = « > O or all &y = « < 0 in the linear neural system.
Show that the system is globally asymptotically stable if
Amaz(W + WT) < 20

11.12 Let o; = o and the weight matrix of the linear neural system be given
as a strict lower triangular matrix as follows:
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11.15

PROBLEMS 467

[0 0 0 0]

wor 0 0 0

W — w31 w32 0 e . 0
| Wn1 Wn2 Wn3 -+ Wpn-1 0 ]

In this case, the linear neural system is called as a linear dynamic
feedforward neural network. Show that this linear neural system
is globally asymptotic stable regardless of the magnitudes of the
synaptic weights.

Show that the weight matrix in Problem 11.12 can also be a strict
upper triangular matrix.

(Skew—Symmetric Linear Neural Network) Consider a dynamic
linear neural network with n interconnected neural units. Let the
synaptic strengths from unit j to unit &, and from the inverse prop-
agation direction have the same magnitude but a different sign; that
is, w;; = —wj;, and all self-connection strengths are set to zero. The
network is then said to be a skew-symmetric linear neural network
and is defined as

z(t) = Wx(t)

Show that

(a) The system is globally asymptotic stable regardless of the
magnitudes of the synaptic weights;

(b) Give the weight matrix of the skew—symmetric linear net-
work with four neural, and draw a diagram to show the
internal connections of those four neurons.

(Spatially Homogeneous Neural Network) Let a linear neural net-
work have a circulant weight matrix of the form

(2 wp - Wp-—1
Wp—-1 Wo - Wp_2
W =
wi wy - W

Show that a set of analytic solutions of the eigenvalues and eigenvec-
tors associated with the former may be obtained as
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11.16

11.17
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n—1
)‘j - Z wsei(21rjs/'n,)

s=1

and

[ 1

. et(2mi/n)
zl =
£i(2nj(n=1)/n)
L i
L¥] o (2mi
_ cos:T o sin(<1)

| cos 72”.3'(:: —1) sin 2nj(n=1) (;_1)

where i is the imaginary unit, 7> = —1. An interesting fact is that the

eigenvectors of W are expressed in a complex spatial sinusoidal form
that, due to the properties of the circulant matrix, does not depend on
the values of the weights w;;.

Show that the spatially homogeneous neural network given in Prob-
lem 11.15 is globally asymptotically stable if and only if Re()) < «
for all j.

Show that for the spatially homogeneous neural network given in
Problem 11.16, the equilibrium state components 2, z3,. ..,y _;
can be obtained as

n—1
=3 Lxei(zﬂjk/“), k=0,1,...,(n—1)
0N

where

1 n—1
m== Z vke—z(Zﬂgk/n)
n
k=0
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The nonlinear dynamic behavior and stability of continuous-time dynamic
neural networks (CT-DNNs) described by a set of nonlinear differential equa-
tions were studied extensively in Chapter 11. It was shown that Lyapunov’s
first and second methods can be used to study the equilibrium stability for
a general class of continuous-time dynamic neural networks. In this chap-
ter, the Lyapunov methods are extended to a general class of discrete-time
dynamic neural networks (DT-DNNs). In Section 12.1, the general model
of discrete-time DNNss is represented by a set of nonlinear difference equa-
tions. This model presents a number of discrete-time models derived from the
notions of population biology, neurobiology, and evolutionary theory. The
Lyapunov stability of the neural model is verified in Section 12.2. The stabil-
ity conditions of the neural model are studied in Section 12.3. More general
results on globally asymptotical stability are discussed in Section 12.4. For
a given discrete-time DNN model, these conditions are determined only by
the synaptic weight matrix of the network. It is shown that these results need
fewer constraints on the synaptic weight matrix than the models described in
the previous studies.

12.1 GENERAL CLASS OF DISCRETE-TIME DYNAMIC NEURAL
NETWORKS (DT-DNNs)

Consider a general class of discrete-time dynamic neural networks (DT-
DNNs) with continuous states as shown in Fig. 12.1 and described by the
following set of difference equations

n
zi(k+1) = —ouzi(k) + > _ wijoj(ujzi(k))+si, i=1,2,...,n (12.1)
j=1

or equivalently in a vector form, the discrete-time dynamic neural network is
described as

zk+1) = —Azk)+We(Pzx(k))+s (12.2)

where = [z1,Z9,...,%,)7 is the neural state vector, W = [wij}nxn is the
synaptic weight matrix, s = [s, s2,..., 8]’ is the constant threshold vec-
tor, A = diag[ay, ag, ..., ay] with |a;| < 1 is the self-feedback coefficient
matrix, ¥ = diag[p1, p2, ..., us) is the matrix of activation gains for con-
trolling the state decay, and o(¥x) = [0 (1), o(paw2), - - . , o (nzy)]T is
the vector-valued activation function with the gain matrix ¥. The first term
in Eqn. (12.2) is called the self-feedback linear term of the network.
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Self-feedback
A
Input or
threshold i Delay State
s+ + z(k)
@ & 21 .
+
a(.)
o R 72 N
Weight Gain
matrix matrix

Figure 12.1 Block diagram of the discrete-time dynamic neural network (DT-
DNN) defined in Eqn. (12.2).

As in continuous-time DNNGs, the nonlinear neural activation function o (.)
may be chosen as a continuous and differentiable nonlinear sigmoidal function
satisfying the following conditions:

() o(z) — f£lasz — Fo0;

(ii) o(x) is bounded with the upper bound 1 and the lower bound —1;
(iii) o(z) = 0 at a unique point z = 0;

(iv) ¢’(z) > 0and o'(z) — Oas z — $o0;

(v) o'(z) has a global maximal value of 1.

In this section, o(.) is chosen as the hyperbolic tangent sigmoidal function
o(x) = tanh(z) shown in Fig. 12.2. The activation gain x > 0 is a constant
that determines the slope of o(ux). The activation function o(yz;) =
tanh(u;z;) associated with the ith neuron in Eqn. (12.2) is assumed to have
its own gain y; > 0. It is easy to verify the following inequalities:

@) lo(piz:)| < palaal;

(i) |o(¥z)| < plzf;

(il |o(¥z)| < V7.
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(b) o’ (z) = psech? (uz)

Figure 12.2 The nonlinear neural activation function o(z) = tanh(uxz) and its
derivative o’(z) = psech?(ux), where p = 1, u = 2.5, u = 5,
@ = 7.5, and p = 10, respectively.
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Given an initial condition x(0) of the neural network given in Eqn. (12.2),
the state solution of the network at the instant & can be represented as

k-1
z(k) = (—AFz(0)+) (A FDWo(Va(i) + s
i=1
2 ¢(k,z(0),s)
One important characteristic of Eqn. (12.2) is its equilibrium points defined

by the condition x(k + 1) = x(k). The equilibrium state equation of the
system may also be represented as

x=(I+ A) ' {Wo(¥z)+ 5] £ g(x) (12.3)

The equilibrium points of the neural system given in Eqn. (12.2) are the fixed
points of the mapping g(x) defined by Eqn. (12.3). For an arbitrary given
constant input s € 1™, let 2 be a hypercube defined by

a={aije— g+ <Y w
{oste -yt < 2wl
where o = min{e;} and p = max{y;}, |.| is the Euclidean norm and ||.||

represents the induced matrix norm throughout this section. Then for an
arbitrary x € €2

9(e) ~ L+ 4) 8| = |(I+4) " Wo(¥a)
< U+ A ol W oo (%)
< 2wl

holds. Hence, g(x) is a continuous mapping from a bounded, convex and
closed set {2 onto itself; that is, g(x) : & — Q. According to Brouwer’s
fixed-point theorem, g has at least one fixed point in €2 for any choice of the
weight matrix W,

As in conventional nonlinear systems, the neural network given in Eqn.
(12.2) is said to be globally asymptotically stable, or asymptotically stable in
large, if it has a unique equilibrium point that is globally asymptotically stable
in the sense of Lyapunov. In this case, for the arbitrary initial state z(0) €
the state solution ¢(k, z(0), s) will converge to the unique equilibrium point
x* satisfying Eqn. (12.3):

@' = lim ¢(k, x(0)3)
Moreover, if for an arbitrary initial state z(0) € R* the state solution
¢(k,x(0), s) approaches this unique equilibrium point 2" exponentially in

473
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terms of the norm, that is, if there exist two positive constants g, co > 0 such
that

|x(k)| < c1|x”| exp(—cak) fork >0

then the network given in Eqn. (12.2) is globally exponentially stable.

12.2 LYAPUNOV STABILITY OF DISCRETE-TIME NONLINEAR
SYSTEMS

12.2.1 Lyapunov’s Second Method of Stability

Let a discrete-time nonlinear system be described by
z(k+1) = f(x(k)) (12.4)

where & € R" is the state vector, and f(x(k)) is an n x 1 vector-valued
function. Let &* be an equilibrium point of the system,; that is, @ = f(z*).
Introducing an equivalent coordinate transformation z = x — o, the neural
system described by Eqn. (12.4) can be written in terms of 2 as

z(k+1) = f(z(k) +2") - f(z7)
= J(z(k)) (12.5)

where f(z) = f(z + «*) — f(«*) and the origin z* = 0 is an equilibrium
point of the new system corresponding to the equilibrium point & in the
original neural system defined in Eqn. (12.4). Therefore, in the following
discussion about the stability of the equilibrium point, we will study the
stability or instability of the origin =* = 0 for the discrete-time nonlinear
neural system given in Eqn. (12.4).

Lemma 12.1 [Local Stability Theorem of Lyapunov (Khalil 1992)] Let z = 0
be an equilibrium point of the system in Egn. (12.4) and V : D —> R be a
continuously differentiable function in a neighborhood D of x = 0 such that

(i) V(x(k) =0)=V(0) =0
(ii) V(z(k)) =V(x) >0 for ¢#0 and €D
(iii) AV(z) =V(x(k+1))-V(x(k)) <0 for #0 and xze€D

Then the equilibrium point © = 0 is asymptotically stable and V(x) is a
local Lyapunov function. |
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Lemma 12.2 [Global Stability Theorem of Lyapunov (Khalil 1992)] Let & =
0 be an equilibrium point of the system in Eqn. (12.4) and V : * — R be
a continuously differentiable function such that

(i) V(z(k) =0)=V(0)=0

(ii) V(z(k)) =V(z) >0 for x=#0
(iii) V(x) — o0, as |lz]| — oo
(iv) AV(z) <0 for x#0

Then the equilibrium point x = 0 is asymptotically stable and V(x) is a
global Lyapunov function. [ ]

The stability and instability theorems of Lyapunov are valid for both linear
and nonlinear systems. In fact, a successful execution of the Lyapunov test
depends on the selection of V' (2) or AV (), which is always a difficult task.

LaSalle’s invariance principle can be extended to discrete-time systems for
deriving stability conditions based on the so-called energy function, which is
not a Lyapunov function in the strict mathematical sense. The discrete-time
version LaSalle’s invariance principle can be stated as follows.

Lemma 12.3 (Energy Function Method) Let () be a compact set with the
property that every solution of the neural system in Eqn. (12.4) that starts in
Q remains for all future time instants k in §). Let E : ) — R be a function
such that

(i) AE(x) = E(x(k+ 1)) — E(x(k)) <0 for z€Q

(ii) AE(xz) = E(x(k+ 1)) — E(x(k)) =0, only Azx(k) = x(k+ 1) —
z(k)=0

Then, for any x(0) € S, the solution of the neural system given in Eqn. (12.4)
will approach one equilibrium of the system as k — oo. |

Unlike the Lyapunov function method, the energy function approach does
not require the function E(z) to be positive define. The system satisfying the
conditions in Lemma 12.3 has a global state convergence that ensures that the
state of such a nonlinear system will converge to an equilibrium.

12.2.2 Lyapunov’s First Method

In general, finding a suitable Lyapunov function for a given nonlinear dy-
namic system is a difficult task. Special stability properties of the nonlinear
neural activation function o (x) were discussed earlier. An equivalent analysis
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process using the Lyapunov function approach is to test the positions of all
the eigenvalues of the Jacobian of the neural system. This approach is known
as Lyapunov’s indirect method or Lyapunov’s first method.

The Jacobian of the function f(x) is defined as

_df
J=_"=f(x) (12.6)

which can also be used to analyze the stability of the equilibrium points.

For the local asymptotical stability of the equilibrium point o, the eigen-
values of the Jacobian at the equilibrium point &* should be examined. Let
us go back to the nonlinear system

x(k+1) = f(a(k))

where f : D — R™ is a continuously differentiable map from a domain
D € R"into R". The following lemma gives the local stability and instability
conditions.

Lemma 12.4 (Lyapunov’s First Method) Let * = O be an equilibrium point
of system

z(k + 1) = f(x(k)) (12.7)

where f : D — R" is continuously differentiable and D is a neighborhood
of the origin. Define the Jacobian of Eqn. (12.7) in the neighborhood of the
equilibrium point x* = 0 as

_of
J=>(0)

A (12.8)

Then

(i) The origin is locally asymptotically stable if all the eigenvalues of J are
inside the unit circle in the complex plane;

(ii) The origin is unstable if one or more of the eigenvalues of J are outside
the unit circle in the complex plane. |

Lemma 12.4 shows that, as illustrated in Fig. 12.3, if all the eigenvalues of
the Jacobian A at x* are within the unit circle, then x* is a local asymptotical
stable equilibrium point of the neural system given in Eqn. (12.7), and this
equilibrium point is called a sink. If all the eigenvalues of the Jacobian at &
are outside the unit circle, then x* is unstable and it is called a source. If some
eigenvalues are inside and some are outside the unit circle, the equilibrium
point is a saddle equilibrium point. For a local asymptotical stable equilibrium
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point, it is important to find the region of attraction of the point. Khalil (1992)
indicates that whenever the Jacobian matrix A at the equilibrium point & is
a stable matrix, that is, when all the eigenvalues are located inside the unit
circle, we can estimate the region of attraction for that equilibrium point.

Im Im

Re

Region of equilibrium

points Region of equilibrium
points
(a) Region of stable (sink) equilib- (b) Region of unstable (source)
rium points equilibrium points
A
Im
1
Re

Region of equilibrium
points

(c) Saddle equilibrium points

Figure 12.3 Positions and classification of the equilibrium points.
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12.3 STABILITY CONDITIONS FOR DISCRETE-TIME DNNs
If the self-feedback or linear term in Eqn. (12.2) is neglected; that is, A =0

in Eqn. (12.2), a simplified model of discrete-time dynamic neural networks
(DT-DNNs) is shown in Fig. 12.4a and given by

zi(k+1) waajujx] N+s, i=1,2,....n (12.9)

or
zk+1)=Weo(Pzxk)) +s (12.10)
Input or
threshold Delay State
s + @ 41 w(k)
+
o(.)
w a ¥
Weight Gain
matrix matrix

(a) The network described by Eqn. (12.10)

Input or

Gain
threshold matrix o) Delay  State
k
RN . /] I I
+

w

Weight

matrix

(b) The network described by Eqn. (12.11)

Figure 12.4 Block diagrams of the dynamic neural networks without the linear
term.
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Using a linear coordinate transformation * = Wy + s, Eqn. (12.10) may be
written equivalently in terms of the new state vector y € 1 as follows:

yk+1) =0(TWy(k) + ¥s) (12.11)

This network is shown in Fig. 12.4b. Therefore, the two neural networks
illustrated in Fig. 12.4 have the same stability property. As seen in the
previous section, to apply the Lyapunov function method, Eqn. (12.10) can
be transferred into the following equivalently form

z(k+1) =W f(z(k)) (12.12)
where the vector-valued function f : #* — R"™ is given by
fi(z1) o(p1(z1 + 21)) — o(mxy)

Fz) = f2(.22) s o(p2(z2 + 503.)) — 0 (p23) (12.13)
fulzn) | | olmon +22)) = 0 (a)

and satisfies f(0) = 0. Thus, z = 0 is a unique equilibrium point of the new
system expressed in Eqn. (12.12).

12.3.1 Global State Convergence for Symmetric Weight Matrix

Like continuous-time Hopfield neural networks, one can also explore the
global state convergence of the discrete-time DNN with a symmetric weight
matrix. For instances, when the synaptic weight matrix W is symmetric,
that is, when W = W7, Marcus and Westervelt (1989) proposed an energy
function for the neural system given in Eqn. (12.11), which is of the form

E(k) = ZZNzwzjyz(k yj(k Zyz k)#zsz

=1 j=1
o Vilk)

+) / ot

=1 0
= Ly OWyk) -y () Ts + > Gi(mi(k)  (12.14)
=1

where
Yi

Gi(y:) = /a;l(v)dv (12.15)

0
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Using symmetry, w;; = wj;, the change in E(k) between the time k and
k + 1, defined as AE(k) £ E(k + 1) — E(k), can be given as

AE(k) = —iAyT(k)TWAy(k) — AyT (k) TWy(k)
— AyT( \Ils+2[ (yi(k +1)) Gi(yi(k))]
= —1AyT (k)W AY(k) — AyT (K)o Ny (k +1))

+) " AG(k) (12.16)

where Ay(k) £ y(k +1) — y(k) and
AGi(k) = Gi(yi(k+1)) — Gi(yi(k))
Considering up to the second derivatives, one obtains the following inequality

(Marcus and Westervelt 1989)

20 {ay.
Gi(h) < Gtk + 1) 2wl - min (25580 [auw) | 1217

where G/ (y;(k + 1)) is the derivative of G;(y;) at the point y; = y;(k + 1).
Since the minimum curvature of G; is given by the inverse number of the
maximum slope of the function o(.); that is 1, the minimum second derivative
can be expressed as

202 (y;
min d—q@) =1"1=1 (12.18)
Yi dyz-

Equations (12.16)~(12.18) and equality G(y;) = ai_l(y,-) from Eqn. (12.15)
yield

AE(k) < —3AyT (E)TW Ay(k) — 38y (k)Ay(k)
= —1AyT (k) [IW + I] Ay(k) (12.19)

If the matrix YW + I is positive-definite; that is
W+¥ >0 (12.20)

then
Ek)<0; AEk)=0= Ay=0 (12.21)
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Therefore, all the attractors of the dynamic neural system described in Eqn.
(12.11) are fixed points, and the condition in Eqn. (12.20) is a global conver-
gence condition. A sufficient condition for W + ¥~ to be positive-definite
is
1
| Amin (W) < P (12.22)
where A\, (W) represents the minimum eigenvalue of the matrix W. If this
condition is satisfied, the states of the system in Eqn. (12.10) or Egn. (12.11)
will always converge to one of their asymptotically stable equilibrium points
regardless of the initial values of the states.

12.3.2 Norm Stability Conditions

We will now obtain a sufficient condition that guarantees the origin ¢ = 0 to
be a globally asymptotical stable equilibrium point. The contraction of the
nonlinear neural function can be used to develop a stability condition. It is
easy to verify that the nonlinear neural function satisfies

17 (2 < [[2z]] <1 ¥]l]]=]]

Therefore, we can choose another Lyapunov function for the equivalent neural
system in Eqn. (12.12) as

V(z) = ||zl
Furthermore, we have

AV(2)

W £ ()] - l=]|
< W& - Izl
< (Wil = Dil=]]

Hence, if .
(W]l < —= (12.23)
]|
then AV is negative-definite, and the neural system in Egn. (12.10) is glob-
ally asymptotically stable. Equation (12.23) is the so-called norm stability

condition.

12.3.3 Diagonal Lyapunov Function Method

In the discrete-time domain, the well-known Lyapunov equation for a test
matrix M is given by

MTPM -P=-Q
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If there exists a positive-definite matrix @ > 0 such that this Lyapunov
equation has a positive diagonal solution P, then the matrix M is said to
be diagonally stable. The diagonal stability implies the Schur stability of
the matrix. Moreover, if the tested matrix is a nonnegative or M matrix, the
diagonal stability is equivalent to the Schur stability (Kaszkurewicz and Bhaya
1993, Michel and Miller 1977), or simply speaking, in this case, the diagonal
stability is equivalent to all the eigenvalues of the matrix being located inside
the unit circle.

Theorem 12.1 The neural system in Egn. (12.12) is globally asymptotically
stable if for an n x n positive diagonal matrix P = diag[pi,p2, - . ., pn) with
p; > 0 forall 1 < i < n, there exists a positive-definite matrix ¢ > 0 such
that

wWiPW —372Pp=-Q (12.24)
where U2 = U0 = diag[1/p3,1/p%,...,1/p2].
Proof: Let a function be defined as

V(z(k)) = zn: pijzi(k)zj(k) = 2T Pz (12.25)
i=1,j=1
where P = diag|p1,p2, . .. ,pn) > 0. This function satisfies
V(z)=0, ifandonlyifz=0

and

V(z) >0, forz #0
Noting that

2TPz > fT(2)® 2P f(z)
one obtains

2Tk +1)Pz(k+1) — 2T (k)Pz(k)
FT(z(k)WTPW f(2(k)) — 27 (k) Pz (k)
FT(z(k)WTPW f(z(k)) — fT(2(k))®*Pf(2(k))
T (z(k)WTPW — ¥ 2P| f(z(k))

AV (2(k))

IA

Therefore, the theorem is proved. |



12.3 STABILITY CONDITIONS FOR DISCRETE-TIME DNNs 483

The Lyapunov function defined by Eqn. (12.25) is a diagonal Lyapunov
function (Kaszkurewicz and Bhaya 1993), and Eqn. (12.24) is consequentially
a diagonal Lyapunov equation. Theorem 12.1 indicates that if there exists
a positive-definite matrix @ such that the solution P of Eqn. (12.24) is a
positive diagonal matrix, then the neural system in Egn. (12.12) is globally
asymptotically stable. In other words, if the product of the synaptic weight
matrix W and the gain matrix ¥, that is, W, is diagonally stable, the
neural system in Eqn. (12.12) is then globally asymptotically stable. As a
consequence of Theorem 12.1, the following corollaries can be stated:

Corollary 12.1 The neural system in Egn. (12.12) is globally asymptotically
stable if one of the following conditions is satisfied

(1) Amax(TWIWE) < 1, (12.26)

n
(@) Y pipglwgwipl <1, i=1,2,...,m; (12.27)
Gk=1

n
(@d) > mpilwgwpl <1, j=1,2,...,n.  (12.28)
ik=1

Proof: The stability condition given in Eqn. (12.24) can be represented
equivalently as

YWIPW¥ - P <0
Let P = I in the matrix inequality above. One then obtains
TWIWE -1<0
Thus, a sufficient condition is
Amaz(BWIWE — I) = Ao (TWITWE) — 1 <0

which proves condition (i).
Moreover, applying Gerschgorin’s theorem (Horn and Johnson 1985) to
the matrix

3

NgE

n
2,,,2
> pwy, P g Wok - W1k Wik fn,
1
n

o
I

1

NE

n
2, 2
D HaWopW1k i1 D 3wy MWk Wnkfin
k=1

IWIww = | i=1

-
Il

1

n

n
Z HnWnk W1k M1 Z HnWnkWokita -

2,,,2
:unwnk

NgE!

Il
—
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This proves conditions (ii) and (iii). ]

When the absolute values of the elements of the weight matrix are consid-
ered, the following results can be obtained.

Corollary 12.2 The neural system in Eqn. (12.12) is globally asymptotically
stable if there exist a positive-diagonal matrix P = diag[p,ps, ..., ps| and
a positive definite matrix @ > 0 such that

vwW|'PW|® -P=-Q (12.29)
Proof: Since for a positive diagonal matrix P > 0
w|TP\W| > Wi pPw
Thus
o |W|TP|W|T - P> OWIPWE — P

This means that if Eqn. (12.29) is valid, then Eqn. (12.24) is satisfied. The
result is proved. |

Corollary 12.2 shows that if the nonnegative matrix |W | ¥ is diagonally
stable, the neural system in Eqn. (12.12) is globally asymptotically stable.

Noting that the equivalence between the diagonal stability and the Schur
stability when the matrix is nonnegative (Kaszkurewicz and Bhaya 1993),
Michel and Miller 1977), one obtains the conditions for asymptotically sta-
bility as given in the following corollary.

Corollary 12.3 The neural system in Eqn. (12.12) is globally asymptotically
stable if one of the following conditions is satisfied:

(i) There exist positive matrices P > 0 and Q > 0 such that

vW|TPW|® - P=-Q (12.30)

(ii) All eigenvalues of the matrix |\W |W are located inside the unit circle.

Proof: For the nonnegative matrix |W | ¥, the diagonal stability is equivalent
to the Schur stability. Thus, conditions (i) and (it) are true. |

Moreover, a real square matrix is said to be an M matrix (Kaszkurewicz
and Bhaya 1993, Michel and Miller 1977) if all the off-diagonal elements
of the matrix are nonpositive and all the principal minor determinants of the
matrix are positive. The following results may then be stated.
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Corollary 12.4 The neural system in Eqn. (12.12) is globally asymptotically
stable if

(i) The matrix D = I — |W|W is an M matrix;

(ii) There exist n constants ci, Cs, . . ., ¢, > 0 such that
k)
> (6 — lwiglug) >0, i=1,2,...,n (12.31)
=1
(iii) There exist n constants m, Mo, ..., Ny > 0 such that
n
Zm(éz-j -|w,-j{,uj) >0, 7=12,...,n (12.32)
i=1

where d;; is a delta function defined by 6;; = 1 for i = j and by 6;; = 0 for
i

Proof: Equation (12.24) has a positive diagonal solution P > 0 if and only
if matrix (I — |W|®) is an M matrix (Michel and Miller 1977). Thus,
condition (i) is proved. Moreover, matrix (I — |W|¥) being an M matrix is
equivalent to conditions (ii) and (iii) (Michel and Miller 1977). n

Remark 12.1 The global stability conditions presented above are indepen-
dent of the threshold vector s of the network.

Remark 12.2 The global stability conditions presented above for the neural
system in Eqn. (12.12) are also the sufficient conditions of the global stability
for the neural network described by Eqn. (12.11).

Note that the discrete-time diagonal Lyapunov equation given in Eqn.
(12.24) may be relaxed as

1
WIPW - —P=-Q (12.33)
7
If the positive diagonal matrix P is chosen as an identity matrix I, the fact
that (WTW — I/u?) is negative-definite is equivalent to
I 1
Amac(WIW — =) = Apa(WIW) — = <0
“ K
In this case, a globally asymptotical stability condition is given by
2 1

Wil = (Amax(WTW)) < p
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which is equivalent to Li’s norm stability condition (Li 1992), where the
Euclidean norm is applied, given as

1
W] < p (12.34)

Thus, the norm stability condition is, in fact, a special case of the result given
in Theorem 12.1 in terms of the Euclidean norm.
Furthermore, if W is a symmetric matrix; that is, W = W7, then

= T 1/2_111&}( 1 l
Wl = (Amas(WTW)) = max{A(W)[} <

is a sufficient condition for the global stability. When this condition is true,
the global convergence condition in Eqn. (12.22) is always satisfied.

12.3.4 Examples

Example 12.1 In this example it will be shown that if a suitable positive diag-
onal matrix P is chosen, the global stability condition presented in Theorem
12.1 is more relaxed than the norm conditions of Eqn. (12.34). Consider
a simple two-neuron system without external inputs and with the following
form

{m1<k+1> =
(

12.35
.’L'z(k‘ + 1) B ( )

1 3
5 4
) tanh(z1 (k)) + (3) tanh(za (k)

where the 2 x 2 weight matrix is

e[|

w21 Wo2

[ S
Ol
—_—

The stability of this neural system can now be tested using the norm stability
condition of Eqn. (12.34) as follows:

2
Wl = m]%lXZ|wij| =2>1
i—1

2
Wieo = max gl =% >1
j=1

Wiz = {Amae(WTW)}/2 =1.065

Unfortunately, according to the choices of the matrix norms indicated above,
the norm stability conditions cannot ensure the stability of the neural system
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defined in Eqn. (12.35). The global stability condition given in Theorem 12.1
will now be used to test the stability of the system. Let P = diag[p , p2] with
p1 > 0and ps > 0; then

1, _3 3 4
WTPW —_P= ( 39]72 3p1 gpl + %pl )
gP1+t 5702 1gP1 — iP2

If we let p; = 1 and ps = 2, then
19 _ 145
WTPW—P:'( 1645 116):—Q
where

19 _ 145
Q- ( kA )

216 1296

is positive-definite. Therefore, the neural system of Eqn. (12.35) is globally
asymptotically stable. [ |

Example 12,2 Consider a discrete-time dynamic neural network (DT-DNN)
with three neurons described by

z1(k+1) 0 —a 0 tanh(p1z1(k)) s1
Ig(k‘ + 1) = 0 0 g tanh(ugxg(k)) + 1 S92
x3(k+ 1) v 0 0 tanh(uszs(k)) S3
(12.36)
where

0 —a 0

W=|0 0 g

v 0 O

Using the norm stability condition of Eqn. (12.34), one obtains the follow-
ing global stability condition

ple| <1
w8l < 1 (12.37)
phyl <1

where 1 = max{u;}.
On the other hand, since
i 0 0
TWITWe = 0 u3 0
0 0 3
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the global stability condition may be represented as

/,L1|Ol| <1
pelBl < 1 (12.38)
psly| <1

Obviously, in some cases, the condition in Eqn. (12.38) is more relaxed than
that in Eqn. (12.37). For example, if

a_§7 I‘Ll:]‘
6—11 /1'2:%
’7_2> MS*%

then the condition in Eqn. (12.37) fails to establish the stability of this neural
network. However, the condition given in Eqn. (12.38) ensures the global
stability of this neural network. [

12.4 MORE GENERAL RESULTS ON GLOBALLY ASYMPTOTIC
STABILITY

To apply the Lyapunov function method for studying the global stability
of the neural system of Eqn. (12.2), one has to transfer this neural system
into a new system where the origin is an equilibrium point. Let & =
(3,25, ... ,z4]7 be an equilibrium state of the original neural system and
z=[z1,22,...,2,]T = @ — x* be a new state vector. Then, Eqn. (12.2) can
be represented in terms of z as

z(k+1) =—~Az(k) + W f(z(k)) (12.39)

where the vector-valued function f : f* — R”™ is defined by Eqn. (12.13).
Thus, z = 0 is a unique equilibrium point of the new neural system given by
Eqn. (12.39). Since

one obtains

wizy < fl(zz) < 0, for z; <0
0 < f@(z,) < iz, for z; >0

The contraction property of a nonlinear mapping may be used to determine
the global stability of the nonlinear neural systems (Kelly 1990, Li 1992). For
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two arbitrary vectors x; and x5 € R”, using the mean-value theorem, one
obtains

o (U21) — o (¥2)| < plzr — 2l
This implies that for two arbitrary vectors 2; and z5 € R", one obtains

|F(z1) — f(z2)| lo(¥(z1 +a")) — o(P(2z2 + 7))
< plzr oz

Il

Thus

| — Az + W f(2z1) + Azy — W f(23)]
< |Allzlz1r — z2| + [|[W]|2] £ (21) — F(22)]
< (|All2 + ul|W]|2)|z1 — 22

From the contraction mapping theorem (Hirsch 1989), if
|Allz + plW]l2 <1 (12.40)

then the neural network of Eqn. (12.39) is a contractive system and has a
unique equilibrium point z = 0 that is globally asymptotically stable, so that
the inequality of Eqn. (12.40) is a sufficient condition for the global stability.
Furthermore, as far as the matrix norms ||.||1, ||.]|2, and ||.||oc are concerned,
one has the following three sufficient conditions for the global stability of the
neural system given in Eqn. (12.39):

& 1
() max ) |wi;] < =(1 — max(|ay|)) (12.41)
- H I
(ii) (Amm(WTW))I/2 < %(1 — max(joy))) (12.42)
(iii) maxz lwij| < %(1 - mzax(|az|)) (12.43)

j=1

where Aoz (.) represents the maximum eigenvalue of the matrix. Equations
(12.41)—(12.43) are referred to as the norm condition for the global stability
in this section. In this case, the equilibrium point of the network may be
iteratively computed (Kelly 1990) since the state of the network starting from
an arbitrary initial position will converge to the unique equilibrium point.

Moreover, note that the state solution of the neural system defined in
Eqn. (12.39) at the instant k&

k-1
z(k) = (—A)2(0) + Y _(—A) DWW £(2(5))
=0
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yields
k—1 _
2(k)| < ||AF|I2l2(0)] + D[4V |[WJ2| £(2(0)))]
=0
k=1 .
< (Al + YAl u W =)
=0
that is
k-1 '
2(R)IIAIIF* < 12(0)] + pl W12 S 114]1;“12()]
=0

Applying Gronwall’s inequality (Hirsch and Smale 1974) yields
|z(R)||Ally* < [2(0)| exp(u||W|12k)
or equivalently
|2(k)| < |2(0)| exp(k(In|| A2 + u[|W]l2))

Thus, a sufficient condition for the globally exponential stability is obtained
as

In [|Allz + u|[Wll2 <0 (12.44)

12.4.1 Main Stability Results

Even if there is no universal way to find a global Lyapunov function for such a
nonlinear system, because of the structures of the dynamic neural networks and
the properties of the sigmoid function, one may attempt a diagonal Lyapunov
function for the network as seen in the following discussion which starts with
Theorem 12.2.

Theorem 12.2 The neural system given in Egn. (12.39) is globally asymp-
totically stable if there exist a v > 0, a positive diagonal matrix P =
diag|p, p2, - .-, Pn) > 0, and a positive definite matrix Q > 0 such that

(7)) |ay| £ forall 1<4i<n; (12.45)

1
i
(7)) [(1+7)APA-PO 24+ 1+~ YWITPW = -Q (12.46)
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Proof: Consider the following diagonal Lyapunov function
n
V(z) = Zp,-ziz =2TPz
i=1

where P = diag[p1,p2, ... ,pn] > 0. Then

AV(z(k)) = V(z(k+1))—V(z(k))
2T(APA — P)z — 22T APW f(2)
+ fT2)WTPW f(z) (12.47)

Forvy >0
(V2 Az + 47 PW f(2)) T P(y? Az + 47 PW f(2)) 2 0
that is
2T APAz + v L fT(2)WTPW f(2) > —22T APW f(2)(2)
Substituting this inequality into the right-hand side of Eqn. (12.47) yields

AV(z(k)) < 2T[(1+~)APA— Pz
+ 1+ N ()WTPWf(2)

Since

1
I+~

los| <

implies that
(1+79)a? —1<0, forall 1<i<n
Therefore
(1+v)APA-P<0
and
2T[(14+4)APA — Plz < fT(2)[(1 + 7)APA — P]¥ 2 f(2)
Therefore

AV(z) < fT(2){[(1 +v)APA - P]¥ > + 1+ YWTPW}£(2)
(12.48)
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If there exists a positive definite matrix @ > 0 such that
[(1+7)APA- PO 2+ 1+ HYWIPW = -Q  (12.49)

then AV (z) < 0, and z = 0 is a globally stable equilibrium point of the
network. [ ]

The matrix equation given in Eqn. (12.46) is a modified diagonal Lyapunov
equation and involves an adjustable parameter v > 0. This matrix equation
can equivalently be written as

<fyAPA ~ %P) 2+ WIPW = —Q (12.50)
vy
or
(fyAPA — 1—1—71?) +OWITPWE = —Q (12.51)

When A = 0, letting v — +00 in Eqn. (12.50) one obtains
WIiPW —92P=_-Q

which was derived in Theorem 12.1. In this sense, the result obtained in The-
orem 12.1 can be treated as a special case of that presented in Theorem 12.2.
It follows, therefore, that the choice of the parameter v > 0 in Eqn. (12.46)
plays an important role in determination of the global stability of the network.
Some corollaries of Theorem 12.2 are now presented.

Theorem 12.3 The neural system in Eqn. (12.39) is globally asymptotically
stable if there exist a positive diagonal matrix P = diag|p,p2, ..., pp] > 0
and a positive-definite matrix Q > 0 such that

[ <1 — am) APA—(1- am)P] T2+ WIPW =-Q (1252)

Um
where a,;, = max{|o;|}.

Proof: In the proof of Theorem 12.2, an optimal selection of the parameter -y

is such that
vy .
p. Yy A2 - " 1) =min

Then ~ can be chosen as

1—-an,

Y= (12.53)

Qm
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In this case, for all |o;| < 1, we obtain
1
—— = o > |l
T+ 7m m = fed

that is, condition (i) in Theorem 12.2 is satisfied. Substitution of Eqn. (12.53)
in Eqn. (12.46) yields Eqn. (12.52). |

1=1,2,...,n

If all the neural units of the network have the same self-feedback coefficient
a; = o with o < 1, thatis, A = o, then Eqn. (12.52) can be simplified to

—(1 =) P¥ 24+ WIPW = —Q (12.54)

In the derivations above, only the contribution of the maximum absolute
value of the self-feedback coefficients was considered in the selection of
the parameter v > 0. To replace the scalar parameter v in the proof of
Theorem 12.2 with a positive diagonal matrix associated with all self-feedback
coefficients ;| < 1, a theorem can be stated as follows.

Theorem 12.4 The neural system in Egn. (12.39) is globally asymptotically
stable if there exist a positive diagonal matrix P = diag[p,p2, ..., pn] > 0
and a positive-definite matrix Q > 0 such that

—(I - |ADP(I - |A) +TWTPWVE¥ = —Q (12.55)
Proof: First,letall o; # 0,7 = 1,2,...,n, and let there be a positive diagonal
matrix F' = diaglv, e, . . ., ] whose elements satisfy
v > 0 (12.56)
1
i < , 1=1,2,..., 12.57
ol € == n (12.57)

Indeed, for a positive diagonal matrix P

(F'2Az + F7YPW f(2))  P(FY? Az + F~'Y2W f(2)) > 0
that is

FzTAPAz + FUfT ) WTPW f(z) > 22T APW f(2)
Thus, Eqn. (12.47) in the proof of Theorem 12.2 can be rewritten as

AV(2) < 2T[(I + FYAPA - Plz+ (I + F L) f ) WIPW f(2)
(12.58)
Noting that

(I+F)APA-P <0
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one obtains
AV(z) < fT(2) { (I +F)APA - P2

+ I+ FYwTpw } f(z)

IA

T2+ FYHw! { [FAPA - F(I + F)"'P]
+IWTPWE } T1f(2)
Thus, if there exists a positive definite @ > 0 such that

[FAPA—-F(I +F)'P|+ ¥WITPW¥ = —Q (12.59)

then AV (z) < 0 and z = 0 is a globally stable equilibrium point of the
network. Moreover, if one selects ~; such that Eqns. (12.56) and (12.57) are
satisfied and

yia? — Y min
L+
then
1-— |al|
Yi =
||

It can be verified that for |o;| < 1, the choice of ; satisfies

1
vVI+7i

The matrix F is then given by
F=(I-|A]A[™

= V|| > |l

Thus
[FAPA - F(I + F)"'P] = [F|A|P|A|-F(I+F)"'P]
— P|A|-|A|P|A|- P+ |A|P
= —(I-|A)P(I—]|A])  (12.60)

Substituting this result in Eqn. (12.59) proves Eqn. (12.55). When there are
an ¢* such that o+ = 0 and o;; # 0, (1 <4 < m, ¢ # ¢*), and the elements of

the matrix F' = diag[y1,72, - - -, Vn] are chosen as
v > 0
1
loy| < , i=12...,05=-17+1,...,n

I+
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and
-1 <y <0

then Eqn. (12.59) is still valid. Furthermore, let the elements of a nonsingu-
larly diagonal matrix B = diag[b1, b, . . ., b,] be defined as

by = |agl, i=1,2,...,% =1, +1,...,n
—1<bi* <0

and the matrix F be given by
F=(I-B)B™!
It can be seen that for a positive diagonal matrix P > 0

[FAPA—-F(I+F)"'P] = P|A|-|A|P|A|-P+BP
< P|A|- |A|P|A| - P+ |A|P
= —(I+|ADPI +]A))
Thus, Eqn. (12.55) is valid. Using the same procedure, one may also prove

that the theorem is valid when there exist more than one o; = 0. |

Theorem 12.5 The neural system in Eqn. (12.39) is globally asymptotically

stable if there exist a positive-diagonal matrix P = diag[p,pa, .. ., pn) and
a positive definite matrix Q > 0 such that
(1A +|WI®) P(A| + |W|®) - P=-Q (12.61)

Proof: Since for a positive diagonal matrix P > 0

—(I - |ANP(I — |A) + $WTPW ¥
= —P+|A|P|A|+|A|P+P|A + YWTPWT

< —P+|A|P|A|+|AIP+¥W[TP|A
+ |A|P|WE + P|A|+ YW PW ¥
< (lAl+|W|®)"P(|A|+|W|¥) - P

Thus, if the condition given in Eqn. (12.61) holds, then the condition of
Eqn. (12.55) is satisfied. This proves the theorem. |

A sufficient condition of Eqn. (12.61) for the global stability is also reported
by (Jin and Gupta 1996b) who applied a different technique. The matrix
equation, Eqn. (12.61), is a diagonal Lyapunov equation in terms of the
nonnegative matrix | A|+|W|¥. Theorem 12.5 shows that if the nonnegative
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matrix |A|+ |W | is diagonally stable, then it implies that the neural system
given in Eqn. (12.39) is globally asymptotically stable.

Remark 12.3 Unlike continuous-time dynamic neural networks (CT-DNNs)
where the negative self-feedback coefficients increase the stability degree of
the network (Matsuoka 1992), the self-feedback coefficients |;| < 1 that are
either positive or negative in Eqn. (12.39) reduce the degree of stability for the
network in terms of the global stability conditions obtained from Theorems
12.4 and 12.5.

To determine the global stability of a given network using the preceding
results, the positive diagonal matrix P and the positive-definite matrix Q
must be found. Usually, for a given @ > 0, it is difficult to verify that
these matrix equations have such a positive diagonal solution. Corollaries of
these theorems, which give simplified expressions of the theorems, have been
presented by Jin and Gupta (1996b). It is noted that these corollaries involve
only network parameters such as the self-feedback coefficients, connection
weights, and the gains. In the following, one of the corollaries will be
presented, and it will be used in the next examples.

Corollary 12.5 The neural system in Eqn. (12.39) is globally asymptotically
stable if one of the following conditions is satisfied:

(i) There exist positive matrices P > 0 and Q > 0 such that

(A + |WIE)TP)|A|+ |W|®) - P=-Q (12.62)

(ii) All eigenvalues of the matrix (|A| + |W|¥) are located inside the unit
circle.

Proof: For the nonnegative matrix (|A| + |W|¥), the diagonal stability is
equivalent to the Schur stability. This proves the corollary. |

12.4.2 Examples

Example 12,3 Consider a trivial discrete-time dynamic neural network (DT-
DNN) structure, as shown in Fig. 12.5, where some feedback connections in
the network have been eliminated so that the network has become a dynamic
feedforward network. In this case, the weight matrix is a lower triangular
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w31
Feedforward connection

Figure 12.5 Block diagram of a dynamic feedforward neural network discussed
in Example 12.3.

matrix (possibly after a renaming of all the neurons) of the form

i Wil 0 0 e 0 ]
woy Wy O - 0
W= | ws1 wsz wiz -+ 0
L Wn1 Wn2 Wn3 - Wap |
In this case
loa | + |wizlp 0 0
w1 |1 laa| + {wazlug - 0
|A| + |[W|T = ) . 0
|wn1|p1 [wna| e o am| 4 |wan | pn

and the eigenvalues of the above matrix are obtained as
i = |og| + |lwis|ps, 1=1,2,...,n

It is seen that the global stability condition given by condition (ii) of Corollary
12.5 becomes

loels +wislps <1, i=1,2,...,n

Thus, the global stability of the network is determined by only the self-
recurrence connections described by the weights w;;. Moreover, even if
all the self-recurrence connections wj; are removed, the network is always
satisfied for the arbitrary connection weights. Hence, the network without
the recurrent connections (w;; = 0, for j > i) is inherently globally stable
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for the arbitrary connection weights, thresholds, and activation gains. These
characteristics of such a network provide a potential solution for the problem
that arises with the use of A/D converters (Avitabile et al, 1992). |

Example 12.4 Consider a discrete-time dynamic neural network (DT-DNN)
with n neurons that are arranged in a circular fashion. Assume that except
for the self-feedback connections, the ith (2 < ¢ < n) neuron receives only a
feedback connection from the (i — 1)th neuron, and the first neuron receives
a connection from the nth neuron as shown in Fig. 12.6.

The mathematical model of such a network is given by

z1(k +1) z1(k) O 0 --- 0 Wip,
.172(]{7 + 1) .772(]{:) woy 0 --- 0 0
. = —Q . + . . . .
zn(k+1) zn (k) 0 0 -+ wpp—q1 O
tanh(piz1(k)) 1

tanh(poxa(k)) S2
. + .

tanh(u;xn(k)) s;L

where 0 < o < 1 and all the weight parameters are positive.
Using the norm stability condition of Eqn. (12.40), one obtains the follow-
ing global stability condition

o+ HWin < 1
{ a+pwy—1 < 1, i=23,...,n (12.63)
where p = max{;}.

On the other hand, using the new condition given by condition (ii) of

Corollary 12.5, one tests the eigenvalues of the following matrix:

a o --- 0 Winlin
T
0 0 - wWin—14a-1 (84

If n is odd, then

n n
Mayn = 2| (] ) (win [Jwiic1) + o
i=1 =2
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82

w32
W21 @ 83
Al
\
Win S
/

ample 12.4.

If n is even, then

n n
Maymsz = — 2| ([ [ #a)win [ [wii-1) + a
i=1 i=2

" n
)‘n/Q,n/Z—l—l,..‘,n = 7 (H i) (Win HU)ii—l) +
i=1 i=2

Thus, the global stability condition may be represented as

T n
A (H P«i) (wln Hwiivl) <l-o
i=1 i—2

499

Figure 12.6 Block diagram of a circle dynamic neural network discussed in Ex-

(12.64)
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Obviously, in some cases the condition of Eqn. (12.64) is more relaxed than
that of Eqn. (12.63). For example, for the three-neuron structure if

a = 0.5, ung = 0.6, H1 =
woy =04, o
W3y = 0.4, H3 =

[N ST e

then, the condition in Eqn. (12.63) fails to determine the stability of the
network. However, the condition in Eqn. (12.64) ensures the global stability
of the network because of

\3/;1.1/12/1311)13’(1]217.032 =02885<1—a=0.5 [ ]

12.5 CONCLUDING REMARKS

In this chapter, we have studied the stability problems for a general class
of discrete-time dynamic neural network (DT-DNN) using Lyapunov’s first
and second methods. On the basis of the special nonlinear structures of the
neural networks and properties of the neural activation function, some stability
conditions were derived. For a given dynamic neural network with bounded
derivatives of the nonlinear activation functions, these stability conditions,
which are determined only by the synaptic connection weight matrix W of
the network, are easy to check by using simple algebraic manipulations on the
connecting weights. The analytic approaches and results that were presented
in this chapter can be generalized to other models of discrete-time neural
networks and to more complicated discrete-time neural networks.

Problems
12.1 Consider a discrete-time linear system described by
x(k+1) = Ax(k)

(a) Show that z(k) — Oas k — oo if and only if all eigenvalues
of A satisfy | ;| < 1;

(b) Can we conclude that the mapping A is a contraction map-
ping if all eigenvalues of A satisfy | )| < 1?

12.2 Consider a discrete-time nonlinear system

x(k+1) = f(z(k)); f(0)=0
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Let
a L OF

0T | z—o

be the linearization of the above system. Show that the origin is
asymptotically stable if all the eigenvalues of A have magnitudes
less than one.

Consider a discrete-time linear system described by
x(k+1) = Ax(k)

where x is an n-dimensional vector and A is an n X n matrix. Letting
P be a positive-definite real symmetric matrix, show that

V(z) = 2" Px

is a Lyapunov function for the system, and the equilibrium state
x* = 0 is asymptotically stable if and only if for a given positive-
definite real symmetric matrix ¢, there exists a positive-definite real
symmetric matrix P such that

ATPA-P=-Q

A vector function f(x) is said to be a “contraction” if

FIT < Tl

where ||.|| is the norm of the vector (.). For the neural system in
Eqn. (12.4), if f is a contraction for all &, show that the neural
system in Eqn. (12.4) is globally asymptotical stable, and one of its
Lyapunov functions is

V() = |||

Consider a discrete-time DNN described by
z(k+1) = f(Wa(k) + s)

where z € R, W = W7 € R"*" s € R, and f is a sigmoidal
function, f = [f1 fo --+ fa]” with f; = tanh(.). Show that the
attractors of the neural system are either fixed points or period 2 limit
cycles by constructing an energy function E(k) as
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12.7

12.8

12.9
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Ek) = —Zzwijyi(k)yj(k_l)

i=1 j=1

= silwi(k) + zi(k — 1)]

=1

+ Y lgi(xi(k)) + gi(zi(k — 1))]
i=1
where
9i(y) = [ fit(m)ar
/

Discuss the stability of the following two discrete-time neural net-
work system using Lyapunov’s first method:

scl(k -+ 1) = tanh (iml(k) - %:172(1{:))
za(k+1) = tanh (3z2(k) + 3z2(k))

Discuss the stability of the following two discrete-time neural net-
work system:

zi(k+1) = —izi(k) + tanh (3z1(k) — fz2(k))
zo(k+1) = %mg(k) + tanh (%.’Eg(k) — %xg(k))

Rederive the results obtained in Section 12.3.1 for the global state
convergence for a symmetric weight matrix and give a two-neuron
system that satisfies the global state convergence condition.

In Example 12.4, let the weight matrix have a form of

0 w12 0 0

0 0 (7257 S 0

w = : : : . :
0 0 0 - wyyin
_wnl 0 0 0 i

Analyze the global stability conditions of the network by using both
the norm stability condition of Eqn. (12.40) and Corollary 12.5.
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12.10 Consider a two-neuron discrete-time system

(2] = g 7] in ]

Discuss both local and global stability conditions of the system.

12.11 Consider a discrete-time dynamic neural network of the form
z(k+1) = Wa(x(k)), xR, WeR»"

Show that V(x) = xTx is a Lyapunov function if (W7 W — I
is a negative definite matrix. Discuss the global stability condition
derived by this Lyapunov function.

12,12 Consider a single-input/single-output (SISO) nonlinear system
yk+1) = f(ylk),...,y(k —ny) ulk), ..., ulk —ny) )
(a) Give a state equation expression of the above system;

(b) If the external input u(k) is designed as a state feedback

u(k) = g(y(k),...,y(k —ny),u(k —1),...,u(k —ny))

Derive the Jacobian of the system and discuss the local sta-
bility of the equilibrium point of the system based on the
Jacobian obtained.

12.13 Consider a nonlinear discrete-time dynamic neural network of the
form

z(k+1) = —Az(k)+ Bo(Wzx(k)+s) (12.65)
where £ € R™, A € R™*", B € $V**, W € R™*" and s € R".

(a) Let P € R™™™ be a nonsingular matrix. Show that
P~1W P has the same eigenvalues as W

(b) Let P = diag|p1,p2,...,pa)forallp; >0,i=1,2,... n.
Show that the neural system

z(k+1) = —P 'APz(k) + P 'Bo(WPz(k) + s)

has the same local stability of the system given in
Eqn. (12.65).
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w11

Figure 12.7 Problem 12.14: the three-neuron system.

12.14 As shown in Fig. 12.7, consider a three-neuron network with the
following equation

z1(k +1) = wyy tanh(z1(k)) + wig tanh(za(k))

.'L'Q(k + 1) w2 tanh(:@ (k)) + wo3 tanh(mg(k))
:L‘3(k¥ + 1) w31 tanh(:cl(k)) + w33 tanh(:rg (k))

(a) Analyze the equilibrium points of the above system;

(b) Study global stability condition of the system;

(¢) Let

&
I
-
&
[+
I
-
g
N
Il
DOt

D=

1 2
w23 = 1 w3y 5> w33z =

Calculate all equilibrium point of the system and study the
stability of those equilibrium points.

12.15 Consider the global stability condition of an n-neuron system with
a circle connection as shown in Fig. 12.8, which is a generalized
version of the three-neuron system discussed in Problem 12.14

z(k+1) = W tanh(x(k)), ze®R”, WeR™"
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Figure 12.8 Problem 12.15: the n-neuron system with a circle connection.

where

w11

0
Wn1

w12

w22
0
0

0
Wag

O e

Wn—-1,n—1

o

Wn—1,n
Wnn

(a) Analyze the equilibrium points of the above system;

(b) Study global stability condition of the system.
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Most models of the neural networks discussed in the previous chapters
were described mathematically by a set of either continuous-time differential
equations or discrete-time difference equations with continuous state values.
Those neural networks can be implemented by analog integrated circuits or
by computer emulations. The binary neural networks to be studied in this
chapter are a class of neural networks with only two states in a discrete-time
domain. This type of neural networks can be considered as an extension
of finite-state machines and can be implemented by integrated digital logic
circuits for various engineering applications.

In this chapter, we will first present models of binary neural networks
by using the dynamic system language. As the most famous and typical
binary neural network, the binary Hopfield neural networks are then studied
extensively in terms of their operation mode and convergence. A Lyapunov
function or energy-function-based method for analyzing the stability of such
nonlinear and discrete-time dynamic systems is introduced. Moreover, the
convergence of various types of binary neural networks is also studied in this
chapter. The results form a basis for the further study of neural associative
memories in Chapter 14.

13.1 DISCRETE-TIME TWO-STATE SYSTEMS

13.1.1 Basic Definitions

13.1.1.1 Binary States of Neural Systems

From a dynamic system point of view, discrete-time binary neural networks
shown in Fig. 13.1 may be considered as a special class of discrete-time
dynamic systems, where the state space is a unipolar or bipolar two-state
hypercube. Let S = {—1,1}" be a bipolar two-state hypercube. A general
state space equation of a discrete-time binary neural network containing n
neurons is given by

zi(k+1) = fi Zwljxj(k)-b-Gl
j=1

ok +1) = fo| D wyzi(k)+ 62 (13.1)
i=1

n

Zalk+1) = fol > wnz;(k)+6n

=1
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Activation
function

x(k+1) z(k)

Ly z >

4

Figure 13.1 Block diagram of the discrete-time binary neural network.

where z; is the state of neuron ¢ that is either 1 or —1, w;; is the synaptic weight
from neuron j to neuron i, §; is the threshold of neuron ¢, and the nonlinear
activation function f; : {—1,1}" — {—1,1} is a Boolean function whose
value is either 1 or —1. Let the neural state values 1 and —1 represent the
active (firing) and nonactive (rest) states of the neurons, respectively. The
ith neuron has n two-valued inputs, z; (k), za(k), ..., zp(k), and a single
two-valued output 2;(k + 1). Its internal parameters are weights w1, w;2,
..., Wy, and its threshold is 6;, where each weight w;; is associated with a
particular input variable z;. The values of the weights w;; and the threshold
#; may be any real, finite, positive, or negative values.
Equation (13.1) may be rewritten in the following vector form

z(k+1) = f(Wz(k) + 6) (13.2)
where
1
s 58:2 e {-1,1}"
:c.n
and
[ /1]
e Py — oy
| fn |
o T
6 £ 9:2 eR”
| o |
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Possible
function

fx(k), W0)

(-L1) RE) (-1L1) (.Y

AN

-1-1) (1.-1) ¢1-1) a1

Figure 13.2 A two-neuron discrete-time binary neural network, where the state
spaceis {[-1 —1]7,[-1 4T,[1 —-y*,1 17}

wi1 Win
W _ w1 ... Wop c %an
Wn1 Wyn

Generally speaking, the state space in a continuous-time dynamic system
is taken to be a topological space or smooth manifold, and the function f
is assumed to be continuous or smooth. For a discrete-time binary neural
network, the state space will be a finite set and the conditions of continuity or
smoothness will not be applied. A two-neuron system is shown in Fig. 13.2.

Definition 13.1 The state trajectory x € {—1,1}* under f is the set

{:1!, f(m’ W, 9)7 T fn(mv W, 0)’ < '}7 with fn(m) £ f(.f( o f(:l:)))
which is a subset of the state space {—1,1}". n

The points of the state space {—1, 1} whose trajectory exhibits persistent
steady state behavior are the basis for the analysis of the neural system given
in Eqn. (13.2).

Definition 13.2 x € {—1, 1}" is an equilibrium point of the system described
by Eqn. (13.2) if (k) = x(k — 1) for time k; that is, f(x,W,0) = x.
x € {—1,1}"is aperiodic point of the system if there exists a positive integer
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p such that z(k + p) = x(k) for time k; that is, f(f---(f(f(x)))) =
fP(x) = x. The minimum number of such an integer p is called the “period”
of the system. |

13.1.1.2 Modes of Neural State Updating

Note from Eqns. (13.1) and (13.2) that every unit in the neural network is
a linear threshold element with inputs z;(k), ¢ = 1,...,n and threshold 6;.
For a given neural weight w and threshold 8, the next state x(k + 1) of the
neural network is computed from the current state (k). Depending on the
number of the states z;(k), ¢ = 1,2,..., N, where N is a subset integer of
n employed in Eqn. (13.2), the network operation may be divided into three
different modes of operation. To define these modes, let us denote a subset N
of the integer set n (where n is the number of neural units), and assume that
there are N neural units Nu(N) in operation during each interval of time.
Then, these three modes of operation of the neural networks are defined as
follows:

(1) Asynchronous or serial mode of operation: For this case, only one unit
is in operation during any time interval:

Nu(N)=1

(ii) Synchronous or (fully) parallel mode of operation: For this case, the
computation is performed in the synchronous mode. All the neural units
are in operation during each time interval:

Nu(N)=n

(iii) Block Sequential or partial parallel mode of operation: For this case,
only a specified block of neural units are in operation during any time
interval:

1< Nu(N)<n

In all these modes of operation the integer set N € n can be chosen randomly
or by using some deterministic rule.

An n-dimensional state vector & € {—1,1}" is called a stable state if and
only if

z=f(Wxz+8) (13.3)

that is, if there is no change in the state of the network no matter what the
mode of operation is.
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13.1.1.3 Cycle Length and Transient Time

A state vector x is said to be stable if and only if there is no further change in
the state of the network. Obviously, the equilibrium points may be considered
as special cases of the periodic points. Clearly, since the state space of the
system, which is an n-dimensional two-state hypercube {—1,1}?, is a finite
set, all the state trajectories {x(k)}x>o of any updating mode are ultimately
periodic. Hence, the length of such a periodic sequence and the maximum
time that the state vector enters the periodic iteration plays an important
role in analyzing the dynamic characteristics of the network. They are also
referred to as the cycle lengths and the transient time of the system. The exact
mathematical definitions of those two key parameters, the cycle length and
the transient time, for a given binary neural network system are now studied.

Definition 13.3 For every x € {—1,1}" let two functions p(x) and t(x) of
x satisfy

z(k+p(x)) = x(k), forall k>t(x)

z(k+q) # x(k), forany k<t(z), q<p(z)

Then, for the neural system defined in Eqn. (13.2) two constants are defined:

Cyclelength:  P(W,0) = max { p(:c)} (13.4)

Te{-1,1}n

Transient time:  T(W,0) = r{nalxl} {t(w)} (13.5)
xe{-1,1}~

]

The transient time 7'(W, 8) describes the dynamic temporal process, while
the cycle length P(W, 8) shows the internal structure of the steady states that
are either stable equilibrium points or periodic points with a certain period.
The above definition can be used to describe the dynamic properties of the
binary Hopfield neural network with an asynchronous operating mode as well
as other operating modes such as synchronous and block sequential operating
modes as discussed later. Also, from Definition 13.3, it is worth noting that if

P(W,0) =1

that is, the length of the periodic state sequence is one, then the system has
only stable equilibrium points, called the attractors. The exact positions of
the equilibrium states, which represent the ultimate position of the states,
depend on the initial points. As discussed later, the application of associative
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Two stable
atfractors
Periodic cycle
with length 5
(a) Steady states contain two stable (b) Steady states are a periodic cycle
equilibrium points (attractors) with length 5

(c) Steady states are both an attractor and a periodic cycle with length 4

Figure 13.3 The steady states of a four-neuron binary neural network, where each
circle represents a state of the system, and the heavy circle represents
the steady state of the normal system.
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memories utilizes the attraction function of an equilibrium to ensure the recall
or retrieval capability of associative memories.
In fact, these two parameters 7'(W, 8) and P(W, @) must satisty

0<T(W,0) <2
and
1< P(W,0)<2"

where 2" is the total number of the states for a network with n neural units.
In case these two inequalities become equalities, two trivial results can be
obtained as follows. If

T(W,60) =0
or
P(W,0) =1

the network has only equilibrium states; that is, all 2* possible states are
isolated stable equilibrium states, but they are not attractors. Indeed

T(W,0)=0
and
P(W,0)=2"

imply that the network has a cycle with length 2*, Figure 13.3 illustrates
an example of a system exhibiting stable equilibrium points (attractors) and
a periodic cycle. We now present two examples to illustrate the dynamic
behaviors of such neural networks.

Example 13.1 Consider an n-neuron network with a weight matrix
W=1I

where I is an identity matrix. The vector-valued nonlinear activation function
is selected as

[ sgn((Wx);)

sgn((Wz)2)
f(Wz) =sgn(Wz) =

| sgn((Wa)n)
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where the signum function, or the so-called hard-limiting quantizer sgn(.), is
defined as

1, if z>0

sgn(z) =
1, if z<0

Then, all the possible 2" binary states are the equilibrium points of the fol-
lowing binary network

x(k + 1) = sgn(x(k))
For a binary network, the equilibrium states satisfy
x(k+1)=x(k)
Hence, for such a binary network, one has

Transient time:  T(W,0) =0

Cycle length: P(W,8)=1 u

Example 13.2 Consider a two-neuron binary network, as shown in Fig. 13.4a,
described by

zi(k+1) = sgn(za(k))
22k +1) = sgn(—z1(k))

The corresponding weight matrix

w4l

is skew—symmetric, and the system has four possible states
1 -1 1 -1
1P 1|’ -1 |’ -1

As depicted in Fig. 13.4b, the system starting from any one of the four states
will go back to the original starting point after four steps of updating. Thus

Transient time:  T(W,0) =0

Cycle length: P(W,0) =4 B
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1 ik + 1)

zi(k)

_I 1| 2k +1)

v

] H

(b) The state transfer diagram of the network: cycle length 4

Figure 13.4 Example 13.2: cyclic phenomenon in a two-neuron binary network.
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13.1.2 Lyapunov Function Method

It is well known that the nature of the stability of deterministic dynamic
systems can be determined if Lyapunov functions with certain specified prop-
erties are constructed. The Lyapunov stability analysis method has been
widely used in studying the state convergence and the stability of discrete-
time neural networks as well. Let E(z): {—1,1}* — R be a Lyapunov
function, or the so-called energy function, which is defined on the state space
{—1,1}" and is nonincreasing along all the state trajectories

E(z(k)) > E(x(k+1)), forall z(k+1)+# z(k)
and there exists a constant £~ such that
E(x)<E , Vexe{-1,1}" (13.6)

In this case, the steady state of the system may be one of the following three
possible types:

(1) Stable equilibrium points: If
AE(k) 2 E(z(k+1)) — E(z(k)) =0 (13.7)
then
xz(k) =x(k+1) (13.8)
and the neural system has only stable equilibrium points;
(i1) Limit-cycle oscillations: If there is a positive integer p such that
AE(k) = 0
iff xz(k) = x(k+p) (13.9)
the neural system then has limit-cycle oscillations with a period p;

(iii) Stable equilibrium points and limit-cycle oscillations: If there is a
positive integer p such that

AE(k) = 0
iff x(k) = x(k+1) or =z(k)==x(k+p) (13.10)
the system may have then either stable equilibrium points or a limit-cycle
oscillation with a period p.

Furthermore, assume that an upper bound E* of the energy function F(x)
is given by

Et > E(z), Vxe{-1,1}" (13.11)
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and before the system reaches the steady state the minimum absolute value of
the difference of the energy function E(x) from time & to (k + 1) is

e(W,0) £ min{|E(z(k + 1)) — E(z(k))|} (13.12)
Since the time that the energy function E reaches the minimum value from

its maximum value must not be less than the transient time of the system, one
obtains

T(W,0)e(W,0) < (E*t - E) (13.13)
Hence
1 v o
T(W,8) < W(E —E7) (13.14)

Figure 13.5 shows the relationship between the transient length 7(W, 8) and
the energy function E(x).

E+
- T(W,8)

B(Q) g = = = = e e e

/ z1(k)
z1(0)
1 | 1
Et - E L ™ ‘
- / | i T(W,8) (W, 8)
E(k)
_____ E-L

Figure 13.5 Therelationship between the transient length T(W, 6) and the energy
function E(z), where 1 (0) is the first component of the initial state
x(0), and z7 is the first component of the stable state x*.
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13.2 ASYNCHRONOUS OPERATING HOPFIELD NEURAL
NETWORK

13.2.1 State Operating Equations

The original discrete-time Hopfield neural network defined by Hopfield (1982)
is a binary pattern processor consisting of n two-state neurons, and it was
designed only for the unipolar step function shown in Fig. 13.6a and defined
as

1 if y(k)>0
1(yi(k)) = (13.15)

where

vi(k) = wijz; (k) +6; (13.16)
=1

is the internal potential of the ith neuron. As an intermediate variable, the
expression of the internal potential plays an important role in dealing with
binary neural computing.

The bipolar choice, as shown in Fig. 13.6b, is often mathematically prefer-
able and is used in the following discussion, is described by the hard-limiting
nonlinearity

1, if (k) >0

sgn(yi(k)) = (13.17)
-1, if yz(k!) <0

X 1(z) . 1 sgn(a)
0 . 0 .
X
-1
(a) Step-like unipolar function, 1(z) (b) Bipolar signum function, sgn(z)

Figure 13.6 Nonlinear activation functions for binary neural network.
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where x; is the state of neuron 3, which is either 1 or —1;  is the internal field;
w;; is the synaptic weight from neuron j to neuron ¢; and § is a threshold
of neuron 7. Let the neural state values 1 and —1 represent the states of the
active and rest of the neurons, respectively. In the asynchronous operating
mode, only one neuron is assumed to be in the state of firing (active), and
all the others neurons are in the state of rest at each operating time. In other
words, only the state of one neuron is updated, and the states of all other
neurons are unchanged at each time. Moreover, as shown in Fig. 13.7, the
number p of the unique active neuron is chosen randomly from the integer set
N, ={1,2,...,n}; that is, the firing probability of every neuron is 1/n.

In this case, the information processing of the neurons in the neural system
is accomplished in the asynchronous mode or the serial mode. The state
equation of the neural system is given as follows

zi(k+1) = fi(z(k))
= fi(zi(k),...,zak)), i=1,2,...,n  (13.18)

where the right-hand function is defined as

sgn(y;(k)), if i=p, y(k) #0
fi(z(k)) = (13.19)

z;i(k), otherwise

and the state space is {—1,1}". Hence, the discrete-time Hopfield neural
network may be viewed as a special class of discrete-time dynamic systems.
The steady states are reached if

zi(k+1)=z;(k), for all i=12,...,n

that is, if none of the states x;, x3, ..., £, change during an operation,
then the network is said to be in a steady state. From the state equation
given in Eqn. (13.18) of the network, it is determined that a binary vector
x € {—1,1}7T is a steady state of the network if it obeys

n
T; = sgn E w;jx; + 0;
J=1

for all 1 <7 < n such that

Zwijxj +6;#0

=1

In this serial mode of operation, the final steady state depends not only on the
initial state but also on the updating sequence of the neurons.
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zn(k+1)
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Figure 13.7 Block diagram of a binary Hopfield dynamic neural network with an
asynchronous operating mode, where only the pth neuron is in active
state.
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13.2.2 State Convergence of Hopfield Neural Network with
Zero-Diagonal Elements

An energy function was introduced by Hopfield to facilitate the study of
convergence and other properties of the neural network. Like the energy
function for the continuous-time neural network, the scalar-valued energy
function with a quadratic form for above discrete-time neural model given in
Eqns. (13.16)—(13.19) is defined as

E(k) = E(z(k)

n n
—3 > wyzi(k)zi(k) — Y 0imi(k)
i,j=1 i=1
= —12T(k)Wax(k) — 6Tz (k) (13.20)
Assume that a given state vector at time k is
[ z1(k) ]
(k)

2p-1(k)
"0 =1
zpr1(k)

zn(k) |
then any changes to z,(k) change the state vector at time (k + 1) as
1 (k) |

xp—-l(k)
z(k+1)= | zp(k) + Azp(k)
zpt1(k)

L wn(k) i
as a result of operation in the pth neuron, where
Azxp(k) = zp(k + 1) — zp(k) (13.21)

Let the connecting weight matrix W be symmetric with zero-diagonal ele-
ments:

Wy = Wy and Wis — 0
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The assumption of the zero-diagonal element means that no units have self-
connections. To show that the energy function does not change when the time
increases

AE(k)=E(k+1)— E(k) <0 (13.22)

we may express the changes in the energy function as

AE(k) = —1Azy(k) | D wpymik)+ D wipri(k)
j=lj#p i=1,i#p
— Azp(k)p
n
= —Azy(k) | > wymi(k) +6p (13.23)
J=Lj#p

In view of the operation equation, we may note that if
Axy(k) = zp(k + 1) — zp(k) >0
implies that
— zp(k+1)=1
and

n
— k)= | D wpzi(k)+6,| >0 (13.24)
J=1l,j#p
and if

Azp(k) = zp(k + 1) —zp(k) <O
implies that
—rxpk+1)=-1
n
— yp(k) = Z wpizi(k) + 0, <0 (13.25)
i=1j#p
Thus, one obtains

AE(k) <0 (13.26)
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that is, when x(k) # x(k + 1), the energy function E decreases strictly with
each updating. Furthermore, either of the following results are obtained:

AE(k) =0 — Axp(k) =0 —— zp(k + 1) = z,(k) (13.27)

E(k) =0 — | wpzj(k)+6,| =0
j=1

—s zp(k+1) = zp(k) (13.28)

Hence, using such an asynchronous mode of operation, the discrete-time
neural network presented above will finally converge to a stable steady state.
In fact, the energy function £ cannot decrease infinitely because it is bounded
from below

E(k) > — Z lwij| — Z|9| (13.29)
i,5=1

that is, once the minimum energy state is reached, no further transitions are
possible and the network is said to have reached a steady state as an attractor.
It is evident that the main reason for showing the convergence properties of
the state is to define a so-called energy function and to prove that this energy
function is nonincreasing when the state of the network changes as a result
of computation. Since the energy function is bounded from below, it may be
concluded that the network will converge to some steady state as an attractor.

Example 13.3 (Serial Operation) A general structure of a two-neuron net-
work with serial operation is shown in Fig. 13.8. Consider the neural network
with the weight matrix

W= [ 01 ]

1 0

and the threshold @ is a 0 vector. It can be verified that when the neural
network is operating in a serial mode, the state of the system with an arbitrary
initial condition will converge to one of the following stable equilibrium points

JRRE

and the energy function E at every state is given as
EQ 115 =-1

E(-1 -1")=-1
E(-1 1) =1
E(l -1f)=1
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nk+1) [ z1(k)

Unit 1
5 lpl E
! 1 zi(k+ 1) - (k)
V s1 z I
t _1 |
| %Pz -l :
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. 82 -1 |
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(b) Two-neuron system with parameters w1 = wog = 0, wig = woy; = 1.0,
and@; =65 =0

Figure 13.8 Example 13.3: block diagram of a two-neuron system with an asyn-
chronous operating mode. Switches s, and sy always have different
positions. For example, when the switch s; is in the position p4,
switch s is in the position ps.
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FE
Stable state / Stable state
w5 =[-1-1]"

zi=[1 1T

05

(a) Front view of energy function F/

Stable state
1 E z}=[1 1]

Stable state
xy =[-1-1T

(b) Rear view of energy function I/

Figure 13.9 Example 13.3: the surface of energy function E for a two-neuron

system with parameters wi; = woe = 0, w12 = wy; = 1.0, and

61 = 62 = 0. The system has two stable equilibrium points ©] =
[1 1)T and x3 = [-1 —1]T, which correspond to the two minima of
the energy function E(z1, z2).
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Stable state

AE =-2 AE=0
— O

Initial state ®_®

@_—_® Stable state
oo

AE =-2 AE=0
< > @ 1) ——»
(2) Neural system operation with initial state [—1 1]T
Stable state

AE =-2 . . AE=0

Initial state
@—@ Stable state

z1 T2
AE =— AE=0
~ :@ (1) e—

O—0

(b) Neural system operation with initial state [1 —1]7

Figure 13.10 State transfer diagram of a sequence operating processing of a two-
neuron system using a serial (asynchronous) mode. The parameters
of the network are: wi1 = wee = 0, w2 = woy = 1.0, and
61 = 6 = 0. The possibly final stable states are either [1 1]T
or [-1 —1]T. The heavy cycle represents the neuron tha is in
operation.
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Hence, the energy function E has the minimun value in the equilibrium states,
as shown in Fig. 13.9. A state transfer diagram, which describes the state
updating process from an initial state to a stable equilibrium point or a cycle,
is given in Fig. 13.10. |

13.2.3 State Convergence of Dynamic Neural Network with
Nonnegative Diagonal Elements

The requirement of zero-diagonal elements in the connection weight matrix
originally proposed by Hopfield may be relaxed as that of positive diagonal
elements. Thus, in the energy function the change is defined as

n
AE(k) = —Azp(k) | > wpiz;(k) + 0| — 2(Azy(k) wpp  (13.30)
j=1
Note that in the results given by Eqns. (13.28) and (13.29) if
wpp >0, for 1<p<n (13.31)

then the last term on the right-hand side of Eqn. (13.30) is always negative.
Hence, from the analysis procedure above, one may conclude that

AE(k) <0
Furthermore, since
=0, if Azy(k)=0
iijwj(k) +6p <0, if Azy(k)>0
= >0, if Azy(k) <0

therefore, for Az, (k) # 0

> wpzi(k) + 0y | # ~5(Azp(k)) wpp (13.32)
Jj=1

which implies
AE(k) =0 «— Axy(k) =0 e« zp(k + 1) = z,(k) (13.33)

Therefore, one may summarize the above results in the following theorem.
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Theorem 13.1 (Convergence Theorem for Serial Operating Mode)  Let the
weight matrix W be symmetric with nonnegative diagonal elements. Then,
the Hopfield neural network with an asynchronous operation is such that

(i) Vk, 2(k + 1) # x(k) — E(z(k+ 1)) < E(z(k));
(ii) The system has only stable equilibrium points

P(W,8)=1 (13.34)

(iii) The transient length satisfies

T(W,0) < oo [ IWl]+ 2/ 3w (13.35)

where

«(W,0) = min{|E(k+1) — E(k)| : 2(k) # z(k + 1)}

Wil = ZZhUijl

i=1 j=1

18l = Y16l
=1

Proof: Conditions (i) and (ii) follow from the discussion above, and only
condition (iii) needs to be proved. It is easy to see that, for any x(k) €
{—1,1}", the energy function

E(k) = —% Z Z wijxi(k)mj(k) - Z 92.7)7,(’{))
=1

i=1 j=1

= Z Z wljxl(k)xj (k) ) an Zg Iz(k

i=1 j=1,j#¢
satisfies
n n
ER) 2330 O hugl— 3> wa- Yo
i=1 j=1,j#1i i=1 i=1
and

n n n
E(k) < %Z Z ,wzjl_f_%zwu_‘_Zlgll
—1 i=1 i=1

=1,j#i
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On the other hand, for £ < t(x), (k + 1) # x(k), which implies
|AE(k)| > ¢(W,0) >0

and, from condition (i)

T(W,0)e(W,0) < Z Z lwmy+2Zwm+Z|0|

t=1 j=1,j#i

n n T
- -3, Z [wisl = 3 D wii — ) 164l
=1 =1 i=1

1 j=1,5#1i

which proves condition (iii). |

In a serial mode of operation, each neuron in the network may be fired
several times until the states of all the network neurons converge to an asymp-
totically stable steady state that depends not only on the initial state but also
on the operating sequence of neurons as shown in Example 13.3. The major
advantage of the asynchronous update mode is that since the units are inde-
pendently updated, and if we look at a short time interval, we see that only
one unit is being updated at a time. Among other things, as discussed above,
this system can help the stability of the network by preventing oscillations
that are more readily entered into with such a serial mode of updating.

Example 13.4 Consider a binary neural network with 10 x 10 = 100 neural
units. Let the (100 x 100)-dimensional symmetric weight matrix with zero-
diagonal elements be determined by

wy = xpxXxy, (i F#7)

wy; = 0, i=12,...,100

where the 100-dimensional binary pattern vector xy represents digit 5 and
has the bitmap pattern as depicted in Fig. 13.11j, where the state —1 or 1
of the network represents, respectively, a white and a black image block. In
fact, the preceding algorithm for the weights is Hebb’s rule, which will be
studied in Chapter 14. The asynchronous operating process for such a binary
network with 100 units is illustrated in Fig. 13.11. The desired stable state of
the network, which represents a desired or stored binary pattern, is designed
to represent the pattern of digit 5. If the input pattern, which is viewed as a
corrupted or noisy version of the desired pattern and is given in Fig. 13.11a, is
used as an initial state of the network. The states of the network converge to
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@k=0 Mk=1 ©k=2 dDk=3 k=14
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Figure 13.11 Example 13.4: the asynchronous updating process of a 10 x 10
bitmap of digit 5.
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Figure 13.12 Example 13.4: the energy of the network during the state updating
process.

the stable states, as shown in Fig. 13.11j, after 10 states updating. During such
an updating process, since the asynchronous operating mode was employed,
only one of the states was fired at each updating instant. The decreasing phase
of the energy function during the state updating is shown in Fig. 13.12. N
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13.2.4 Estimation of Transient Time

For applications of neural networks to associative memories, all elements of
the weight matrix W are usually integers. In this case, a uniform bound for
e(W, 8) may be found so that the exact estimations of the transient time may
be obtained. We shall start this topic with the following two lemmas, which
will be used not only in this subsection but also in later discussions as well.

Lemma 13.1 Let n x n matrix A = [a;;]nxn have only integer entries. If
n
> aij=odd, Vie{l,2,..,n} (13.36)
j=1
then
Az #0, ze{-1,1}" (13.37)

Proof: If all components of the state vector = have the same sign, that is, all
components of  are 1 or —1, the result is obvious. Let x € {—1,1}"* and

M5l
€T = s
Ln
with
Iy = -1
and
;=1 1=1,.,&% -1, +1,...,n
If
n
Zaij:z:j =0, Vi€ {1,2,...,71}
Jj=1
one has

n
E QijTj = Qs>

J=Lj#i*
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Substituting a;;~ into the left-hand side of Eqn. (13.36) yields

n

Z aij(l + .’Ej) = odd
J=1,57#*

Since all a;; are integers, the left side satisfies

n n
Z a,-j(1+mj) =2 Z Qjj #Odd
J=1,j#i* J=1,jF#4*

Therefore, the contradiction is due to the assumption in Eqn. (13.36). The
result is proved. |

Lemma 13.2 Let n x n matrix A = [a;j]nxn have only integer entries. If
n
> aij=even, Vi€ {L,2,...,n} (13.38)
i=1

then
(Azx); = even, Vie{l,2,...,n} and xze{-1,1}" (13.39)
|

The proof of this lemma is left to the readers as an exercise. One may use the
same approach that was used in the proof of Lemma 13.1.

Corollary 13.1 Let the integer weight matrix W with nonnegative diagonal
elements and the threshold vector 0 have integer entries. Then

1 [||Wr|+2ue||— zlw]
1:

1+ N Wpp

T(W,0) < (13.40)

Proof: Since for any z(k), and 2(k + 1) € {—1,1}" and z(k + 1) # x(k),
one has

n
Azp(k) =2, and [E wpiz; (k) + 0},} >0, for 1<p<n

=1

n
Azy(k) = -2, and [Z wp;zi(k) + 9;,] <0, for 1<p<n

1=
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which are equivalent to

n
Azp(k) =2, and [Z wp; i (k) + 04 >1, for 1<p<n
i=1

n
Azp(k) = -2, and [Zl wp;x;(k) +9p] <-1, for 1<p<n
1=

respectively. Thus, for Az, (k) # 0, one obtains

Zwm'xj(k) +op|| 21
j=1

Furthermore, one has

n
AB(k) = —Azy(k) | Y wpimi(k) + 65| — 3(Azp (k) wpp
j=1
< =2 2wy, (13.41)
Therefore
e(W,8) =2 + 2minw,, (13.42)
p

Substituting this result in Eqn. (13.35) in Theorem 13.1 leads to the proof of
the corollary. |

Corollary 13.2 Let the integer weight matrix W with nonnegative diagonal
elements and the threshold vector @ have integer entries. If

n
> wij+0; =even, forall i€{1,2,...,n} (13.43)
j=1
then
1 n
w2161 - £ i

2—|—Hgnwm,

T(W,0) < (13.44)

Proof: Using the result of Lemma 13.2, one obtains

n
Azy(k) =2, and [Z wpjz; (k) + 0,,] >2, for 1<p<n

=1

n
Azp(k) = -2, and [Z wp;T; (k) +()p} <=2, for 1<p<n

i=1
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that is
n
Z ijl’j(k) -+ 9p >2
j=1

Thus, in this case

e(W,0) =4+ 2minwy, (13.45)
P
The result is obvious. [ ]

Example 13.5 Consider a binary neural network with 30 x 30 = 900 neural
units with an asynchronous updating mode. Givena 30 x 30 z; € {—1,1}%%
binary pattern that corresponds to the bitmap depicted in Fig. 13.134i, to store
this known binary pattern as one of the stable equilibrium points, the elements
of a symmetric and zero-diagonal weight matrix W are computed using the
Hebb’s rule as follows:

Wi = Xi X Xy, (i#j)
wy = 0, i=1,2,...,900

Since all components of the weight matrix W are integers, the bound of the
transient time of this network may be estimated according to the formulation
given in Corollary 13.1. In this case, it is easy to obtain

[|[W|| = 809,100
and
T(W) < 3||W|| = 404,550

If the initial binary state values of the network are chosen randomly, the
convergence time from an initial point to a stable equilibrium, which is a
known and is a desired binary pattern vector, consists of 899 steps. The state
updating process is shown in Fig. 13.13, where the bitmaps are used to express
the state vectors at a different time k. For such an asynchronous network with
a large number of neural units, and since only one unit is updated at each
time, the system takes a long time to reach an equilibrium state. However,
the convergence is ensured in the asynchronous updating mode of operation.
The energy function during such a state updating is given in Fig. 13.14. W
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(cyk =300

(d) k =400 (e) k = 500 ) k =600

(g) k="1700 (h) k = 800 (i) k = 898

Figure 13.13 Example 13.5: state bitmaps of an asynchronous network with
30 x 30 = 900 units. The elements of the symmetric weight matrix
with zero-diagonal elements are determined using Hebb’s rule. All
the initial state values are selected as 1. The convergence time of the
network from the initial state (a) at £ = 0 to the stable equilibrium
state shown in (i) is k = 898.
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Figure 13.14 Example 13.5: the energy curve of the network during the state
updating.

13.3 AN ALTERNATIVE VERSION OF THE ASYNCHRONOUS
BINARY NEURAL NETWORK

13.3.1 Binary State Updating

A slight modification of the original Hopfield binary neural network may be
made for the definition of the state values when the corresponding internal
potentials are zero. For an asynchronous updating mode, a state equation that
appears very often in the literature is

sgn(yi(k)), if i=p
zi(k+1) = (13.46)
z;i(k), otherwise

It can be seen that the difference between the above model and Hopfield’s
original network, discussed extensively in Section 13.2 is the definition of
zp(k + 1) when yp(k) = 0. The value of x,(k + 1) is always set to 1 for
yp(k) = 01in Eqn. 13.46, while z,(k + 1) remains unchanged for y,(k) = 0
in the Hopfield’s original neural model. The preceding model is also called
the Hopfield neural network in much of the literature. A binary vector & €
{~1,1}" is a stable state of the network described in Eqn. (13.46) if it obeys

z=sgn(Wzx +0) (13.47)

In the following discussion, the state convergence property of this model is
first considered by using the energy function method. The dynamics of the
model is then addressed in detail.

539
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For the function E of the preceding system as defined in Eqn. (13.20),
when an asynchronous updating mode is applied, one has

Azp(k) >0 — zpk+1)=1

n
— k)= | Y wyzi(k)+6,| >0 (13.48)
i=1

and

Azp(k) <0 — zpk+1)=-1

— yplk) = | Y wyzi(k) +0,| <0 (1349
j=1

Thus, when @ (k) # x(k + 1), the energy function satisfies
AE(k) <0 (13.50)

that is, the energy function E either decreases or remains constant. Further-
more

AE(k) =0 «— Azp(k) =0 —— zp(k + 1) = z,(k) (13.51)
or
AE(k) =0 yy(k) =0
if z,(k)=1, then zx(k+1)=2z,(k)=1
if zp(k)=—1, then z,(k+1)=1 and y(k+1)>0
— x(k + 1) is a stable equilibrium state (13.52)

Hence, one may conclude that this analysis results in the following theorem.

Theorem 13.2 Let the weight matrix W be symmetric with nonnegative di-
agonal elements. Then, the Hopfield neural network in Eqn. (13.46) with an
asynchronous operation is such that

(i) Vk, &(k + 1) # x(k) — E(x(k+1)) < E(z(k))



13.3 ANALTERNATIVE VERSION OF THE ASYNCHRONOUS BINARY NEURAL NETWORK

(ii) The system has only stable equilibrium points:

P(W,0) =1 (13.53)

(iii) The transient length satisfies

(w,8) < (W ) ||Wl|+2||9|!—zwu (13.54)

where

e(W,0) = min{|E(k + 1) — E(k)| : @(k) # o(k + 1)}

Wi = D jwl

i=1 j=1
el = Y16l
i=1

It is important to note the following facts:

(1) The energy functi